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[3rarenbcTBo ¢« MHEMO3MHA» MOATNOTOBHJIO yU4eOHO-METOAH-
KOMILUTEKT /I M3yYeHua Kypca ajareOpsl ¥ HAYaJ MaTeMa-
’Koro ananmaa B 11-M knacce npoduiIbHOM crapiiei mMKOoJIb,
il M3 CIeAVIONUX KHHD:

pozpammul. Maremarnka. 5—6 kiaaccel. Anrebpa. 7—9 kiac-
nrebpa 1 Hauasa MaremMatudeckoro ananauaa. 10—11 knacesr /
oct. M. M. 3ybapena, A. I'. Mopakosuy;

.I'. Mopdxoeuu, I1. B. Cemenos. Anrebpa u Hayajsa MaTeMaTu-
ro aHanuaa. 11 kaace. B 2 4. Y. 1. Vuebuux (npodnababIi

’
I'. Mopdxoeuy n dp. Anrebpa M Hauana MaTeMATHYECKOTO
muza. 11 knace. B 2 u. Y. 2. 3agauank (IpoHIbHBLA YPOBeHB);
. I. Mopdkosuy, I1. B. Cemenos. Anrebpa u Hauajsa MaTeMaTH-
oro anannaa. 11 kaace. Meroauueckoe nocobue Ais yunrTens
(DHUIILHBII YPOBEHD);
8. H. I'nusbype. Anrebpa 1 Hauajaa MaTeMaTHYECKOr0 AHAJINAA.
gaacc. Konrposasnsie paGorsl (mpoduababii yposens) / Iox
I'. Mopakosuua;
A. Anexcandposa. Anrebpa ¥ Hayana MATEMATHYECKOTO
a. 11 knace (mpodunasHEI ypoBens). CaMmocToATeNbHbBIE
b1 / ITop pea. A. I'. Mopakosuua.
ITOT KOMILIEKT — HEMOCPEACTBeHHOe [IPOAOIIKeHHe AHAJIOIHY -
KomiutexTa s 10-ro kaacea. ¥V Bac B pykax nepsast KHMra —
OXKeHue marepuasa Aaérca noApobHo m 06CTOSATENbHO.
[HOTHX CJy4asX MaTepHas, KOTOPHIH COAEPIKUTCA B TOM HJIH
i naparpade, CJI0KHO YCIIeTh NMOJHOCTBIO H3YYUTH HA YpOKe,
ITO M He HYIKHO, NOCKOJIBKY AaHHAA KHUIa [pejHA3HAUYEHA B
BYIO O4Yepe/ib 1A HEeCIIeIIHOTO IOMANTHEr0 YTeHHA ¥ M3y YeHus
pabHuKaMu. Onupasch Ha yyeGHHMK, YYHTEJNh CAM IPEKPAacHO
Gepérca B TOM, YTO HAJ0 PACCKA3ATH y4alIMMCA HA YPOKe,
 IOPEKOMEH/IOBATh UM 3aIOMHHTH, & YTO IIPOCTO HPOYMUTATH
& (1, BO3MOXHO, 0OCYAUTh Ha CIEAYIOIEM YPOKe B Kjacce —
pe Gecesbr).




B rekcre npuseseno memano IPHMEPOB € NOAPOGHBIME pernre-
HuAMU. Ha okoHuanmne penrenus npuMepa yKaseiBaeT Jubo CJI0BO
«oTBeT», b0 3Hayox M. Yacts Tekcra laHa MEeTHTOM; H3y4aTh
JTOT MaTepHa MJIH HeT — JeJI0 YYNTeNs.

Tnaser 2, 3, 4, 6 ganHO# KEUrH BO MHOT'OM TEeKCTYAJbHO CO-
BOajaioT ¢ raasamu 6—8, 10 yuebunka amns obmeobpaszoBarenbHOI
mKoasl' (peus HAST 0 PJIABAX, NOCBAIIEHHBIX HHTErPaNy, KOPHAM
n-i CTeNeHH, CTeNeHAM M CTeIeHHO (hyBHKIMM, HOKa3aTeHHON U
JIorapuMuYecKoil GyHKIUAM, ypaBHEHHAM H HepaseHcTBaMm). Ho
€CTh M OTJIHMYHA: JOCTATOYHO IIPOCTHIE TIPUMEDHI 1 paceyxaeHns
3aMeHeHB!I 6oJiee CJIOKHBIME M MHTepecHBIMH. MHaye roBops, ypo-
BEHb IPEABABJICHNA MATePHAla B YKASAHHBIX ¢CTAPBIX» IJIABAX B
IeJIOM Bbllle, YeM B YIOMAHYTOM yueOHHKE s obmeobpasosa-
TEJABHON IIKOJEL.

M, pasymeercs, mosBuINCH HOBEIE TTABHI U naparpadmel, Ha-
npumep: § 10 «Mspieuenne KopHeil U3 KOMILIEKCHEIX umcens, § 29
«YDaBHEHUA ¥ HEPABEHCTBA ¢ Mozaysamu», § 30 « Appannonansanie
YPaBHEHHA U HepaBeHCTBa», § 31 «JlokazarenneTro HEepPaBeHCTB»,
§ 32 «VpaBuenus u mepasescTsa ¢ ABYMSA NePEeMEHHLIMH » .

Hogas rnasa (rasa 1) TIOCBAIIEHA MHOTOWJICHAM OT OJHOW M He-
CKOJMBKUX IIEPEMEHHbIX; 3/IeCh JKe PACCMATPUBAETCS Teopema Beay,
npuBoxuTca cxema I'oprepa, ofcyskaaiores pasaudmbie IPUEMBI
PEIIeHUs yPABHEHUI BBICIIMX CTEeNeHel, yAeNlsiercs BHUMAHMe
OZHOPOJHBIM ¥ CHMMETPHYECKHM CHCTEMAM ypABHEHMIA.

I'napa 5 «daements Teopun BEPOATHOCTEH M MaTeMaTH4ecKoi
CTATHCTHKH» ABJIAETCHA HENOCPENCTBEHHBIM MPOAOIKEHNEM aHANO-
THYHOMH ri1aBel n3 yuebruka aus 10-ro kiacea.

B 3akmouenue ofpatum BEMManue V4YUTENd HA TO, YTO B Me-
TOAHYECKOM OCOOMY NPHBE/IEHBI TPH BapHAHTA IPHMEPHOIo TemMa-
THYECKOro IIaHnpoBanus (u3 pacuéra 4, 5 uan 6 yacos B Hexesnto
Ha M3ydeHHe Kypca anreGpbl M HAYal MaTeMAaTHYECKOTO AHAIHN3A
B 11-M kxaacce).

' Mopdxosuy A. T Aunrebpa u Havana MaTeMaTHYecKoro amanuaa, 10—
11 kaacent. B 2 u. Y. 1, Yuebuux., — M. : Muemosnua, 2012.
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§ 1. MHO204NeHbl Om 0OHOLI NepemeHHoI

TlorsATHA OfHOUNEHA, MHOrOYJICHA, CTAHJAAPTHOI'O BHAA OJHOYJIe~
HA M MHOrO4YJIeHa M3BECTHBI BaM M3 Kypca aaredpsl 7-ro kiaacca. Ml
TOBODHMJIM O TOM, KaK MHOTOWJIEHBI CKJAJLIBAIOT, BEIMHTAIOT, mepe-
MHOKAIOT, BO3BOAAT B CTeleHb, pasjaralT Ha MHOxUTenn. Ecawm,
HanpuMep, AaHbl ABa MHOrounena py(a; b) = 5a*b + ab® u p(a; b) =
= a’h — ab’, TO HETPYAHO COCTABMTH MHOTOUWJIEH pla; b) = py(a; b) -
= paa; b), nonyuum p(a; b) = (5a°h + ab®) — (a*b — ab®) = 5a%b + ab® -
= a’b + ab® = 4a’b + 2ab® = 2ab(2a + b). B arom npumepe Gurypupo-
BAaJIM MHOTOYJIEHBI OT /IBYX MepeMeHHLIX a u b.

OcoBhlif HATEpEC AN MaTeMATHKH M €6 IPHIOKeHWil npejacras-
JIAIOT MHOTOYJIEHBI OT OAHO nepeMeHHON. O HMUX n mOITAET peun
B HacToseM naparpadge.

1. Apudpmemuseckue onepayuu HAd MHO04YneHAMU
oM 00HOU nepemeHHol

Ilyers p(x) — MHOrowIeH, npeacTABAAIOUIHIT COBOI CYyMMY OAHO-
| WIEHOB @y, G\X, a,x°, ax’, ..., a,x", TAe N — HATYDAJbLHOE YHMCJIO, a
@, a,, a3, Ay, ..., @, — NPOM3BOJbHBIC YHCJIA, KOIDDUIHEHTH, TPH-
‘4ém a, # 0. YeaoBuMmes pacnosaraTh 9TH OAHOUJIEHB 10 yOLIBAIO-
UM CTENEeHAM NEPeMEeHHOMN X, T. e. 3AIHUCHIBATH MHOI'OWIEH B BUJE
p(x) = a,x" + ... + a;x’ + ayx® + a,x + @y, M HA3BIBATH ITY 3AIUCH
CTAHJAPTHBIM BHAOM MHOrouxena p(x). OxHoujen a,x" HasBIBAKOT
c‘rapumM WIeHOM MHOrousena p(x), koapuiuenT a, — KoIppuyuen-
mom npu cmapwen yaexe. Ecan a, = 1, T0 MHOrOUJIeH HA3BLIBAIOT
MPHBEIEHHBIM, €CJH ke a, # 1, To — HenpuBexéHHBIM. OHOYIEH
@) HA3BIBAIOT CBOGONHBIM wieHom muOrowresa p(x). Yueno n — no-
KasaTe/b CTEIEHH CTAPIIErO YJeHA — HA3BIBAIOT CTENeHbI) MHOIOYJIe-
Ha. Hanpuwmep, x + 3 — npuseséunsblii MHOrOWIEH NepBoii cTenen,
=0,5x° + 3x* ~ 4 — menmpuBenEHHBIl MHOrOUIEH NMATON cTemeHH,
ax® + bx + ¢ (rae a # 0) — MHOrouJieH BTODPOif CTeneHu, UM K6ad-
pamubti mpéxynen. Bripouem, kBagpaTHBIN TPEXUJIEH MOXKeET HE OBITH
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TPEXUWIEHOM B OYKBANBHOM CMBICIE CJIOBA. Hanpumep, 2x* + x —
KBA/IDATHBIA TPEXUJeH; 3aecb a =2, b=1, ¢ = 0.

Bce He paBHEIe HyTIO unCIa YA06HO cCupTaTh MHOZOYNCHAMU HY.1e-
60U cmenenu; HAPUMED, YUCIO 3 MOIKHO (ecim HY’KHO) IPEACTABUTE
B Bujte 3x°, mockoabky x° = 1 (ecxn x # 0).

Kas et Muorounen a,x" + a, x" ' + ... + a;x* + a,x + ay MoxHO
paccMaTpuBaTh, ¢ OJHON CTOPOHEI, KaK a.azefpauteckoe avLpaxcenue,
3anuCcaHHOe B BUJE CYMMbl OJHOYJIEHOB M, C ADYroil CTODOHEI, KaK
DYHKYUIO, KOTOPAS KasKIOMY AeHCTBUTEIPHOMY YMCIY X CTABHUT B
COOTBETCTBHE YHCIIO @,X" + @, X" ' + ... + aux® + ayx + ay.

Crnepyiomas teopema moxasnisaer, 4To 9TH /ABE TOYKH 3peHms
COrJIacOBaHbI MEXAY €000, T. €. ABA MHOIrOYJIeHa OIMHAKOBOM cTe-
TEHH COBUAAAIOT KAK A12e0pAUYECKUE BbIPANCCHUL B TOM U TONBKO
B TOM CJydae, KOrjia OHM COBNAZAIT KAK (ynkyuu. Mul mpusogum
aTy Teopemy 6e3 gokazaTennbcTBa.

Teopema 1. [ea mnozounena P(x) u s(x) mowcdecmeennst
u monvko da, da onu u 00uURaKO06YI0 cmenens u K0Ip-
Quyuenmov. npu 0IHOUMERKBLX CTIENEHAX nepemennon 6 oboux
MHOZONREHAX PABHbL.

A,

Ecimn, manpumep, aamo rosaectro ax® + bx® + cx + d = 3¢ —
—4x + 1, To Ha ocHOBaHMM Teopembl 1 MOMKHO Cpasy clesaTh BBIBOJ
0 3HAYeHUAX KOdPPUIHMEHTOR a, b, ¢, d (MX B 1070BHEIX caydaax Ha-
3BIBAIOT HEONPEICNEHHBIMU Koa(puyuenmanu): a = 0 (nockonbKy B
TPaBOi YACTH TOKJAECTBA HET WieHa ¢ x*),b=8,c=-4,d=1.

MHOroueHs! 0T OfHONH HepeMenHON, KaK W mobble MHOTOYJIEHBI,
MOKHO CK/IA/bIBATE, BRIYHTATD, NEPEMHOMXKATH, BO3BOAMThL B HATYPAIb-
HYIO CTENeHb; P 9TOM CHOBA NOJYYAETCA MHOTOWJIEH OT OfHOI nepe-
MeHHOH. Ec/m CKIaabIBalOTCA WM BEMUTAIOTCS JZIB& MHOIOWIEHA PA3HOM
CTENEHH, TO B pe3yJbTaTe MOJYYUTCA MHOTOYIEH, CTENEeHE KOTOPOro
paBHa Gonbulelt u3 umMeOmUXCs creneneli, ECan crIaisBaIOTCH Hm
BEMHTAIOTCHA MHOTOUJICHBI OIHOI M TOIf JKe CTeIeHH, T0 B Peay.IbTaTe 1o-
JIYHHTCHA MHOTOYIEH TO JKe WM MeHbIIeH CTerneny., Hanpuwmep, cioxus
MHOTOWIEHBI NepBoii cTeneny x + 3 i naToit crenenn —0,5x° + 3x° — 4,
noxnyunm —0,5x" + 3x* + x — 1 — MHOroOuNeH nATON cTemeHM. Criosxns
AB& MHOTOWIeHA TpeThei crenenu 2x* + 3x* — x w —2x* + 3x - 4, no-
ayanm 3x* + 2x — 4 — mMHOrouNeH BTOPOM CTENEHH; eC/IH JKe COCTa-
BHTb PASHOCTE 3THX MHOIOWJICHOB, TO IIOJIYYHTCA MHOTOUIEH TPeTheil
crenenn: (2x° + 3x* — x) — (-2x° + 3x— 4) = 4x° + 3x — 4x + 4,

Ecnu mBorousen p(x) ymmoskaercs ma MHOrowien s(x), To crap-
WK Y1eH NPOM3BeJeHUS PABEH MPOM3BEACHMHIO CTAPIINX YJICHOB
MHOroweHOB p(x) u s(x). IToaromy ecsm MHOrowIeH p(x) umeer cre-
TeHb /M, & MHOrOWIeH $(X) — CTeneHb 7, TO UX IPOU3BeAeHMe plx)s(x)
uMeeT cTeneHb m + n. Hanpuwmep, nmepeMHOMHE MHOrOWJIeH maTOM
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peniernt —0,5x" + 3x® — 4 ¥ MHOrOWJeH mepBoii cTeneHu x + 3, mo-
mM MHOrOWwIeH mectoit cremenn: (—0,5x° + 3x* — 4)(x + 3) =
0,5x° — 1,5x° + 3x* + 9x* — 4x — 12. ObparuTe BHUMaHUE, 4UTO
ApIIMii YJeH MOoJYYeHHOr0 MHOrOYJIeHA INeCTOi CTelneHH paBeH
POM3BEEHHI0 CTAPIIHX YJIEHOB MEPEeMHOKAEeMBIX MHOIOYJICHOB:
5x° = —-0,5x° - x.
" Ecniu MuOrOueH p(x) cTeneHu 7 BO3BECTH B CTeNeHb M, TO MOJy-
TCs MHOrOUWIeH crenenu nm. Hanpumep, Bo3Bea MHOTOUIEH IATOM
renern p(x) = —0,5x° + 3x* — 4 B KBajgpaT, NOAYUNM: '
)¢ = (-0,5x° + 3x% — 4)* = (-0,5x" + 3x* — 4)(-0,5x° + 3x* - 4) =
= 0,25x" — 1,557 + 2x° — 1,527 + 9x% — 122° + 2x° — 12x* + 16 =
1 =0,25x" — 3x7 + 4x® + 9x* - 24x% + 16;
)0 muorouwnen 10-it crenenn (5 - 2 = 10).
‘B HEKOTOPBIX CJAyYadX BHINOJHMMO M [ieJleHHe MHOrouwIeHa Ha
gHOrowIeH. 'OBOPAT, UTO MHOrOWIeH p(x) AeJNTCsA Ha MHOrOWIeH 8(x),
CJIM CYIIECTBYET TAKOW MHOTOWJIEH (X), YTO BBINOJHAETCH TOMXKIAECTBO
“ p(x) = 5(x) - q(x). M
IpH 2TOM MCHOJAB3YETCH TA Ke TePMHHOJIOTMA, 4UTO M NpHU jese-
uu uucen: p(x) — deaumoe (nan xpammuoe), s(x) — deaumenn,
i(x) — wacmnoe. Bupouem, MOMKHO CKasaTh Mmo-Apyromy: s(x) —
[actaoe, a q(x) — penurens.
Hanpuwmep, maorowten x* — 3x° + 5x — 15 genures HA MHOTOUWIEH
¥’ + 5 1 Ha MHOrOYIeH X — 3, HOCKOJbKY

x* = 3x* + bx — 15 = (x* + 5)(x — 3).
orounenst x* + 5 u x — 3 — jenurenn MHOrowneHa x' — 3x* +
F 5x - 15.
Ilesnenne MHOrOYJIEHA HA MHOTOWJIEH HYJIeBOW creneHu (T. e. Ha
YITHYHOE OT HYJIA YMCJI0) Beerga ocymecrsumo. Hanpumep, MEOrOWwIeH

1
7

+ 5 geuTes HA MHOTOYJIEH HYJIeBOif cTerneny 7, IPH 9TOM B YaCTHOM

\{ . 5
£* + 5 MOXHO IPEACTABUTH B BUJE 7( =x? + 7) 3HAYUT, MHOTOWIEH

[IOJIy4HUTCA MHOTOUJIEH lx2 + % 910 ABHO HEMHTEPEeCHas Onepanus,
3 7

noaToMy OBBIYHO, TOBOPH O JEJIeHMH MHOroOYJieHa HA& MHOrO4YJeH,
eyqaii JIeJIeHHs HA MHOT'OYJIEH HYJIeBOMH CTEeNeHH He paCCMATPHBAIOT.

2. [leneHue MHO204N1€HA HA MHO204/1IeH C OCMAMKOM
Kak ¥ f1s menslx 4uces, AJS MHOTOYJEHOB PACCMATPHBAIOT
denenue ¢ 0CMAmKoM, BOIMOXKHOCTb KOTOPOTO BEITEKAET U3 CIeAYIo-
eit TeopeMel, KOTOPYIO Mbl IPUBOAMM Ge3 JoKas3aTeabCTBa.




Teopema 2. JIns n106vtx d6Yx MHOZOUEHOE HERYLEBOU CMENERU
p(x) u s(x) cywecmeyem napa mHoz041eH06 q(x) u r(x) maxas, wmo
cmenens MHOZOUNERA r(X) MeHbULE CTENeHU MHOZOYNEeRA §(X) U 6bl-
noanfemces moxdecmso

p(x) = s(x)q(x) + r(x). (2)

B qopmy.ie (2) MHOrouseH p(x) HABKIBAIOT JeauMbiM, 8(x) — de-
aumenem, q(x) — uacmuvim (AU HENOAHBIM HACMHBLM), 8 1(X) —
ocmamicom. Popmyny (1) MOKHO CIHTATH YACTHBIM ciydaeM (opmy-
sl (2) — KOrjia OCTATOK paBeH HYJIO.

CreneHb He PaBHOTO HYJIO ocTaTka B QopmyJe (2) pomxHa GITH
MeHBIIe CTeNneHu Aesurens. Ecin, B HACTHOCTH, B KA4eCTBe JAeJHUTe
BHICTYIIAET MHOTOYJIEH ePBOii CTENeHHM, TO B OCTaTKe Oy/leT MHOrOWIeH
HYJIEBOi CTEIeHH, T. €. UMCJIO0; eCJIM B KauecTBe JeJUTe]s BhICTYNaer
MHOTOUJIeH BTOpPOi CTeNeHH, TO B OCTATKe MOXeT ObITh YHCIO MM
MHOrO4JIeH nepsoit crenenu. Crenens YacTHOro ¢(x) paBHa pasHOCTH
creneneii genumoro p(x) u geautens s(x) (ecrecTBeHHO, IPH YCJIOBHH,
4TO CTENeHb AeIHTeNd He GoJbIIe CTeNeHN AeJIUMOro).

Hpumep 1. BUnoasEuTh jJejenue ¢ OCTaTKOM MHOroYJeHa
2x*-x-3max—2.

Pemenue. Umeem:
Oxt —x-83=2x"-4x+3x-6+3=2x(x-2)+3(x-2)+3=
=(x - 2)(2x + 3) + 3.
Hrax,
2x*—x -3 =(x—-2)(2x+ 3)+ 3.

3necs 2x* — x — 3 — meaumoe, X — 2 — AeanTens, 2x + 3 — gacr-
HOe (HemoJHOe YacTHOe), 3 — OCTATOK. | ]

Jlna peseHus MHOrowgeHa p(x) HA MHOTOUWIEH $(X) MOKHO HpH-
MEHATH IPABHJIO JieJeHHs YIJIOM, IIOXOXKee Ha NPABHIIO JeJIeHus
MHOI'O3HAYHBIX uuces. Yrobbl HOAYYHUTH CTAPHIMIL YIeH YacTHOro,
JleJISIT CTAPIIMIA WIEH JeNTHMOro p(x) Ha CTapuInil uieH gexmTens $(x).
TlonyuenHbIH YWieH YACTHOIO YMHOKAIOT HA JeJHTe]b ¥ IPOU3Be/IeHne
BBIUUTAIOT M3 AeaHMOoro. Pasenus cTapmuii WwieH noayuesHoif nepsoit
PABHOCTH HA CTAPIINIT WJIEH JeJUTeNs, HAXOAAT BTOPON ieH YaCTHO-
ro. Ilony4yeHHBIIl BTOPOH WIEH YACTHOrO YMHOXKAIOT HA JeJHuTelb X
IpOM3Be/ieHHe BEITUTAIOT U3 IepBoii pasHocTH. C noTy4eHHO BTOPOM
PA3HOCTHIO MOCTYNAIOT TAK JKe: AENAT eé CTAPIIMIA UIeH Ha CTapIIuii
YieH AeIuTeNd, HAXOAAT TEM CAMBIM TPETHIl YiIeH YacTHOro, 3areM
YMHOKAIOT €ro Ha [eJIUTeNb, TPON3BE/IeHNe BBIMATAIOT H3 BTOPOH pas-
HOCTH H T. A. DTOT Impouecc Jubo NPHBEAET K JAeJeHUI0 MHOrO4WIeHa
p(x) Ha MHOTOWIEH 8(x) Ge3 ocTaTka, IMGO HA HEKOTOPOM IIare mojy-

8

51 PA3HOCTD, CTeNeHb KOTOPOil MEeHpIle CTeNeH: penuTeNs, — 9Ta
BHOCTH M Oy/leT OCTAaTKOM r(x). : ’
LIOJHUM, HANpUMeEp, JeleHue MHOrouwiesa 2x° — x — o Ha

en x — 2:

 x-8|x-2

— 4x 2x + 3

3x — 3 (mepBas PA3HOCTD)
" 3x-6

3 (Bropas pasHOCTb, 0CTATOK)
fArax, 2x° — x — 3 = (x — 2)2x + 3) + 3 (em. mpumep 1).
[1pumep 2. Passeauts MHOrOWIeH %% — 3x% + Hx — 15 Ha MHOrO"

x*+ 5.
x*+5
x-3

emenue.
- 3x* +5x—15
+ 5x

-3x* -15
=32 -15
0

‘Ocratox pasen 0, 3HaUUT, MBI BHITIONHUAN Jesenne 6e3 ocTaTKa.

H:x’-3x’+5x—15=(x“+5)(x—3). |
Oco Gyi0 3HAUMMOCTb MMeeT cnyuail fleIeHnA MHOrOUJIeHa Ha JABY-
" x - a.
Teopema 3. Ocmamox om denenus muozowrena p(x) nenynesou
nenu Ha 06YuLen X — a pasen pla) (m. e. 3naxenuio MHOZOYNLEHA
) npu x = a).
NMokasaTelabCTBO. Ecam p(x) — pennmoe, X = @ — JleJINTeNb
3 OuJIeH TIepBOil CTeNen!), q(x) — vacTHOE M I' — 0CTATOK (4HCIO0),
0 dopmye (2) mosydaem:
y p(x) = (x — a)q(x) + r. (3)
T oxcrasuB B HOPMYTY (3) BMecTO X 3HAYEHHE a4, nonyuum p(a) =
@ — a)q(a) +r, T. € pla) =r, uro n TpefoBaIoCh 0KAa3aTh.
D1y Teopemy 00BIYHO HAZHIBAIOT meopemoit Besy B 4ecTb $pannys-
ro matemaTHka IThena Beay (1730—1783).
1éM, HanpuMep, OCTATOK OT JeJeHnsd MHOrodJieHa p(x) =
— x — 3 na asyunen x — 2. Ilo reopeme Beay octaTok paBeH p(2).
pem: p(2)=2-2"-2-3=3.
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CpaBunTe 310 pemesnye ¢ pemeruem npumepa 1. TaM Mbr moxyun-
JIH TAKOH Ke OCTATOK, HO HO-APYTOMY, MCHONL30BaB 6ojlee CAoMHbIe
paccykaeHns.

Ecym npu x = a MEorounen p(x) obpamaercs B HYJb, T. €. BBINOJ-
HAeTCA paBeHCTBO p(a) = 0, To YncI0 @ Has3BIBAIOT KOpHEeM MHOro4wieHa.
Ecam p(a) = 0, to B bopmyzne (3) r = 0 u ona npuaumaer BUJL p(x) =
= (x — a)g(x). 910 SHAYMHUT, 9TO MHOTOYJIEH P(X) AeJNTCH HA X — q. Tem
CaMBIM HOJYYEHO CJIe/ICTBHE M3 TeOpeMsr 3.

Cnedemeue. Ecau wucao a ABIREMCA KOPHeM mMHOzouNena p(x),
mo p(x) deaumes na deyunen x — a.

s pesenns MEOrousNeHa Ha ABYUJIEH X — @ MOKHO MCIIOJb30BATE
CHEeNHANbHEIN NPHEM, KOTOPKIT 06BIYHO HasbBaloT cxemoi I'oprepa.
Hosicanm cyTs atoro npuéma AJA CaIyvyasi, KOrja JeJauMoe — MHOro-
"IeH 4eTBépToii crenenn (uro, BOPOYEM, HENPHHIHINAILHO).

Tyers p(x) = bx* + cx® + dx® + ex + f. Paagenus p(x) ua x — a,
nonyuum p(x) = (x - a)g(x) + r, rae q(x) — HexoTopHI MHOrOYIEH
TPeTheii crenenn, koadduHenTH! KOTOPOro HAM NOKA HEHM3BECTHLI:
9(x) = kx* + mx* + nx + s, Urak,

bx‘+cx"+d.r’+ex+f=(kx3+mx’+nx+s)(x—a)+r. (4)

Packpsis ckobku B [paBoif YaCTH TOXKIECTBA (4), nonyunwm:

bx‘+cx"‘+dx2+ex+f=kx‘+(m—ka)r’+(n—ma)x2+
+ (8 = na)x + r - sa.

BocnonbaoBasmmes Teopemoit 1 o TOMWJAECTBEHHOCTH ABYX MHO-
TOYJIEHOB, NPHXOAUM K CHEAYIOIeil cucreme paBeHCTB: b = k, ¢ =
=m—ka,d=n—ma,e=s-na,/=r—sa. 9710 3HAUUT, YTO He-
onpezenénuble Koadunuents k, m, n, 8, I CBA3AHBI C U3BECTHBIMY
Koapunuenramu a, b, c, d, e, f CACAYIOUWMMH COOTHOIIEHNSAMM:

k=b;
m=ka + ¢;
n=ma+d;
$=na+e;
r=sa+f.
OTH COOTHOWeRUs yA06HO 3aImHCATE B BH/E CIeAYIOeit Tabanms,
b ¢ d e f
f k=b m=ka+c n=ma+d s=nate |r=sa+f

B Bepxueit cTpoke TabaunBl 3anucanbl Ko3hhUIHenTH fennMoro —
38JAHHOTO MHOTOWIEHA, & B MePBOM cTONGNe BTOPOif CTPOKM — 3ajaHHOe yme-
710 a. B ocranbHBIX cToabmax BTOPOIi CTPOKH NOCIE0BATENbHO oayvaoTes
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KOO(DMHUIMEHTE! YACTHOTO M OCTATOK, HPH 9TOM COBMIOAAETCH CIAEAYIOMHN 110~

OK XO/IOB: BO BTOPOM CTOJIOIE BTOPOH CTPOKH 3AIMCHIBAETCA TO JKe YHCJIO,

BO BTOPOM cTos01e mepsoii CTPOKH; B TpeTHit croaben BTOPOR CTPOKH

AMHCHIBACTCA YHCII0, PABHOE CYMMe NPOM3Be/IeHHA YHCIa M3 BTOPOro croabua

TOPO CTPOKHM HA YHCJIO @ M YNCAA, HAXOAALIEr0CH B TPETheM CTob1Ie nepBoi

KH; B HeTBEPTHIL cTonbel BTOPOil CTPOKM 3AINCHIBAGTCA YHMCIO, PABHOE

€ IPOM3BEe/IeHNs YHC/IA M3 TPETHEro cToa0Na BTOPOi CTPOKH HA YHCJIO @

[ MMCJa, HAXOAAUIEIOCHA B YeTBEPTOM CTONOIE MepBOil CTPOKH; B ATHIA CTO-

BTOPOii CTPOKH 3aNMCHIBACTCH YHCI0, PABHOE CYMME IPOM3BEACHHS YHCaa

HeTBEPTOro cToAbLA BTOPOI CTPOKH HA YMCJIO @ M YHCJIA, HAXOASIIEr0CH B

M CTOJIGIe IIepBO¥ CTPOKH; B LIECTOl cTONOEI, BTOPOIt CTPOKH 3aITMCHIBACTCS

0, PABHOE CYMME NPOM3BEJCHNA YHCIA U3 IATOIO CTONONA BTOPOit CTPOKH
HHCJIO @ M YMCIA, HAXOAAIIErOCH B MIECTOM CTONOIe NepBoil CTPOKH.

Hpumep 3. Henonbays cxemy Topuepa, pasjequTh MHOIOWIEH
(x) = 2x° + x* - 3x* + 2x* + 5 ma aBywnen x + 2.

Pemenmne. 3aech a = -2 (x + 2 = x — a), a kKoo pHUIHEHTH!
(HOTOYJIeHA-{eJINMOTO PABHLI COOTBETCTBEHHO 2, 1, -3, 2, 0, 5. Crpo-

Tabauny ajisA npuMeneHns cxemsl oprepa:

2 1 -3 2 0 5
202 [2:(-2)+ [(-3):(-2)+[8-(-2+ [ (-4)-(-2)+ |8 (-2)+
+1=-3 | +(-8)=8 | +2=-4| +0=8 [+5=-11

Hrax, xoadpdunuents wacTHoro — umcna 2, -3, 3, -4, 8,
‘ocraTok r = —11. 3uaunr,
: 2x* + x' -3+ 2+ 5=
4y =(x + 2)(2x' - 3x* + 3x* — 4x + 8) - 11. ]
Cxema T'opuepa y06Ha TeMm, 4TO MPH eé NPUMEHEHHH HYKHO HC-
B30BATH MEHbIEE, YeM NPH JeJeHHH MHOrOYJeHA HA MHOrOWJIeH
JIKOM, YUC/I0 apuMeTHHecKux omnepauuii, u Boobme ona Gosee
OMIIAKTHA.

3. Paszno)xeHue MHO204/1eHA HA MHOXXUMmenu

 C pasiHuHEIMH IPHEMAMHE DA3JIOMKEHHS MHOTOWICHA HA MHOMKHTE-
BBl IO3HAKOMMJIMCE B Kypce anrebpel 7—9-ro kiaccos. HanoMuum
1. Botnecenue obusezo muoxcumens 3a cxobku. Iro npeobpasoBanme
ICHOBAHO HA PACHDEAEJMTENIbHOM 3aKOHe YMHOMXKEHHA OTHOCHTEIbHO
oxkenns: (a + b)e = ac + be, — TONBKO NP PABIOKEHUM HA MHO-
TEJIH 3TOT 3aKOH IPOYUTHIBAETCS CIPAaBA HAJEBO:
ac + be = c(a + b).
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2. Cnoco6 zpynnupoeru. 3axonnt CIOKeHUA (MepeMecTHTeab B
COYeTATeNbHEIN) O3BONAIOT TPYNIHPOBATE YJIEHBI MHOTOYJICHA .vno6um;
cnocobom. Mroraa yaaéres rakas IPYNIMPOBKA, YTO B KA A0M rpymme
TOCJIe BEIHECeHHA 3a CKOOKHM 06muX MHOMHTE el B ckobkax ocraéres
O/IHH M TOT JKe MHOrouseH. Ero kax OBUIMIT MHOKHTENb MOMHO BhI-
HecTH 3a ckoOku. B atom u cocrour crnoco6 IPYNINUPOBKH.

IIpumep 4. Paznoxkurs ma MHOMKHUTEJIN MHOroujsen x° — 3x? +
+6x - 15. -

Peme axn e. I'Izponsneaém TPYINHPOBKY CJIAraeMsIX CJIeAyIOmuM
obpasom: (x* — 3x%) + (5x — 15). B nepsoii rpymme seimecem 3a CKOOKH
obmuit MHOMKHTEb X%, BO BTOPO¥ — MHOMXHTENS 5. Ioayuum x*(x —
= 3)+ 5(x - 3). Teneps asyusen x — 3 kak OOLIMIT MHOMKUTENMb MOMHO
BBIHECTH 3a CKOOKM: (x — 3)(x® + 5).

Hrak, x* - 3x* + 5x — 15 = (x — 3)(x* + 5). |

3. Henoavsosanue gopmuya COKPaweH 020 ymnoncenus. Us kypea
anre6pel 7-ro Kjacca BaM M3BeCTHBI mATH dhopmyn coxpaménnoro
VMHOKeHUs MHOI'OMJIEHOB.

1) (@ - b)(a + b) = a* - b,

2) (@ + b)* = a* + 2ab + b,

3) (@ - b)’ = a® - 2ab + b*.

4) (a + b)(a* — ab + b%) = a* + b°,

5) (a = b)(a® + ab + b*) = g* - p®,

Hobasum emé gpe (opmyier. Pacemorpum BeIpakenue (a — b)*
Hneem: .

(a—-b)’=(a-b)a-b)=(a*- 2ab + b*)a - b) =
=a’ - 2a%h + ab® - a’ + 2ab® - b* = g — 3a’b + 3ab® - b°,

Hrak,

6) (a - b)* = a® - 3a% + 3ab? - b* (¢xy0 pasnocrTu»).

ARaIOrHuHO BRIBOAMTCS opmyana

7) (a + b)* = a* + 3a%h + 3ab® + b* (¢xy6 cymmpI»).

Dopmynt 1)—7), OyAyun NpouHTAHHEIMHK ClpaBa HaJIeBO, BO MHO-

THX CAYYAAX OKA3BIBAIOTCS IIOJIESHBIMH AU PA3JIOKEeHUA MHOro4JeHa
Ha MHOMKHTeNH,

IIpumep 5. Pasnoxurs na MHOYXHTeIH MHOTrOWIeH x° - 1,
Pemenwue. Ipescrasum x° — 1 8 puge (x*)* = 1% Bocnoanao-
BﬂBl?HCb (hopmyoii 1) (¢«pasuocTs KBaJpaToB» ), moxyunm (x*)* — 1% =
=(x* - 1I)2* + 1). Hcnoaways panee Gopmyns 5) u 4) («pasuocTs
KyboB», «cymma KyOOB»), mosyqum:
(e = 1)(x* + 2 + )(x + 1)(x2 - x + 1).
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Kpagparasie Tpéxuwienst x° + x + 1, x> — x + 1 umeror orpuna-
jeJIbHBIE JUCKPUMUHAHTHI, & IOTOMY, KaK U3BECTHO, U3 Kypca ajaredpst
8-T0 KJacca, He pas3jaraloTcA Ha JMHEHHbIe MHOMKHTENH C JeifcTBH-
bHBIMU Koo pHIHeRTaMu.,

Hrak, x° — 1= (x - 1)(x* + x + 1)(x + I)(x*—x + 1). ]

IMpumep 6. Pagnoxnrs Ha MHOXKHTENH MHOrouwaexn 16x’
- 72x° + 108x° — Hdx'.
Pemenmne. 16x" — 72x° + 108x° — 54x* = 2x%(8x® - 36x°
F5dx — 27) = 2x*((2x)* — 8 - (2x)* - 3 + 3 - (2x) - 3% - 39
: 2x%(2x — 3)°.
B nponecce pemesEnsa Mbl HCIIOIB30BAJN NIPUEM BhIHECEHUS 0611ero
(HOKHUTEJS 38 CKOOKH M hopMyJy «Ky6 pasHOCTH». B
4. Pasnoxenue K6adpamnozo mpeéxuiena Ha JUHEUHbLe MHONCU-
enu.
Ecan x, u x, — KopHHM KBajgpaTHOTO TpéxuneHa ax’ + bx + ¢, To
y ax® + bx + ¢ = a(x — x,)(x — x,). (5)
. Haupumep, KOpHAMU KBajpaTHOro Tpéxusena 2x° — bx — T ap-
patores uncna —1 u 3,5, apauur, 2x° — 5x — 7 = 2(x + 1)(x - 8,5) =
(x + 1)(2x - 7).
Ecsin, B 4acTHOCTH, KBAJPATHBII TPEXUWJIEH MMEET OJMH KOPeHb
[AMCKPUMMHAHT KBaJAPATHOIO TPEXWIEHA PABEH HYJI0), TO AJSA HC-
QOAB30BAHNA (DOPMYJib () mosaraiT x; = X, (Kpammubiit KOpeuv), u
topmysa (5) npunnmaer Bug ax® + bx + ¢ = a(x — x,)%.
Ecnn kBajgpaTHbIH TPEXUJIeH He MMeeT AeHCTBUTENbHBIX KOPHe
(AMCKPIMHUHAHT OTPUIIATEIEH), TO KBAJAPATHBIN TPEXUJIEH He pasaara-
A HA JIMHEIHbIe MHOXKHTEH ¢ JeHCTBHTEeNBHBIMHA Koa(hpuiuenTa-

+

(M.

Brinre, B caejcTBUN M3 TeopeMbl 3, ObLI MOJAYYEH CJAEAYIOUIHit
Pe3yJILTAT: €CJIM YMCJIO @ ABJIAETCH KOPHeM MHOrouJeHa p(x), To p(x)
AeIUTCA HA ABYWIEH X — @, T. €. MOKET ObITh IPEACTABJEH B BHAE
p(x) = (x — a)g(x). D10 emé oAMH NPUEM PA3JIOKEHNA HA MHOMKUTENH
[HOrO4JIeHa OT OJHOI mepemMeHHOI. OTMeTHM OAHY JNHOGOMBITHYIO
TeopeMy, KOTOpas He pa3 MO3BOJMT HAM NOJB30BATHCH YKA3AHHLIM
NPUEMOM PA3JIOMKeHHs MHOTOUIEHA HA MHOMKHTEH.

Teopema 4. ITycmov 6ce kKoaguyuenmuvt mHozounena p(x) —
avie wucna. Ecaiu yenoe wucno a aénsemes Kopem MHOZOUERA
(x), mo a — denumens c606001020 WIEHA MHOZONAEHA plx).

- JlokasaTenbCTBO, NPOCTOTHl PajM, NPOBEAEM A ciayyas,
Korza p(x) — MHOrowIeH Tperbeit crenenn: p(x) = bx® + cx® + dx + m,
rae Bce Koaduuuenrts b, ¢, d, m — uensie yucaa. Ilo ycaosuio
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[eJIoe 9NCHI0 @ ABNACTCA KOPHEM MHOTrowIeHa p(x). ro 3HauuT, YTO
pl(a) =0, 7. e.
ba® + ca* +da + m = 0.

TIpeoGpasyem noyueHHOe PABEHCTBO K BUAY M = a(-ba’® - ca - d)
n oGosHauum nenoe uneao —ba’ — ca — d Gyxsoit k. Torga nocjaesHee
PaBeHCTBO MOYKHO IlepenucaTh B BUje m = ak, a 370 ¥ 03HAYAET, UTO
YMCJO @ — JAeJHTeNb YHCIAA M, T. €. AeJUTeNb CBOOOAHOrO WjeHa
MHOrouwIeHa p(x). R

AHANOrHYHO NPOBOAUTCS JOKA3ATENHCTBO TEOPEMbI A cayvas,
Koraa p(x) — MHOTOWIeH 4eTBEPTOil, nATOH 1 BoOGIIe n-if creneny.

Hpumep 7. PagiomuTs Ha MHOMKUTENH MHOIOWIEH
p(x) = 2* — 3x* - 10x + 24.

Pemenue. Ilonpobyem maiiTn menoumcnenubiii KOpPeHb 3TOro
mHOrousnena. Ecau om ecTs, To mo Teopeme 4 ero ciaegyer mckath
Cpefn JleiuTesieil cBoOOAHOrO 4YieHa 3aJlaHHOrO0 MHOTOYJIEHA, T. e
cpeau fenureneil yucnaa 24. BeinmumeMm aTH JeHTeNH — <«KaHAM-
AAThl B LEJOYHCHEHHbIE KOPHM»: *+1, +2, +3, +4, 16, +8, +12, +24.

Byznem nosicraBaaTh BRINMCAHEbIE 3HAYEHNMS TOOUEPEIHO B BLIPASKEHHE
ana p(x). Uveem:

p(1)=12#0, p(-1) = 30 # 0, p(2) = 0.

Hrak, x = 2 — xopens mMHOrounena p(x), a noromy p(x) MOKHO
npeACTaBuTh B Bue (x — 2)¢(x). Ytober HaliTh yacTHOE q(x), MOxcHO
pasfienuTh p(x) Ha X — 2 YyroJaKoM, MOKHO MCIOJb30BATE cxemy I'op-
Hepa (caenaiiTe aTol), HO MBI OKaXkeM BaM eIé OAMH npHéM:

_p(x)=x"—3x“— 10x + 24
p(2)=2*-3-22-10-2 + 24
p(x) = p(2) = (x* = 2°) - 3(x* - 2%) - 10(x - 2).
ITockoasky p(2) = 0, To
p(x) = (x = 2)(x* + 2x + 4) = 3(x — 2)(x + 2) — 10(x - 2) =

=(x = 2)((x* + 2x + 4) — 3(x + 2) - 10) = (x - 2)(x* - x - 12).

Kpaaparasiit Tpéxwiren x° — x — 12 umeer KOpHM 4 u —3, 3Ha4uT,
x*—x-12 = (x - 4)(x + 3).

Hrak, p(x) = (x = 2)(x — 4)(x + 3). m

SaBepmas pasroBOp O PA3/NOKEHNH HA MHOMKHTENH MHOTOYJICHOB
OT OZIHO¥ ePeMEeHHOM, OTMETHM el1é OfHY BAKHYIO anrebpanveckyo
TeopeMy (0 Heil MBI HOroBopuM noapotuee B § 10).
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Teopema 5. 1060t mrozounen p(x) cmenenu n = 3 pasnazaemcs
§ npoussedenue MHOZOUAEHOE NePEOL U 6mopoi cmenexu.
Beprémcs K IpUMepaM, PACCMOTDEHHBIM B 9TOM maparpage.

1) x* - 3x* + bx — 15 = (x — 3)(x* + 5) (cm. npumep 4). B no-
YUEHHOM DA3JIOKEeHHH HA MHOMKUTEeNH — OJAUH MHOTOWJIeH nepBoit
TereHy M OJINH MHOTOYJIEH BTODOi CTENmeHH.

2) x% — 1= (x — 1)(x* + x + 1)(x + 1)(x* — x + 1) (em. npu-
ep 5). B 1oryueHHOM Pa3JIO;KeHHH HA MHOMKHUTEIH — JiBa MHOTOWIeHa
epBOit CTENeH: U JBa MHOTFOYJIEHA BTOPON CTeleHH.

3) x* — 3x* — 10x + 24 = (x — 2)(x — 4)(x + 3) (cm. npumep 7).
} OJTyYeHHOM PA3JIOKeHNH HA MHOXKATEIH — TPH MHOrOWIeHa nep-
i cTerneHu.

' 4) 1627 — 72x° + 108x" — Hdx* = 2xxxx(2x — 3)(2x - 3)(2x - 3)
pM. ipymep 6). B mosryueHHOM pasioyKeHHH HAa MHOXKHTENH — CeMb

{HOrO4JIeHOB IePBOi CTENeHH.

B cBSI3H ¢ MOCHEAHNM PA3JI0KeHueM MoAuYepKHEM creayomee 06-
TosITeNLeTBO: MHOrowIen 16x7 — 72x° + 108x® — H4x' nmeer Bcero
a kopus: 0 u 1,5. Ho aru KopHM Kpamubie: X = (0 — xopeHb KpaT-
u 4, a x = 1,5 — kopenn kparsoctn 3. Cocrasiss pasyoKenne
MHOTOUJIeHA HA MHOMKUTENH, CJeAyeT KaXKIblii KOpeHb MHOrouieHa
ATBIBATH CTOJIBKO PA3, KAKOBA €ro KPaTHOCTD.

§ 2. MHO204/1eHbl OM HeCKONIbKUX nepemeHHbIX

MHOrouwJeHb! 0T HECKOJbKHX HePeMEeHHBIX MOMKHO CKJIAJbIBATD,
LTIUTATH, [IEPEMHOMKATh, BOSBOJANTL B HATYPAJBLHYIO CTENEeHb, pas-
faraTh HA MHOMKHTEJIH — 3TO BAM H3BECTHO M3 Kypca asnrebpsi
7—9-ro knaccos. B nacrosmen naparpade Mbl HECKOJIBKO PACIINPHM
BAINY 3HAHMA O MHOPOWJIEHaX.

Mpumep 1. Pasiokuth HA MHOKHTETH MHOTOU/IEH
2x% - bxy + 2¢°.
Pemenne. [leppriii cnocod, Bocnonsayemes METOAOM TpynmH-
DOBKH:
2x* — By + 2u° = 2x° — dxy — xy + 2y° = 2x(x — 2y) -~ y(x — 2Y) =
=(x = 2y)2x — y).
Bropoit cnoco6. PaceMorpum JAaHHBII MHOrO4YJeH OT ABYX

MepeMeHHbIX KAK KBAJIDATHBIA TPEXUjeH oT nepeMeHHON X ¢ Koad-
bunuenramu 2, —5y, 2y* coorsercrsenno. Haiiaém ero KopHM:

5 i,[25“'—4-2~22
x = L Y LA 5yi3y. Buauur, aubo x = 2y, 1mbo

4
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x=

[S1ES

. IIpumenus KBa/IpATHOMY TPEXUJeHY QOPMYJay pasaoxe-

HUA HA JHHeHHBIe MHOMXHUTeNH, moaydum: 2x° — bxy + 2y* =

= 2(x—2y)[x-%]=(x-2y)(2x-y). ™

Ipumep 2. PasnoXnTh HA MHOMKHTETH:

a)x"—y"(ne N); 6)x*"'+ y* "' (ne N).

Pemenne. a) Ilepnalii crnocob, Bocnonkayemes uzeeit sBToporo
cnocoba pemeHns NpeALIAYINEro npumepa. 3adUKCHPYeM IpOM3-
BOJIbHO YHC/IOBOE 3HAYEHHME NIePeMEHHOIl ¥ ¥ PACCMOTPUM BhIpaXKeHHe
x" = y" KaK MHOTOWJIEH TOJBKO OT OfHOI mepeMenHoi x. Eciu x = U,
TO 3TOT MHOrOYJIeH 00paIaeTcss B HyJb, T. €. YHCIIO Y ABIAETCA KOP-
HeM MHOrowiesa. ITo cieacTsuio ua Teopemsr Beay aTor MHOroOwIeH
AennTCA HA X — Y, T. e. x" = y" = (x — y)q(x), rae g(x) — HexoTOpHI
MHOI'OYJIEH CTeneHu n — 1:

q(x) = @, 2" + @, ,X"2 + @, 2" + ... + @x + ax + a,.
3uauur,
X" =yt = (X - YN X + @, X2 + @, xS+ 4 ayx? +
+ a;x + ag),

—

T. €.
X" =Y = a,,x" +(a,, - ya,  )x"t + (@, - ya, ;)X + ...+
+a, - ya,)x* + (a, - ya,)x - ya,.

IlpumennM K mosydeHHOMY paBeHCTBY Teopemy 1 ua § 1 o rom-
AEeCTBEHHOCTH JABYX MHOTOYJIGHOB OT OHOM nepemernoif x. Ioxyunm:

a, ,=1;
a, -, — ya, l=0;
.3~ Ya, ,=0;

a, — ya; = 0;
a, — ya, = 0;
—Yyay = —y".
M3 91X PABEHCTB MOCJIEAOBATENLHO MOIYIAEM:
6,y =La,., =ya.,=y,..,

a =y e =yt e =yl
Taxum oGpasom,
Xt =yt = (X = YN G, X"t + @, X"+ @, X 4.+
+@xt +ax +ag) = (x - y)loxtt 4 oyxn? o+ oyRaned 4oL+
+yn—8x2 + yn-2x + yn—l).
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Tonyunan ciaegyomyo GopMysry pA3JIOKeH!A HA MHOMKHUTEIH:
b oxr -y o= (x - yNav 4 xnty xR 4L+ Pyt
+xy"? + ynt).
W3 Heé, B 4ACTHOCTH, TOJIyHaeM:
X -yt = (x - y)x + )
x4 =yt o= (x - y)x? +oxy + Y
xt -yt o= (x -y + XYyt PR
X% -yt o= (x - y)xt + 2Py + XY+ x4y
; Bropoii cnioco6. PaceMoTpHM KOHEYHYIO MeOMeTPHUECKYI0 porpec-
wo 1, ¢, ¢°, ..., ¢" '. Haiiném eé cymmy S,, MCIIOJB3Y 5 HIBECTHYIO U3

" 1) )
ypca anre6psl 9-ro kiacca hopmyay: S, = Qiqu' q # 1. Hoayuum:

E .
1+g+¢+...+q¢*+¢" '=gq_—l. nin

¢ -1=(@-1)g" " +¢"*+..+qg+1). 1)

3aMeTHM, YTO 3TO PABEHCTBO BepHO M npu ¢ = 1 (0be ero wactu B
TOM Cay4ae PaBHLI HYJIO).

IIpeanonoxum B (opmyie (1) g = %, y # 0. IMonyuum:

(-2 GCT 6 6 -5y

"+ xy 4y

) L 1 -1

-y _x-y '+ +x
¥ v y
= (x - )™ + 2y + Y YTyt ),

’

nel

Bame'rnm. 4TO ecau Yy = 0' TO 3TO PABEHCTBO TaK’>Ke BEPHO, Tak
K uMmeer BuA X" = x". 3HaunT, 9T0 PABEHCTBO BEPHO NPH JHOOBIX
AYEHUSAX NEePeMeHHBIX X H Y.

6) IlpeacraBuM 3aJaHHBI AByUleH B CAeyiONeM Buje:
X2 4 g2eel = x2nel — (~y)2r+,

A K nonydenHoit pasHOCTH NpHMEHHM dopMyny, AOKa3aHHYIO

MYHKTE 8):

xinvl (_y)zn-l =

= (x - (~y)Nx2" + x2n-1(-y) + x2-2(—y)? + 2203 (—yP + ...+

+ x2 (=) + x(-y)"t o+ (—y)*).
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Taxum obpazom, mo
» HONYYMITH CAeayIomyio
HA MHOMUTETH: s o e
2n+ +
xen 1 + yZﬂ 1= (x + y)(x'.'n - xZn-ly + xﬂll—ZyZ - x2n—3y3 + +
+ nyZn 2 _ xerl-l + y2n)'
U3 neé, B wacrnocrn, nomyuaem:
3 B - e
Ay = (x4 YN - xy + y2
AP = (x o+ y)xt - x4 oxye xy* + yh). u

IDIpumep3 Buisecrn ¢o é
é PMYJIy COKPAIIEHHOIO VM
¢KBajpara cyMmmuis (X + y + 2 + y)?, o
. Pemaeﬂne.(x+y+z+u)2=((-r+y)+(2+u))2=(x+!/)2+
(z + u) +2(x+y)(z+u)=xz+yz+zz+u2+2(xy+xz+
+yz + yu + zu). 3N
Hrak,
(x +y+2+u)p =2+ 4 22 tut + 2xy + xz + xu +
+ Yz + yu + zu). | |
Dopmyay, TIONYYEHHYI0 B ipuMepe 3, MOKHO 0606mNTE:
(r, + 2, + 2, 4 ...+ Xy +x)0 =

=2} +x +x2 + 2 2
3 3 et +ax? o+ 2(x,x, + 4%y ..+ %, +
XX + o+ X, %),

Cpean muorounen
OB OT ABYX IepeMEeHHBIX BhIjen
AT 00K
W cuMmempuueckue MEOrouTeHL, e
Meorounen p(x; Y) HasBIBAOT OMHOPOAHBIM MHOIOYJIEHOM n-ii
qcrenel;enu, €CJIN CyMMa NOKasaTesell cTenenei NepeMEeHHBIX B KasK/10M
eM
bt nor‘oqnem'a pasra n. Ecau p(x; y) — OAHOPOAHBIH MHOrOUJIEH,
vp. Henie P(x; y) = 0 maswiBator OHOPOJIHLIM ypaBHeHHeM
ITpuseném [IpUMepEI. )
1 o = —
com;.f;g; é/: 2.2x ++Sg %nuopoanmﬁ MHOrOWIeH 1epsoif crenenn;
HO 2x =0 —
ot Yy OAHOPONHOE ypaBHEHMe MepBoit cTe-
2 x: = 2 = 2
- )p(‘ 3 Y) =3x* + Sxy .7y ~ OJHOPOAHBII MHOroYIeH BTOPOH
€TIeHH; COOTBETCTBEHHO 3x° + 5xy — Ty* = 0 — onuopoxnoe
HEHHe BTOPOii cremenn. SR
3 x: = 23 R 3
) p(x; y) = x° + dxy® - 5y° — OAHOPOAHBI MHOTOWIEH TpeTheii
CTENeHH; COOTBETCTBEHHO x7 + 4xy* - 5° = 0 — oxmopOnH
HEHHe TpeThei cremenu, SRS
2 4):7(]::; Y) = ax" + q, X"y + a, x" 'y + g 3"yt 4 +
. =% =
XY+ agy obrmmit Buy O/HOPOIHOrO MHOIOYJIeHA n-if cTemew,
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CymecTByeT JOCTATOYHO H3AMHBIH C1I0CO6 PeNIEHHs OJHOPOAHEIX
pHeHMIT. [IosCHUM ero cyTh Ha ABYX mpumepax.

IIpumep 4. Pemnurs ypasuenue x* + dxy® - 5y° = 0.
Pemenue. 3aMeTHM Tpeskae BCEro, YTO €CIH B 3aJaHHOM YDaB-
ey 1oa0xuTh X = 0, To nonyunres y = 0; 910 3HAUMT, UTO mapa

[0; 0) aBasierca pemeHHeM OAHOPOAHONO YPABHEHUA.
Ilycrs Teneps x # 0. Pasjenus nouneHHO 00e 4acTH 3aJaHHOTO

AHOPOIHOI'O ypABHEHU A 'x‘peTbei’x CTeneHy Ha x’, MOJIy4YHuM:

] <] -2

BBejiéM HOBYIO IEPEMEHHYIO 2 = % Toraa ypasHeHHe IpUMET B

| + 42° — 52* = 0. Jlasee noCAe0BATEALHO HAXOAMM:
52 - 422 -1 = 0;
(52% - 52%) + (2* - 1) = 0;
522(z-1)+(z2-1)z+1) = 0;
(z-1)52* +z+1) = 0.

W3 ypasrenus z — 1 = 0 naxoaum z = 1, ypasuenue 52° + 2+ 1 =0
@ UMeeT AeHCTBUTENbHBIX KOPHeH.

Ecom z = 1, 10 ¥ o 1, r. e. y = x. 9ro 3HaumuT, 4TO JIKWbas napa
X

na (t; t) aBafercs peleHHeM 3aJaHHOrO OAHOPOJHOIO YPaBHEHU.
lexxny npounm, u ormeuennas sbuue napa (0; 0) Takke BXoauT
| VKA3aHHBLINA [epeYeHb PelIeHuii.
Omeem: (t; t), rae t — nwboe geHicTBAUTENLHOE YHCIIO.
IIpumep 5. Pemints ypaBaeHue
2x* - 5x’y + 2xy* = 0.
Pemenue. Uneem x(2x* - bxy + 2y*) = 0. 3uaunt, mubo x = 0,
6o 2x° — Sxy + 2y° = 0. Ilepsuiit cayyait MOYKHO MCTOJNKOBATH
AK: 3aJaHHOMY YPaBHEHMIO YAOBJAeTBOpAOT napsl Buaa (0; t), rae
— moboe aelicrBuTeasHoe uncyao. Bo BTopoM cayuae, pasgenns obe
ACTH OJIHOPOAHOrO ypaBHeHUs BTOpoil crenenn 2x* — Sxy + 2y =0
HOYJIEHHO HA X°, MOJydYnM:

- 5[%) + 2(%)2 = 0.
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Beeném HOBYIO IEPEMEHHYIO0 z = % Torna YPaBHeHHe npumer BHJ
22~ 52+2=, OTKYZa HAXOAMM: 2, = 2, 2, = %, . e. mgo L = 2;
x

a moromy y = 2x, nuéo L - %, a moromy x = 2y. 9o BHAYHUT, yTO
x

mobas napa suga (t; 2t) nam (2¢; t) aBasercs PelulenueM 3azannoro

OAHOPOAHOTrO ypaBHeHUH,

Omeem: 0; 1), (¢ 2t), (2t; t), rme t — Jn06oe AelfiCcTBUTeILHOE
YHCII0,

BaMeuanue, Bepuémes emge pas x nocyiexnemy OAHOPOAHOMY ypaBHe-
Hui0. Kakos cogepskarensunri CMBICT Ol MH(OpMAanH, KOTOpas coaepxures
B orBere? Ona Cpasy Raér BoaMoHOCTS Ana moboit napsr yncesn OTBETHTH
Ha Bonpoc, sBaAserTcs ara 1apa pemennem ypasuenus man Her. Hanpumep,
PellesnaMy 3aganHOrO OAHOPOAHOTO YpaBHeHMS ABATIOTCH:

(03 0), (0; -5), (0; \/5) (o10 napst suga (0; ¢));
(1; 2), (-4; -8), (\ﬁ, 2\ﬁ) (o170 maper Buga (¢; 21));

(6; 3), (-7; -3,5), (;, ?2-) (270 naper Buga (2t; ¢)).

B 10 ke BpeMA Takwue, HaNpUMep, napsr, kax (5; 5), (3; 0), (2,5; 0,7) ue
ABJAIOTCA DEINeHNAMN ypaBHeHMs.

p(x; y)
q(x; y)

P(x; y), q(x; ¥) — oaHOpOAHEIE MHOrOYJIeHbI OHOM 1 TOik 3Ke cTeneny,
aau b — neitcrBurennunre qYHCIa.

Hnes pemenns OAHOPOAHOI cHCTeMBI 0CTATOUHO npocTa, OHa cBo-
AHUTCA K TOMY, 4TOGHI ¢ NIOMOMIBIO COCTABICHMA HEKOTOpo# KoMbuua-
LMK YpaBHEeHUI cHeTeMpl HOMYYIHTH OAHOPOAHOE YpaBHeHHe, Brpouewm,
€CJIM B 3a/laHHOIf cHCcTeme g = 0w b = 0, 10 B cucreme YKe ecTh
OAHOPOAHOE ypaBHEHNe, KOTOpoe, Kak Mbl BHgenn BBIIIE, pemaercs

METOZOM BBEeJIEHHA HOBOI{ nepemenHoit z = <, Ecan oba umena a, b
x

a,
Cucremy ypasuennii { b HA3LIBAIOT OAHOPOAHOI, ecin

OTJIHYHBL OT HYJIA, TO, YMHOKHE IepBOe ypaBHEeHME CHCTeMbl Ha b, a
BTOpO€e — Ha a, nonyumum:

{ bp(x; y)
aq(x; y)

ab,
ab,

s aB-

OTKyJa Haxoaum, uto bp(x; y) — aq(x; y) = 0; aro ogHOpPOAHOE Y.
~ HeHwue.
‘ INIpumep 6. Peruurh cucTeMy ypaBHEHHN

B4y =1,
2ty + 2xy? + Yy = 2.

— OJIHO-
Pemenue. JleBsie yacTn 000MX YPABHEHMIT CHCTEMBI ﬂmﬂg’rcﬂ
POAHBIE MHOrOYJEHbI TPeTheil CTeleHu, 3HAYMT, CHCTeMa

- opHOpOAHOIT. MMeem:
: 2(x* + y*) = 2,
I x*y + 2xy* + y* = 2.

2
P4y Toe 222 - 2Py - 2zt +

. 2(x® + %) = 2%y + 2xy* + ¥°, 1. 7
'ﬁny?'q—"(-)r ' nc(mqu!llu O/HOPO/IHOE ypaBHEHMe TpeTheii crenenu. Pemmm

;em.Ec u x =0, 70 y = 0; napa (0; 0) — pelenue OHOPOJHONO ypPaB-
% =0, =0;

@JIUTh 110~
M YPABHEHMs Pasjy

# 0, 1o MOKHO ofe yacr

Henuna. Ecoum x s i

2 2 'y —2! + £] = 0. Beeas nHoByo
 QIEHHO HA X; NOJAYYuM: 2 — - . .

4 2 2=0.
¥ BHeHue 2' — 22° — z +

F 2= =, NONYyYUM ypal

' IepeMEeHHYI0 %

3 ero:
.?emum 2(z-2)-(z-2) = 0;

(z-2)22 -1) = 0;

2 =2,2;=1,2 =-1.
Y _1,re = x, aubo
3uauur, :m(io% =2, 1. e. y = 2x, aubo = y Y

=-1,T. €. y=-x.

é A U3
B urTore nmpuxoAHM K COBOKYITHOCTH TPEX CHCTEM, Kaaa
<0 opeix Ge3 Tpyja pemaercs METOAOM MOJCTAHOBKH:

y = 2%, y=x
Bry=15 |B+y=1

y=-=%
x3+y3=1.

MBI,
IMoacraBus 2X BMECTO y BO BTOpPOe YpaBHEHHe NEpBOit cHcTe
L HocJieiHee yPABHEeHHe
L= %= =, Yaobuee nepenucars
posyuum 9x° =1, x ° Vi
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3 3,
B Buge ¥’ = 5, Torga x = 35 =£=£, a y=2x-=
27 27 $o7 3

3

(¢ KyOMYECKHMU KODHAMM BEI O3HAKOMUJIHCE B Kypce anrebpsr 9-ro

Y3 243
Knacca). Mrax, nepsas cucrema umeer pemenue o S

Moacrasus x BMecTo ¥ BO BTOpOe ypaBHeHme HepBoi CHCTEMBEI, 110~

ayuum 2x% =1, x% = % VYnoGuee nepenucars nocregnee YPaBHeHHe B

4 _ Y1 _ 4 Ya

4
Buge x* = =, Torpa x = 3|2 = -—, ¥y = ~—, Ura
H = A 8" % =il 5 K, Bropas

2

cucremMa uMeer pemem«e[ )

Iloacrasue —x Bmecto y Bo BTOpOE YypDaBHEHME TPeTheil CHCTeMEl,
nosyyum 0 = 1, yero e MOKeT OBITEH. 3HAUNT, TPETHA CHCTEMA He
UMeeT peleHuii.

Omeem: [122., ﬂ); (ﬁ 23/5 )

2 8’ 8

Tenepn norosopum 0 cHMMeTpHYECKIX MHOPOYIEHAX H 06 HCIOJL-
S0BAHMM MX NPH PELIeHHH CHCTeM ypaBHeHHii. MHOrouwsen plx; y)
HASLIBAIOT CHMMETPHYECKHM, €CII OH COXPAHSAET CBOI B IIPH OXHO-
BDEMEHHOJ 3aMeHe X Ha y u y Ha x. Hanpuwmep, CHMMEeTPHYECKUM fAB-
aAercs Asydsen x°y + xy*. B camom gexe, npu OZHOBDEMEHHOII 3aMeHe
* HA Y B y HA X NONYINTCA ABYUJEH y'x + yx’, HO 9TO TO e camoe,
aro x’y + xy”. Jipyrue npumepst CHMMETPHYECKMX MHOIOYJICHOB:

Xy, x oy, x4y X0 20y 4+ 3%y — x' -yt + 2xy°
HT. A

B npezgsiaymeii crpoke manucans mecrs CUMMETPHYECKHX MHOTO-
uneHoB. IlepBrie ABA M3 HUX CUMTAIOTCH OCHOBHBIMU B TOM cMBICTe,
HTO JIO0bIE APYTHE CHMMETPHUECKHE MHOFOWICHE MOYKHO NPe/ICTaBATh
B BU/E HEKOTOPO¥ KOMOWHAIMH MHOTOYJIEHOB X + y 1 xy.

Teopema. Jlwboi cummempuyieckuil MHoOzouReR P(X; Y) MONCHO

npedcmasums 6 sude mnozounena om xyux+y.

Hanpumep, X4y = (x4 g - 2xy;

'+ Yyt = (2% + 32ty + Bxy? + y?) - (3xty + 3xy?) =
22

= (x + y)’ - 3xy(x + y)
2 .
x4yt = (a2 P - 20 = ((x + y) - 2xy)* - 2(xp)%;
2x3y + 3x?y? — x' —y' + 2xy* =
= 2xy(x® + y?) — (x* + y') + 3(xy) mT. A

= CHMMETPHYECKHM,
Vpasrenue p(x; y) = a, rae a € R, nasssaor ’
ecy z?: y) — CHMMeTPHYeCKHii MHOIOJIeH. Cucremy ABYX ypasHe
¢ JBYM# IepeMeHHBIMM Ha3bIBAIOT CHMMETPHYEeCKOH cuc‘remon:
x 008 eé ypaBHeHHsA — cHMMeTpuueckne. Mjes pemenns cuMmer
pHUeCKOii cHCTeMB! (DAKTHYECKH TpesonpeseseHa nponenenuemu
""ume PACCYIK/ICHMAMM; BBOJAAT /Be HOBBIE NepeMeHHbIe: X + Y = U,
Xy =v. ]
E o pumep 7. Pemuuth cucteMy ypaBHEHHI
o+ Py o+ Yt =17,
x+xy+y=>5.

Pemenne. Beegém Be HOBbIE mepeMeHHble: X + Yy = U, xgﬂ;: v.;
Bocnosb3yeMcs IpU 9TOM NOJYYEHHBIM BhIlIE BRIpaXKeHueM x° + Y

gepes x + y M xy: .
P+ yt=(x +y)' - Bxy(x + y).
Torya 3aaHHas CHCTEMAa MPUMeT BHJ:
i u® - 3uv +v* =17,
u+v=>5.
BEIpasuM v M3 BTOPOrO YPABHEHHA: U =5 — W IMoacrasum mojy-
‘T' eHHOE BHIPA’KeHHEe BMECTO U B NepBOe YPaBHeHHe CHCTeMbL:
u?* - 3u(d - u)+ (b -u) =17;
u* — 15u + 3u® + 125 — Thu + 15u? - u® = 17;
18u? - 90u + 108 = 0;
u* —bu+6 =0;
w =2,u =3.

COOTBETCTBEHHO HAXOAMM V) = 3, Uy = 2. g
~ Ocraznock PelInTh /iBé TMPOCThIe CUCTEMBI YPABHEHMI:

x+y=2 {x+y=3,
{xy =3 xy = 2.

IlepBas cucTeMa He MMeeT JefCTBUTEe]bHBIX pelienuii, H3 BTOPOIi

Haxozaum aBa pemenns (1; 2); (2; 1).

Omeem: (1; 2); (25 1).




§ 3. YpasHeHus BbiCWUX cmeneHeii

P B_a-rom naparpade Mbl IOTOBODHM O DELIEHHH ypaBHeHMif BHA
I/[(x) = 0, rae P(x) — MHOrouseH, cremeHn KOTOPOro BBIIIE BTOPOIi.
MEETCA 1BA OCHOBHBIX METO/la DeLIeHHMsA TAKUX ypaBHEHWMii: MeTos
Pa3JIOIKEHHs HA MHOMKHTEIH ¥ METOA BBeeHHA HOBOH NepeMeHHOil.
Cymuocts Memoda pazroncenus na MHONUMENU, HATTOMEUM, CO-
CTOMT B caefyiomen. Jlano ypasaenue P(x) = 0, rge P(x) — mHOTOUICH,
CTeeHb KOTOPOro Bhime BTopoif. Ilpeamonosxkum, uro mam yvaanoch
PasJIOKATH MHOTOWIEH HA MHOKHTENH: P(x) = Py(x) Py(x) Py(x). Torna
3a/laHHOe YDABHEHME NPHUMeT BH/:
P\(x) Py(x) Py(x) = 0.

Brauur, smbo P,(x) = 0, 6o Py(x) = 0, mubo Py(x) = 0. O6sruno B
TAKHX CIYYaAX OBOPAT TaK: NOJYYHIM COB0KYNHOCMY YpasHexuil
Py(x) = 0; Py(x) =0; Py(x)=0.

Hcenonssyior u Takyo TepMHHOIOrHIO: ypaBHenue P(x) = 0 pasno-
CUNbHO COBOKYNHOCTH ypaBHeHuit Py(x) = 0, Py(x) = 0, Py(x) =0
MBoskecTBO KOpHei ypaBHeHus P(x) = 0 npescrasnsier co6oii 06Bexu-
HeHHe MHOXKEeCTB KOpHeil ypasHenuii P\(x) = 0, Py(x) = 0, Py(x)=0.

Hansa PA3JIOKEHUA MHOrOUJEHA HA MHOMHTENAM HMCIHOJb3YIOT
HM3BECTHBIE NpHEMBI (BoIHECEHME ODIIEro MHOKHTENA 33 CKOBKH
dbopmyanl COKPAIIEHHOr0 YMHOMKEHUS, IPYNNNPOBKA, Pa3/I0KeHHe
KBAaJPATHOro TPEX4JIeHa Ha MuHeHHble MHOKuUTean). Tak, B § 2 MBI
yiKe ucnonsaoganu METOJ Pa3JOKeHHs HA MHOMKHTeNH AN pelle-
Hits ypasHenuii Tpetheif crenenn 1 + 42° - 52° = 0 (cm. npumep 4) u
2" = 22" -2+ 2 =0 (cm. npumep 6). B tom xke naparpadge Mbl He-
CKOJILKO Pa3 BOCHOIb30BAJIICH METOOM BBEJCHUA HOBOII epeMeHHOi
(cm. npumepsr 4—7). Ilpuseaém emé oxun npuMep.

Ipumep 1. Pemunrs ypasuenue x(x = 1)(x - 2)(x — 3) = 24.

zPemeﬂue. 3amerus, uro x(x — 3) = x* - 3x, a (x-1)x-2)=
=X" = 3x + 2, nepenumenm ypaBHeHue B Buje (x* = 3x)(x* - 3x + 2)=
= 24. BBejst HOBYIO IEPEMEHHYIO y = x* — 3x, npeobpasyem ypaBHe-
HHe K BUAY Y(y + 2) = 24 n, panee, y* + 2y — 24 = 0. KopusiMu atoro
Ksagx(:amom YPaBHEHUA CJOyKaT unucaa 4 u —6.
3BPAIIAACH K MePeMEeHHON X, MBI JOJKHBI -
.. PEeIIUTh ABa ypas
" xX*-38x=4; x*-3x=-6.
3 NePBOro YPaBHEHUA HAXOAMM X, = 4, x, = —1;
y » Xz = —1; BTOpOE YypaBH
He MMeeT AedCTBUTeNbHBIX KOpHeH. G S
Omeem: 4; —1.
Ilpu pemreHny ypaBHeHHit BRICIINX
CTeneHeil MCIoab3YIOTCA =
peMsl U3 § 1; HaOMHEUM HX. 2 S
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- 1. Ecau Bce koa(umuentsl MEOrowrena P(x) — meJsie uncna u
goaM X = @ — LEeJIOYMCJIeHHBI KOPeHb MHOrouena P(x), To 4ucsio a

[BAsieTCA JeJnTeNeM cBOGOAHOrO 4ieHa MHOrounesa P(x).
2. Ecau x = a — Kopens MHorowiena P(x), To P(x) penurcs Ges
CTATKA Ha JBYYJIEH X — 4.

JlokaskeM eImié OJHO TOJIe3HOe YTBEepIKAeHNe.
" Teopema. Ecniu npugedénnoe ypasnenue ¢ yervimu K0IQPuyuen-
U uMeem payuoHanbHbLE KOPERb, MO IMom Kopers o6asamens-
D REAAEMCA YeNbLM LUCTOM.

‘HMoxasarensctso. (Iposesém ero Ha mpuMepe ypaBHEHNS Tpe-
Beif cTemeHH, UTO HempUENMNMAILHO). [lano ypasmerme x° + bx’ +
4+d=0, rae b, ¢, d — nensle uncia. Ilpeanonoxum, 4T0 OHO

PALMOHANBHBIA KOPEHb X = f. rnef — HecokparuMmas Apobb

. €. p, ¢ — B3auMHO mpocthie uucaa). IlogcraBus aT0 3HAYEHHE B
ypaBHeHMe, [OJIyYuM:

’ 3 / 2 P
[ﬁ) +b[£] +cL£]+d =0;
q q q
p* + bp*q + cpg* + dq* = 0;

p* = q(-bp* — cpq - dg?).

0603HAYNB YHCIOBOE BhIpaKeHue B cKoOKkax OyKBOM m, nOJIy4nM
p* = gm. Dro 3maumT, uTo p° i ¢, MM, UTO TO JKe camoe, (*:p) i q (na-
OMHMM, YTO CHMBOJ | 3aMEHHET CJOBOCOYETAHHE «JeJUTCA Has).
3 kypce 10-ro Kacca Mbl OTMEYAH CJIEAYIOLee CBOHCTBO AeTMMOCTH:
\CJIV IPOM3BE/IeHHe BYX HATYPAJIBHBIX (MJIM LeJIBIX, 9T0 HECYIeCTBeH"
0) uMCeN JEJUTCH HA HATYPAJILHOE UMCIO ¢ M OJMH M3 MHOMKHTEIeH
JBAMMHO TIPOCT C (, TO BTOPOil MHOMKHUTeNb AeauTcs Ha ¢. [lo yeaosuio
fMesa p ¥ ¢ B3AMMHO TPOCTHI. 3HAYNT, p’ i g, WM, 9TO TO JKe camoe,
p) i ¢. Emé pa3 BoCIOIb30BABIINCE YIIOMAHYTHIM CBOMCTBOM JIeJIH-
MOCTH, TIOJYYMM, UTO p i ¢. B crjly B3anMHO IIPOCTOTHI YHCeN P U ¢
e/jHee COOTHOIIEHNE BO3MOJKHO JIMIIL B cJayuae, Korxa ¢ = 1 u,
JTeI0BATENBHO, X = p — [eJOYNCICHHbLI! KOPeHb YPaBHeHHU.
Kax foxkasaHHad TeopeMa npumensiercst Ha npaktuxe? Ecan gano
IpMBeIGHHOE YPaBHEHHE ¢ IeJsIMH KodhpHUUeHTaMH, TO METOAOM
06 ciaeyeT HAWTH I@JOYHCIEHHBIH KOPeHb YDABHEHHS — CpPean
auTeneit ceoboanoro unena. Ecam aTo He yaaércs, NPHXOAUTCS
OHCTATHPOBATH, YTO PAIlMOHAJLHBIX KOPHEH y YDABHeHHsA HeT H,
e/I0BATEJNLHO, AJIS ero PeleHns Hajlo J1bo 101b30BaTHCA NOTOBBIMH
thopMyiamu (OHM H3BECTHBI IS YPABHEHUIT TPeTheil 1 ueTBépToii cre-
HeHeil, HO OCTATOYHO CJIOXKHBI), 160 uTo-TO M306peraTs (pasjarath
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sIsssEssane

Ha MHOKHTEJIH, BBOJUTH HOBYIO epeMeHHyio). Ecan sxe nano uwenpu-
BeIEHHOE YDaBHEHHe, TO CYINEeCTBYIOT CIIOCODLI 3aMeHEI epeMeHHOi,

ofpamaoiue ypaBHeHHe B MPUBEAEHHOE, MEI MOKAKEM HX HMJKe Ha
npHMepax.

Ipumep 2. Pemunts ypasrenne x° + 2x* — 7x — 12 = 0.

Pemenne. ITonpobyem HAlTH LEI0YNCIEHEBI KOPEHb yPABHE-
HHA, HCKATh €ro CJeiyeT CPeaw penuTesei umena —12, T. e. cpeau
umcen 1, +2, +3, +4, 16, +12. Monoxum p(x) = x* + 2x* — Tx — 12.
Hmeenm p(1) = —16, p(-1) = -4, p(2) = -10, p(-2) = 2, p(3) = 12,
p(=3) =0.

Hrax, x, = -3 — KopeHs 3aganHOro ypassenus. Pasgennm p(x)
Ha X + 3; BOCIIO/Ib3yeMCA IPAEMOM, MOKa3aHHEM B § 1 B mpuMepe 7:

_P(x) = x* + 2x% — Tx - 12
p(-3) = -27 + 18 + 21 - 12
p(x) = p(-3) = (x* + 27) + 2(x* - 9) - T(x + 3).
3Hauur,
p(x) = (x +3)(x* —3x +9) + 2(x +3)(x -3) - T(x +3) =
=(x+3)x* -3x+9+2x-6-T7) = (x + 3)(x* - x - 4).
W3 ypasrenus x* — x — 4 = 0 HAXOANM eIIé ABA KODHA 3aJ1aHHOTO

VPaBHEHUSA:
_1+ 17
=

X2, 3

Omeem: -3; #

Ipumep 3. Pemurs ypasuenune 21x° + x* — 5x — 1 =0.
Pemenne. Ecin cBoGoansll unen ypasHeaus pasen 1 mam —1,
TO ypaBHeHHe npeobpasyercs B NPHUBEJEHHOE YPABHEHHE ¢ IMTOMOIILIO

1
samensl x = —, CMoTpuTe:

3 2
{3 (] o)1+
y Y Yy
21 +y -6y -y = 0;
y*+ 5y —y-21=0.
Cpeau menmreneit uncaa —21 merosom npob (kak B mpumepe 2)
HAWJEM HeJOYMCIEeHHbIH KODeHb MOCJEJHEro ypasHeHHA: Y, = —3.

Paapenus muorownen y* + 5y° — y — 21 na y + 3, monyuum Keajpar-
HBIN Tpéxuien y* + 2y — 7 ¢ KopHAMHU Y, 3 = —1 * 22. Tak kak

X==, TO

o -
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T pumep 4. Pemnrs ypasaenne 4x° — 10x* + 14x - 5= 0.
Pemenue. YMHOXKHM 00€ yacTH ypaBHeHHA HA 2:
8x® — 20x° + 28x — 10 = 0;

(2x)* -5+ (2x)° + 14 - (2x) - 10=0.
ne;m HOBYIO HEPEeMEeHHYI0 y = 2X, NOJYy4YUM NpPHBEJEHHOe ypaB-
e y° — 5y° + 14y — 10 = 0. Ilesounciennblii KOPeHb YpaBHEHUA
nen: y, = 1. Pasgenus muorounen y* — 5y* + 14y — 10ma y — 1,

MM KBaJpaTHLI Tpéxunen y° — 4y + 10, He uMeromuii AeiicTBu-
[ y 1 »
kopHeit. Tak kak x = %. TO Xy = y?' = § ~ AMHCTBEHHI
IPeHb YPaBHEHUH.
Omeem: 0,5.
Ypam-xeune Busa ax' + bx® + cx* + bx + a = 0 (rne Bce xoadpunu-
Tl OTJIMYHBI OT HYJIA) HA3BIBAIOT 6036pamHbiMm (HepBbie ABa KOad-
ara @ ¥ b Kak OBl 8036pawalomes B NOCAEJHUX JABYX dJeHaX
gHeHH ). Bo3BpaTHLIE YPABHEHHS DEIIaloTCA METOXOM BBEJCHUA
nepemenHoit. Eciu pazaennts obe wacTn ypaBHeHHA MOYJIEHHO
§ x° (4TO BIIOJTHE 3AKOHHO, IIOCKOJbKY 3Havenne x = 0 He ABJIAETCH
)PHEM YPaBHEHH), MOTYUNM:

: . 5
B ibx+c+24+ 8 - a[x‘ +—2)+b
x x x

b

x+l]+c=0.(1)
x

[} 2
IIyers y = x + s Toraa y° = (x + lJ , OTKyJa HAXOAUM, 9UTO
x x
1

+_x_z.:

y* — 2. C noMousio HOBOI NepeMeHHoi y ypaBHenue (1)
o mepenucath B BHe a(y’ — 2) + by + ¢ = 0. Ipeanonoxum,
[0 9TO KBAJPATHOE ypaBHEHMe MMeeT KOpHH Y, u y,. Torpa, Bo3-
PAIIAACH K TIEPEMeHHOM X, OCTAGTCA JUIIL PELIUTh Ba YPABHeHHA:
1 " 1 _
= = W x+;-y,.

~ Vpasmenue Buga ax' + bx® + cx’ + kbx + k*a = 0 (rze Bce Koa(-
MITMEeHTHl OTIMYHBI OT HYJIA) TAKIKE HASHIBAIOT 6036PAMHbLM. 3/1eCh
lOCIe TIOYIeHHOTO Ae/IeHUA Ha X° moaydaem:
2
ba k K k
o + bx +c + b + a[—) =0;a(x2 +—?)+b(x+—)+c= 0. (2)
X X X X
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2
2
Ec:my=x+—h—, To Y = (x + -'1] , OTKyAa x* + 32— =y - 2k.
x x x
C noMoOImBbI0 HOBOM MEPEMEHHOH Y ypaBHeHue (2) MOXKHO nepenu-
carh B BH/Jle KBaJIDATHOTO yPaBHEHHUSA
a(y* — 2k) + by +¢=0.

Ecnm 270 ypaBHeHHE MMEET KOPHH Y, M Y, TO OCTAéTCA PEINNTh ABA
VDaBHEHHA:

k k
X+==Y; x+— =Y.
x %

Ipumep 5. Pemnrs ypasrenne 3x* — 2x° — 9x* — 4x + 12 = 0.

Pemenue, Umeem: 3x* — 2x° — 9x* — (2 - 2)x + 2*- 3 =0. Ao
BO3BpaTHOE ypaBHeHHe. Paszzenum obe ero yacTu MOYJIEHHO Ha X°:

2
3x? - 2r-9-2. +3()=o;
ge+4)-2(x+2]-0=0. @)
X x

2
Iycers y = x + 3. Torga y° = (x + 3) , OTKY/ia HAXOAMM, 4TO
x x

x? + iz = y* - 4. C noMombi0 HOBOW NepeMeHHOH y ypaBHeHue (3)
-

MOXKHO mepemucaTh B Buge 3(y° — 4) — 2y - 9 =0, 1. e. 3y° — 2y —

- 21 = 0. Haitném KOpHHM 3TOro KBaJApaTHOroO ypanuemm Y =3,
Y2 = ...._ 3uaunr, aunbo x + 2 - 3, nubo x + 2= -é-. W3 nepsoro
x x

ypaBHeHUs HaXoAuM x; = 1, x; = 2, a BTOpoe ypaBHeHHEe He HMeeT
JIeCTBUTEJbHBIX KOPHEH.
Omeem: 1; 2.

Hpumep 6. Pemmurs ypasrenne 2(x* + x + 1) = T(x — 1)* =
=13(x* - 1).

Pemenne. BeenéMm /Be HOBbe mepeMeHHEIE: u = x° + x + 1,
v =x — 1. Torga ypapaenne npumer Buj 2u’ — 13uv — Tv* = 0. Oro
O/JHOPOJIHOE YPAaBHEHHE BTOPOii CTEIeHH, O PEIeHHH TAKHX YPaBHeHMI

™Mbl roBopuan B § 2. Pagnenns ofe yacTu ypasHeHHMsA NMOYWIEHHO Ha U*

¥ BBEJIA HOBYIO IEPEMEHHYI0 y = | TONyuNM KBaJPATHOE YpABHEHHe
v

2y* - 13y — 7=0c xopaamMu y, = 7, Yo = —%. 3Hauur, ﬂHﬁO% =1,

T. e. u = Tv, 6o <+ = __;., T 6. v'=~2u;
v
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‘Boaspaiascs K nepeMeHHOH X, epennchiBaeM COOTHOeHue U = Tv
Bae X’ +x+1=T(x - 1), 1.e. x* - 6x+8=0; x, = 2, x, = 4.
IlepenucesiBaeM BTOpOE COOTHOIIeHHE U = —2u B BHae x — 1 =

2(x*+x+1),T. e 26 +8x+1=0; x3=—1, x, = —%.

Omeem: 2; 4; -1; —=

Kpome Meroga pasiioeHHsi HA MHOMKHMTENIH ¥ METOJA BBEACHHSA
JBBEIX MEePeMEeHHbIX, OPH DELICHHU YDABHEHUN BHICIIMX CTeleHeii,
BIIPOYEM, M IPH pPeIleHHuH JIOObIX APYrHX BHAOB YpPaBHEHHIA,
IOB3YIOTCA PA3AMYHbIe (PYHKIMOHAIbLHO-TPAbHYECKHe IPUEMBI.
HUX MBI TOFOBOPHM B 3aKJIIOUNTEILHBIX MPHMepax aToro naparpada.

I pumep 7. Peuurs ypaBuenue T Tk
x*+ 5x—-42=0. N
P e m enne. [Ipeobpasyem ypaBHeHHe K
ay x° = 42 — 5x. ITockonbky dhyHKIHa = b
acraer, a GpyHknua y = 42 — 5x yOuisaer,
0 ypasHenue x° = 42 — Hx MMeeT TOABKO OfUMH N
Hb (puc. 1; Macurrabel HA OCAX KOOPAHHAT
@31MUHBIE), ¥ ATOT KOPEHb HETPYAHO IOL0- \\'v'*\
T X = 2, B \ o

IIpumep 8. Pemuurs ypaBuenue 1
x'-8x+63=0.

- Pemenune. Ilepsrii cnocob. Hai‘m'e'm HaH-

[eEbIIee 3HAYeHMe QYHKuuM y = x' — 8x + |y=

63 s aToro HaljAéM €€ NPOM3BOAHYIO:

= 4x* — 8. IIpupaBHAB NPOMBBOAHYIO HYJIO,

OIMM €IMHCTBEHHYIO CTALMOHAPHYIO TOYKY

=]
L~

=Y

R ]

= {2, PAYEM HTO TOYKA MEHUMYMA (DYHKIMHA, Y
3HauuT (cm. § 46 yuebuuka « Anrebpa u Havasa
faTeMaruueckoro asaausa—10»), B aToit TouKe
)WHKIIMA JOCTUTAeT CBOEr0 HAMMEHBLIIEro 3Ha-

4
[EHUA, HAHAEM €ro: Yy = (2/5) - 8%2 + 68. [¢] x
OJIy4eHHOE YHMCJIO ABHO IMOJOKMTEJIbHO, 3HA-
AT, AA BCEX X BBINOJHAETCH HEPABEHCTBO !

' —8x + 63 > 0, a noromy 3azaHHOE ypaBHEHUE o

[eHCTBUTENLHBIX KOPHE! He uMeer. S

Bropoii cnoco6. IIpeoGpasyem ypaBHeHue K
suay x' = 8x — 63 u mocTpouM rpaduKH GyHK-
ity = x', y = 8x — 63 (puc. 2). Onu He nepe-
PeKAIOTCA, 3HAYNT, YPaBHEHNE KOPHEH He MMeerT.

Puc. 2
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Tperuit cnoco6. Bocnonsayemes mMerozom Pas3JIoKeHUsa Ha MHO-

JKHTENH:
x' — 8x + 63 = (x' + 16x° + 64) —
~(16x* + 8x + 1) =
=(**+8) - (4x + 1)’ =
= ((x* + 8) + (da + 1))((x* + 8) — (4x + 1)) =
= (2 + 4x + 9)(x* — 4x + 7).

8HauuT, 3a1aHEOe YPABHEHHE MOKHO NEpPeNCcaTh B BULE (x* + 4x +
+ 9)(x* — 4x + 7) = 0. Teneps 3anaua CBOJMTCA K PEIIeHHI0 ypaBHe-
Bl x* +4x +9=0,x*-4x + T=0. TIocKoNbKY HM OZHO M3 HHUX
He MMeeT KOpHeil, TO ¥ 3ajaHHOe YDABHEHNE He HMeeT KOpHeix. |

3ameuanue. Ilepsuit u TpeTwii cnocobn pemesus npumepa 8 —
CTPOTHe, & BTOPOii HE OYeHb, MOCKOABKY TO, 4TO rpaKn He mepeceKaloTes,
He J0KAa3aHo.
]
Ilc

Mpumep 9. Pemnrs ypasne-
ane x° + x' — 8x + 6 = 0.

Peuenne. Ipeobpasyem ypas-
Henue K Buay x° = —x* + 8x — 6 u no-
cTpouM rpadukn GyHKknmi y = x°,
y=-x"+ 8x - 6 (puc. 3). Bameuaenm,
4TO 9TH IrpaguKn MMeroT 0bLIyIo TOY-
Ky (1; 1). Ho eguncreennas am ona?

CocraBum ypasHeHMe Kacaresb-
HOM K rpaduky pyuruun y = x°, ITo-
soxum f(x) = x° Toraa f'(x) = 627,
f'(1) = 6. Ypasuenne xacarennHoit
umeer Bua ¥ = f(1) + f'(1)Nx - 1),
-6 T.e.y=1+6(x—1)mmy=6x-5.

CocraBnM ypasBHeHMe KacarTesib-
HOH K rpaduky dyHrmun y = —x* +
+ 8x — 6. Ilonoxkum g(x) = —x* +
+ 8x - 6. Torpa g'(x) = —2x + 8,
g'(1) = 6. VpaBrenue kacaTenbHON umeer BuA Y = g(1) + g(1)x - 1), 1. e.
y=1+6(x—1)mmy=6x-5.

Hrax, nocrpoennrie rpaduku umeior obmyio KaCaTeJIbHYI0 B TOUYKe
(1; 1). Ho dpyarnns y = x° Beinykaa Buua, eé rpauK pacnosoXkeH BhIme
npPOBeAEHHON KacatenbHoil. Dyaxuna y = —x° + 8x — 6 BEIIYKJIa BBEpX, eé
rpaQHK PACroJIOIKeH HMKe POBEIEHHOM KacaTensHoi. SHaunT, NOCTPOEHHbIE
rpaduKyn He MOryT uMeTh 6ostee oAHOIN obIell TOuKH.

Omeem: 1.

|
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Puc. 3
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§ 4. MoHAmMuUe KOpHA n-ii cmeneHu
u3 delicmBumMenbHOZ20 YUCha

MOTpuM ypasHerue x' = 1 u pemum ero rpaguyecku. llﬂff
D B OIHO¥ cHCTeMe KOOPAMHAT MOCTPOMM rpadmk GyHKUMH y = X
ayio y = 1 (puc. 4, a). Onn nepecexaiorea B Toukax A(-1; 1)
[; 1). A6enucest Touek A u B, 1. e. x; = -1, x, = 1, ApasgioTcs
AvMu ypasHerns x' = 1. ’

daccyRaas TOYHO TAK jKe, HAXOAUM KOPHH ypaBHenua x' = 16:
B2, x: = 2.

T
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L
5
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—_'1[6 1 v=16 T i SRR
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[ | [x0] lx, X
| |
= 6
Y ]
| !;'“
a - —
W o
{ > T kil
—AoyB |y =1 H B
| -—Q/EQ-Q/; x
m I
a B

Puc. 4

A reneps nonpobyeM pemuTh ypapHeHue x' = 5; reoMeTpuueckas
AMIOCTpANMA TpeAcTaBieHa Ha puc. 4, 6. flcro, uro ypaBHeHmne
v JBa KODHA — X; U X, IPHUYEM 5TO IIPOTHBONOJIOKHbBIE YHCIA,
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Uroraa Beipaxenne Ya Hasemaor paduxanrom (OT JATUHCKOTO
coBa radix — «Kopenb»). B pycckoM sabike TepMUH paduranvuuli
MCIIONIBL3YeTCA JOBOJBHHO YACTO, HATIPUMED, ¢pPaJMKATbHbIE H3MEHe-
HH#A» — 3TO 3HAYUT «KOPEHHBIE N3MeHeHNA». Mex Ay IpounM, U camo
o603HaYeHHe KODHS HANOMMHAET 0 cioBe radix: cHMBOI
CTHIM30BAHHAA OyKBa r.

— 3TO

HDpumep 1. BuruncanTs:

a) \/‘E; 6) W; B) Yo, r) 7.
Pemenmue. a) V49 =7, tak xak 7> 0 u 7° = 49.
6) 30,125 = 0,5, rax kak 0,5 > 0 u 0,5 = 0,125.
s) Y0=0.

r) B oruimune oT npessiAyIMIMX TPUMEPOB MBI HE MOMKeM yKas3aTh
TouHoe 3Hauenne uncna Y17. Hcwo JMIb, YTO OHO Oosbure, yem 2,
HO MeHbIUe, 4eM 3, nockoiabKy 2' = 16 (aro meHbmre, uem 17), a
3' = 81 (ato Gonsbme, vem 17). Ipubauxénnoe 3Havenue yucaa VFI
MOKHO HAMTH € NOMOIIBIO KAJNBKY/IATOPA, KOTOPBI COXEPMUT One-
PanMio M3BJeYEHHS KOPHA, OHO NpubamxKéHHO paBHO 2,03, T. €.
N7 = 2,03 (c Tounoctsio xo 0,01). | |

Ilyers a — marypanbHoe uncno. Eenu Ya ne M3BJIEKaeTcs, T. e,
He CyIIeCTBYeT HaTypaabHOTo umena b taxoro, uto b” = a, 1o Ya —
HppanuoHasbHoe yucno. JokaxeM aT0, HANPUMep, I8 YUCIA T,
0 KOTOPOM HL1a peyb B nmpumepe 1.

Yueno Y17 — KOpeHb ypaBHeHus x' = 17. Vpasrenne x* — 17=0 —
NpHBeEHHOE YPaBHeHHe ¢ NelkiMu kKoaddunuentamu. Ero nesoumnc-
JIEHHbIMM KODHAMM, KAK MbI BHJEJM B ryiase 1, MOryT GBITh TOJBKO
Aenmmrenn uncaa 17, . e. uncna +1, +17. Hu ogHO M3 9THX YeThIpéx
Yncesl YPABHEHHIO He yJAOBJeTBopseT. B To ke Bpemsa, Kak MbI 0TMe-
4aJu B TOH ke ruase 1, ecm y NPMBEASHHOrO YPABHEHUS HeT meo-
HHCJIEHHBIX KODHEH, TO HeT N PAlMOHANLHBIX KOpHei. BriBoj: uncio
ir, CayXKalee KOPHEM YPDaBHeHMS, He MOXKeT OBITh PAIlHOHATLHBIM
YHCIOM, 3TO HPPALHOHAIBLHOE YHCIIO.

Onepanuio N3BIeYeHUA KOPHA ONPEAEAAIOT U IS OTPHIATETHHOIO
MOAKOPEHHOIO YMCJIA, HO TOJBLKO B CJIy4ae HEYETHOT O MOKA3ATe/d
KopHA. HubiMu coBamu, paseHcTso (—2)° = —32 MokHO nepenucaTh

B DKBUBAJIEHTHOH dopme kak ¥-32 = —2. ITpu sTom ucnonssyercs
cJeyioee onpeaenenne.
34

7 KopHem HeuéTHOM CTeNeHnH n M3 OTPHIATEILHOIO
aa(n=3, 5, ..)  Ha3LIBAIOT TAKOE OTPHUATEJLHOE YHUCJIO, NPH
BEJICHUH KOTOPOI'O B CTENEHb N MOJYYaeTcs IHuCIo a.

'B'ro 4uCiI0, KaK U B onpejesenuu 1, o6osuavaoT 4a, umenoa —
WOKOpeHHOe LU0, YUCTIO N — NOKA3AMEeNb KOPHA.

Arax,

ecma<0,n=3,5,7,.., T0: l){/;<0;2) (Q/;).=a.

1

OUePKHEM elllé pa3: KOPeHb YETHOIl CTeneHH MMeeT CMbICH (T. e.
[eJIEH) TOJNBKO /I HEOTPUIATEJBHOr0 MOAKOPEHHOr0 4Hcia;
b HEUETHOM CTENEeHN MMEeT CMBICI I JH000r0 MOAKOPEHHOro

Mpumep 2. PemnTh ypasHeHHA:
a) ¥8x + 4 = -2; B) VY2 - 5x =—4;
6) ¥3x -2 =1; r) Yx? - 5x + 68 = 2.

Pemenue. a) Eciu 3/17 = -2, 10 y = —8. DakrHueckn obe yacTu
[aHHOI'0 YPABHEHMA MbI JA0JUKHBLI BodsecTu B Ky0. IMonyuum:

Il

3x +4=-8;

x=-4.

0) Paceyknana Kak B NyHKTe a), BO3BeAéM ofe wacTH ypaBHEHUS
qeTBEPTYIO cTeneHb. [lomyunm:
3x-2=1;

x=1.

* B) 3/1eCh He HA/0 BO3BOAUTE B YETBEPTYIO CTENEHb, 3T0 YPABHEHHE
e umeer Kopueit. ITouemy? Iloromy uto cornacHo onpegeneHuio 1
KOpeHb YETHON CTEeNeHH — HEeOTPHIATeJbHOe YHUCIO.

r) Bossens ofe wacTu ypaBHEHUA B IIECTYIO CTENEHDb, NOJYYHM:

., x* - bx + 68 = 64;
. x»-bx+4=0;
=1, x=4. ]
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§ 5. DyHKYUU y = ¢x, ux csoiicmea u 2pacuxku

B npeasiymem naparpacde Mbl BBeJIH IIOHATHE KOPHA n-i CTenenu
M3 JAefCTBUTENLHOrO Yucaa, OTMETHJH, YTO M3 A1000ro HeoTpHua-
TEJBHOIO YMCJIa MOXHO M3BJeYb KOpeHb Ji000il crenenu (BTOPOI,
TpeThel, YeTBEPTOH M T. A.), & U3 OTPULATESBLHOrO YHCJIA MOMKHO
H3BJeYb KOpPeHb HeuéTHol crenenu. Ho rorxa ciexyer noaymars u o
byERIAN Y = Ux, o eé rpaduke u cBoifcTBaX. DTUM MBI M 3alfiMéMcH
B HacTosmem naparpage. CHauyana moroBopuM o GyHKOHHU y = x
B CJIy4ae HeOTpHIaTeJbHBIX 3HAYEHUIl apryMeHTa.

Pacemorpum Qyaknuio y = x°, x € [0; +0), raen € N, n = 2. Eé
rpadmk n3o6pakén Ha puc. 6. Ita QYHKINA MOHOTOHHA W HENpephIBHA
Ha ay4e [0; +00), obnacTs eé sHavennit — ayu [0; +00), BraunTt, no Teo-
peme 06 obpartHoil pyHKIMN (M. «Anrebpa M HAYAIA MATEMATHYECKOTO
ananmaa—10», § 10) gua dysxomuu y = x", x € [0; +90) cymecrsyer
MOHOTOHHAasi ¥ HenpepbiBHas Ha [0; +0°0) obparHas QyHKUUA. DToi
Y,

obpaTHON (DYyHKUUEH ABAAETCH X = (;/; HJIH,

TOMEHAB, KaK 0BIMHO, X 1 Y MecTamu, y = {x.

Hrak, y = Yx — ¢dyaKnua, obparHas no
OTHONIEHHMIO K CTeNneHHOi (GyHKuum y = x",
x € [0; +20), a noromy eé rpaduk noayvaercs
u3 rpaduka creneHHoOl QYHKIMH C NOMOIILIO
npeoOpa3oBAHHA CHMMETPHH OTHOCHTEIBHO Npsi-
Moii y = x (eM. puc. 6).

-

NS

CaoijicTsa yssuum y = d;. x=20:

1) D(f) = [0; +e2);

2) OyHKIUA He ABJACTCHA HU YETHOU, HYM HEUETHONM;

3) Boapacraer Ha [0; +00);

4) He orpaHNYeHAa CBEPXY, OrPAHHYEHA CHU3Y;

5) He nmeer HaUGOMBIIErO 3HAYCHUS, 8 Yyuuw = 0}

6) HenpepsiBHa;

7) E(f) = [0 +o0);

8) dyHKuMA Yy = Ux BBINIYKJIA BBEPX Ha Jjyde [0; +00),

B kypce anrebpsl m Havas maremaTuyeckoro asaamsa 10-ro
KJlacca MbI IHO3HAKOMMJIHCH €INé ¢ OJAHMUM CBOMCTBOM (DYHKIHH —
AuddeperHpyeMOCThIO, YBUIeIH, 4T0 PyHKua ¥ = X" auddepenun-
pyema B J11060i1 TouKe, €€ nponaBojHas pasHa nx" . [eomerpuyecku ato
03HAYaeT, YTO B J11000i TouKe rpaduka GYHKIMH ¥ = X" K HEMY MOXKHO
IPOBECTH KacaTeJbHYI0. OTHM JXe CBOHCTBOM 00Jagaer U rpaduk

GyHKOHUN y = ¢/x: B mOGOIt ero TOuKe MOZKHO [POBECTH KACATEILHYIO.
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yasencrso V1 =2 — 1, sgaunr, x = 1 — KOpeHs
/paBHeENA (3TOT KOPEHb MBI YIaJlajin);

KHM 00pa3oM, Mbl MOYKEM OTMETHTH ellé OAHO CBOMCTBO (DYHKIMH
Wx:

9) dyuxknua y = 4x nuddepeniupyema B a060i Touke x > 0.

O6pature sBauManue: o guddeperunpyeMocTy PyHKIHE B TOUKe
.0 peun He MAET — B 9TOIl TOUKe KacareJabHas K rpaQuKy QyHKIHH
BIIAJlaeT ¢ OCBIO Y, T. €. NePIeHUKYIAPHA OCH abenuce.

" Ilpumep 1. Iocrpours rpadpmk GQyHKINH Y = Yx +1 - 4.
Pemenue. 1) Iepeiigém K BCIOMOraTeJbHOM CHCTEME KOOPAM-
r ¢ HAuagaoM B Touke (—1; —4) — MyHKTHpHBIe npaAMbe X = —1 K
= —4 nposejeHkl Ha puc. T.
2) «IlpussxeM» QYHKIHIO y = Yx & HOBOIt cMCTEMe KOODIHMHAT.
0 u Gyner Tpebyemstii rpadguk (puc. 7). |

Ilpumep 2. Pemuuth ypaBaenne
Q/; =2 -
Pemenue. [lepsoiii cnocob.
Pt

1) Bsegém B paccMorpenue aBe (YHKIOHN: Y = x n y=2-x,

2) IMocrponM rpapmk PyHKIHH ¥ = Ux (puc. 8).

3) Hoctpounm rpadux Juseiinol Qysxkumu y = 2 — x (puc. 8).

4) TlocTpoenHbie TpaQUKN NepecexkanTcs B
[HOII TouKke A, NpUYéM o rpapuKy MOMKHO cle-
ATH TTPE/ITONIOMKeHUe, YTO KOOPAHHATEI TOUKH A
iosst: (1; 1). IIpoBepka nokassiBaer, yTo Haca- | 1 @

M nese Touka (1; 1) npuragnexur u rpaduky

- T —
‘}—1!“ it -—MT—<

C
|

acnn y = Y, u rpaduxy Gynxmm y = 2 - x. Lt 1
AYUT, HAINE YPABHEHHE MMeeT OJAMH KOpeHb T i—-1¥ = 411
1 — aro abcumcca ToUKM A.

FeTTT 111
~ Bropoii_cnocod. B kypce aareOpsl m Haval (1T 11
emaTHueckoro ananusa 10-ro kiacca Mbl yixe Puc. 7

DAL30BAIUCE TEM (PaKTOM, 4TO ecau QyHKIuA
= f(x) Bospacraer, a pyuknusa y = g(x) yduisaer
ecan ypasHeHue f(x) = g(x) nmeer KOpeHb, TO
oaBsKo oauH (cM. Taxyke npumep 7 us § 3).

Bor Kak, onupasch Ha 5TO YTBEPIKAeHHe, Mbl
[0KeM DelInTh 3aJjaHHoe YPABHEeHHe:

1) sameTum™, 4To Npu X = 1 BHINOJHAETCA
6




2) dyukmusa y = 2 - x ybuisaer, a pyaxnua y = Yx BO3pacraer;
SHAYMT, KOPEHb Y 3a/laHHOT0 YPABHEHUSA TOJBKO OANH M 9THM KOpHeM
ABJIACTCHA Hal/IeHHOe BhIlIE 3HAYEHHe ¥ = 1.

Omeem: x = 1.

Ho cux mop Me roBopuan o byaguun y = e TOJIBKO I He-
OTPHIATEJbHBIX 3HAYEHMII aprymenTta. Ho BeJlb €CJH N — HEe4YBTHOoe

YHCJI0, BhIpAXKeHUue W HMeeT cMbICa |1 1A x < (), 3}{8‘{"1‘, craenyer

HIOTOBOPHTE O QYyHKIUM y = Ux 8 CAyHae HEYETHOrO n AMA JI06BIX
3HAYEHUN X.

CobeTBenno rosops, k TEePEIHCICHHBIM J00ABUTCA TONBKO OLHO
CBOMCTBO: ecau n — newémuoe wucao (n=3,5,7,...), mo y= %'/; —
Hevémuas pynrxyus.

B camom gene, nyers f(x) = Ux. Torapa
f—x)= -2 = ~tfx = —f(x)

(A HewéTHOIO Nokasarens n ra-
KHe npeobpasosanus sepusi). Urax,
- ! f(=x) = —f(x), a a10 u oamauaer we-
T i T1TT I YETHOCTHL (DYHKIIMH.
| | OLIJEL | Kak sxe Berrsgur rpapuk pyHk-
E%_‘ % [ ‘ L[_' | noumM oy = UYx B clydae HEeYETHOro
| N | _,,,L;_‘:D nokasarens n? Ilpu x > 0, kax
Puc. 9 NOKasaHo Ha puc. 6, aro Bersn Me-
KOMOro rpapuka. Jlob6asup K meii
CHMMETDHYHYIO eif OTHOCHTeIbHO HAYaJa Koopaunar (4ro,
HATIOMHUM, XapaKTepHO 1A JI000H HeYeTHOH (byHK1IHH), DOAyYHM
rpadpuk GyEKmuM y = W (puc. 9). O6parure BEMManue: och Y #AB-
JIFIETCA KacaTeJbHON K rpadMky B Touke x = (),
Hrak, nosropum emé pas:

€CJIH n — YETHOe YMCI0, TO rpadux GysrIUY y = Q/; HMeeT BuJ,
npeAcTaBJIeHHbI Ha puc. 6;

€CJM n — HeYETHOe uMCio, TO rpadpuk bysknMN y = U; umeer
BHJ, NpeJCTaBIeHHLIN Ha puc. 9,

BeTBb,

Mpumep 3. Mocrpours u npounTars rpadpuk byHknun y = f(x),

rae
i’/;, ecan x < 1,
f(x) =
Lz, ecan x > 1.
X
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Pemenne. CHayana nocTponM rpaduk QyHKIMA y = 3/; M BbI-
ero yacTh Ha ayde (—o°; 1] (puc. 10). Barem nocrponM rpad@uk

Y= -l; ¥ BBIJIEJIUM €ro YacTh Ha OTKpHITOM jyue (1; +00)
)
11). Hakonen, o6a «kycouka» m3o0pasum B OfHON cucTeme
PAMHAT — 9TO 6yaer rpabuk Gyakuun (puc. 12; sgeck ana Ha-
JHOCTH yBeJH4YeH Macmrab).

y

17 117 I\ L
y=tx -
- He
L+117 Wy = -
O o 2|
=1 * 1 | |x
an 1 |
Puc. 10 Puc. 11
TlepeuncauM (Onupasich HA NOCTPOCHHBIH 1/
duk) croitcTsa dysknun y = f(x): 4 \
1) D(f) = (-09; +); " mum
2) Hu yérHANA, HM HEYETHAS; -
3) ybriBaer Ha syue [1; +09); Bogpacraer AL
ayde (—0; 1]; =
4) He orpaHMYeHa CHHM3y, OrpaHUYEHA Puc. 12

PXY;
5) HeT HAMMEHBIEro 3HAYEHHSA, A Yy = 1 (AOCTHTAETCH B TOUKE

=1);

6) HenmpepsIBHA;

L T) E(f) = (-0 1];

8) dymrknua auddepeHnupyeMa BCIOAY, Kpome Todek X = 0 u
i; )

9)' rpaduk (GYHKIMH MMeeT IOPH3OHTAIBHYIO acumnrory y = 0
X — +00; 9T0 03HAYAET, HATIOMHMM, HTO ‘lllpx f(x)=0. B

IIpumep 4. Haiitn obnacts onpeaenenus GyHKIMH:
a)y = V4x - 8; B)y=V2x + 2 - {16 - x*.
6)y=Yx*-9;

Pemenmne. a) [log 3HaKoM KOPHA YETHON CTeNeHH HOJIKHO
OAMTHCA HEOTPMUATEIbHOE YMCJO, 3HAYMT, 3a4a4a CBOAUTCH

. pemenuio Hepasercrsa 4x — 8 > 0. Iloayuaem x > 2. 3Haumr,

) = [2; +0).
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6) Tlon 3HaKOM KODHs HEYETHONH CTENeHH MOMKET HAXOAMTHCH
1000€ YHCII0, SHAUMT, 3/eCh HA X He HAKJIAABIBAETCA HUKAKAX Orpa-
HHYeHui, 1. e. D(f) = R.

B) Bripaskenne v2x + 2 mMeer cMBICT TIpH yeaoBum 2x + 2 2 0,

a Beipaxkenne Y16 — x2 — mpn yeaosum 16 — x* > 0. 3Hauut,
AOJIAKHBI OJHOBPEMEHHO BBLINOJHATHCA HepaBeHeTBa 2X + 2 = 0 u
16 — x* > 0, 7. e. 3azaua cBogUTCH K PELIeHHIO CHCTEMbI HEPABEHCTB

2x +2 20,
16 - x* > 0.

Pemas HepasencTso 2x + 2 > 0, Haxogum x > —1,

Pemum nepasercTso 16 — x* > 0. Paanoxum JeByio yacTs Hepa-
BEHCTBA HA MHOXKHTeaH: (4 — x)(4 + x) = 0. Jleast uacTs HepaBeHCTBA
obpamaerca B 0 B Toukax —4 u 4. OTMETHM 3TH TOUYKHM HA YHCIOBOI
npamoii (puc. 13,a). Yucnosas npsamas pasbuBaeTcs yKa3aHHBIMU
TOYKAMH HA TPH NPOMEKYTKa, NPHUYEM HA KaXKJOM NPOMENKYTKe Bhi-
paxkenue p(x) = (4 — x)(4 + x) coxpaHser NOCTOAHHLI 3HAK (3HAKH
yKasaHsl Ha puc. 13, a). [IpoMeRyTOK, HA KOTOPOM BBEINOIHAETCS He-
paBeHcTBO p(x) > 0, samrpuxosan Ha puc. 13, a. ITo yeaosuio sagauu
HAC MHTEPECYIOT U Te TOYKH X, B KOTOPBIX BBIIOJHAETCH PABEHCTBO

pl(x) = 0. Takux Touek ape: x = -4, x =4 —

= + = OHM OTMeYeHb! Ha puc. 13, a TéMHBIMHU Kpy-
— Y,
B a OTrMerum HaiileHHBIe PelIeHus MepBoro

M BTOPOr0 HEPABEHCTB CHMCTEMBI HA OJHOI
KOODJAHHATHON NpPAMOI, MCNOJBL3OBAB AAA
NEepBOI'0 BEPXHIOK, & /UIA BTOPOro HUIKHIOW
WTPUXOBKY (puc. 13, 06). Pemuennem cucremst
6 HepaBeHCTB OyJeT nepeceveHne pemenni ne-
PaBeHCTB CHCTeMBI — 0Tpe3ok [—1; 4].

Omeem: D(f) = [-1; 4].

§ 6. CBOUICMBA KOPHA N-il cmeneHu

Y00kl yenemno HCnoIs30BaTh HA NPAKTHKE ONEPAIMIO U3BJIeYe-
HHU#A KOPH#A, HYJKHO NO3HAKOMHTBLCS CO CBOMCTBAMM 9TOI omepauuwu,
YTO MBI ¥ C/leJlaeM B HACTOALIEM mnaparpade.

Bce cpoiicTBa (POPMYJIHPYIOTCA B I0OKA3BIBAIOTCA TOMBKO A He-
OTPHIATENbHBIX 3HAYCHMI TePeMEHHbBIX, COAEPIKAIIMXCH 110 3HAKAMH
KOpHei.
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Teopema 1. Kopens n-ii cmenenu (n = 2, 3, 4, ...) u3 npouseede-
| d6yx HEOMPUYATMENLHBLY HUCeN Paser npouseedenuio Kopret
i cmenenu u3 amux wucen:

. Yab = Ya ¥Ub.

}

‘JlokaszaTeabcTBo. Beeném creayionue 0603HaueHUA: % =X,
=y, %b = 2. Ham Haj0 AOKA3aTh, YTO /A HEOTPHILATENbHBIX
X, Y, Z BHINOJIHACTCHA PABEHCTBO X = Y2.

ak kak Yab = x, To x" = ab. Tak kax ’\’/— =y, 1o y" = a. Tax
3 = "= b,

Eﬁx. ic’"T: :b, y' =a, 2" = b, Torga x" = y'2", 1. €. X" = (y2)".
) eCaM CTENeHN ABYX HEOTDPMIATEBHBIX UHCEs DABHBI nokasa-
cTeneHeil paBHBI, TO PABHbI ¥ OCHOBAHMS CTENEHeW; 3HAYMT,
secTBa x" = (yz)" ciepyer, 4To X = Yz, 4 9TO H TpeboBanoch
3aTh.

‘Bameuanne 1. Teopema 1 ocraérea cnpaBejuIMBOi U AJIA cayyas, KO-
TOAKOPEHHOE BHIPAYKeHHe NpesicTapaser coboil nponssenenne fosee uem
VX HEOTPHIATETBHBIX YHCE.
Bameuanue 2. Teopemy 1 MOikHO cHOPMYANPOBATE, HCHOAB3YA KOH-
DYKIIHIO 4€CJaH... TO» (KaK 3TO NPHHATO AJA TeopeM B maremaruke). ITpu-
JI6M COOTRETCTBYIONIYIO (DOPMYJIMPOBKY: ecau a u b — neompuyameavhvie
Ixa. mo cnpaeedaueo pasencmeo Nab = Yab. Crepyoniyio Teopemy Mbt
MEHHO TaK ¥ OPOPMHM.

Teopema 2. Ecau a 2 0,b > 0 u n — namypanvroe wucno, 6onv-
e 1, mo cnpasedauso pagencmeo
JE _Ya
b b
Kparkas (xora u Herousas) (POPMYJHPOBKA, KOTOPYIO yaobuee
BIIOJIF30BATH HA NPAKTHKE: KOPeHb U3 YACMHO20 pasen LacmHomy
opHeil.
Q JlokasaTeabCTBO AHAJOTMYHO JIOKA3ATENLCTBY TEOPEMBI 1,
[pOBE/INTE ero CaMoOCTOATEIbHO.
" Bhi, KOHeYHO, OOpaTHJIH BHUMAaHME HA TO, YTO YKa3aHHBIE ABA
sBolicTBA KOPHEH 71-if CTeneHy NPeCTaBIAoT coboi obobmenue M3~
HBIX BaM M3 Kypca aareGps!l 8-ro Kiacca CBOMCTB KBaJpaTHBIX
opreii. Y1 ecin GBI APYTUX CBOHCTB KopHeit n-i crenenu He ObLIO,
0 BCE OLLIO GBI npocTo (1 He OveHb unTepecHo). Ha camom nese
H el HeCKOJbKO MHTEPECHBIX M Baj)KHBIX CBOMCTB, KOTOPBIE MBI
peyaum B aTom naparpage. Ho cHavaza paccMOTpHM [pUMeph! HaA
menosnb3osanue Teopem 1 m 2.
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Hpumep 1. Beruncaurs 125 - 64 - 27.

Pemenue. Bocnonb3osasmucs HepBEIM CBOHCTBOM KOpHeif (Teo-
pema 1), noxyunm:

312564 .27 = Y125 - Y64 - Y27 = 5.4.3 = 60, ]

3ameuanne 3. MoxHO, KOHEUHO, 9TOT TPUMep PelnTh No-ApyroMy
OCOOeHHO eclm y Bac mOA pykoit ecth MHKPOKAaJIBKYJAATOD: nepeunomu'n:
amcaa 125, 64 u 27, a sarem ussaeun KyOHYeCKHil KOPeHb M3 MOJyYeHHOro
npoussesenus. Ho, cornacurecs, gannoe Brime pemenne «HHTELTHTeHTHees .

IIpumep 2. Berumcanrs ‘45 5
6

Pemenmue. 1
l : 1()6pa'rmw CMEIIAHHOe YuCa0 5 16 B HeNPaBHIbHYIO

Apobb: SE =16 Bocnosb3oBaBmuch BTOPHIM CBOBHCTBOM KOpHei

(reopema 2), monyumm:

Jz‘u@-g_
16 e 2~

HDpumep 3. Boruncaurs:
a) ¥24 . Yo, 6) Y96 : 3.
Pemenne. Ilepsoe coiicrso KOpHeii oguauaer, yro Yab momuo

3 3,
IpeACTaBUThH B BHAE \/a— v \/E ", 88060])01‘, % . ;’/E MOYKHO 3aMEeHHTL

3/
BeIpazxennem vab. To ke orHOCHTCH M KO BTOPOMY CBOMCTBY KOpHeii.
VuursiBas 910, BEIIOJHAM BLIYHCICHH,

a)¥24 Y9 = Y249 - Y827 = ¥8.437 —2.3-6.
6)%96 : ¥3 = §96:3 = Y33 - 2.

IIpumep 4. Bunonuurs geficreus:

a)Ya-%b-Yo; 6) Va-¥a.
Pemenne.a) Ya - 4b-4b = Yfa-b-b = Yar?.

6) 'Ileopema 1 mo3BOJIAET HAM MEPEMHOMKATH TOJBKO KOPHM OfH-
HAKOBOM CTeNeHHM, T. . TOJNHKO KODHH € OAMHAKOBBIM IOKA3ATENeM
31ecs e npeanaraeTcs yMHOKUTE KOPEHb BTOPOii CTeNneHyn u3a 'mcm;
@ Ha KODeHb TpeTheil CTeneHn ua Toro e uncaa. Kax a10 1esats, Mur
ToKa He sHaeM. Beprémcs k aToit npoGiaeme mosanee. ' =]

Tponomkum usyuenue cpoiicTs pagukasos.
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Teopema 3. Ecau a = 0, k — namypanvhoe Yucio u n — namy-
pe wucno, 6onvuwee 1, mo cnpaéednu6o pasencmeo

k
(Va)" = Ya*.
HEIMM CJ0BAMM, ¥molbl 8036ecmu KOPeHb 6 HAMYPAAbHYIO cme-
b, 0OCMamoyHo 8036ecmu 6 Imy CmeneHs no@xopennoe evbipaxcerue.

(Ya) =%a -%a -...-Ya=
k muoxureneit

o caresicrere reopeMsl 1. B camom zrene,
4

@-a-..-a = Va".

k Muosxcrencit
ad.Ecaua > 0un, k — namypanvnoie wucaa, Gorvwue 1,
enpaeednu6o pagencmeo

“fa.

g =

HHEBIMHE cTTOBAME, YMOOLL U361€4b KOPEHb U3 KOPHA, docmamoyHo
HONCUMb noxkasamenu KOp’lPﬂ.

anpumep. M = ¥fa; m = a; \/\/—E = {a.

o~ k
JoxasarenscTso. Beeném caenyioue obosnauenns: Y Ya = 2,

B = y. Torza x" = Ya, oTkyza caenyer, uro (x")* =a, 1. e. x" = a.
nk

=y",

ee, ua "Ya = y caeayer, uro y** = a. Takum oGpasom, x™

AuUT, X = Y, 4T0 ¥ TPeOOBATIOCH AOKA3ATh.
v 88 MeuaHnue 4. l‘(?My BbI HAYYHJIMCH GJIBPOAEDH JOKA3AHHBIM Teope-

M? Bri V3HAJM, YTO HAJ KOPHAMH MOMHO OCYIIECTB/IATL 4eThipe Ouepamnm:
HCeHME, JIeJIeHHe, BOJBe/ieHe B cTelleHh i M3BJIeyeHne KoOpaia (M3 KopH#A).

0BCTOMT 1810 CO CaoMKenneM u srrunranuem xopueit? Hukak. 06 arom
TOBOPMJIM ellé B 8-M Kjacce 110 MOBOAY ONEPAIMH H3BJIEYEHHA KBaja-

goro kopus. Hanpumep, Bmecto Y8 + 27 menbast HanucaTh ¥8 + ¥o1.
M gene, Y8 + 27 = 3/33 a ¥8+ '\‘[2_7 =2 + 3 = 5. Ho Beapb oueBnnoO,
J3—5 # 5. Byasre BHUMAaTe bHbI!

Camoe, moxanyii, MHTEPeCHOe CBOMCTBO KOPHe# — 3To TO, O
OpoM TOMAET peus B cieayiomeii Teopeme. YumThiBas 0cobyio
{AYIMOCTH HTOTO CBOMCTBA, MbI TIO3BOJIUM cebe HAPYIINTh Olpe/esIeH-
piit CTHIIB (POPMYJIMPOBOK M JOKA3ATeNLCTB, BHIPAGOTAHHbIE B 9TOM
aparpade, ¢ Tem 4TobOsl (HOPMYJINPOBKA TEOPEMbI 5 OblL1a HEMHOTO
Arde», a eé J0KasaTeabCTBO — MOHATHEE.

Teopema 5. Ecau a > 0 u ecau noxazamenu KOPHA U noOKOpen-
020 6bLPANCCHUA YMHONCUMD AW pazderums wa 0OHO U MO KHe
AMYparbroe HUCR0, MO SHAYEHUEe KOPHA HEe UIMEHUMCR, M. €.




Hanpuwmep:

Wa® = Ya? (moKasaTenn KOPHS M IOAKODEHHOrO BBIPAKeHUA
pasaenusau Ha 4);

6,
VYo = Va (oKasaTeaM KOPHSA M NOAKOPEHHOTO BEIPAYKEHHS
pasaennau Ha 3);

5, 10
a* = Wa' (nokaszarenn KOPHS ¥ HOAKOPEHHOTO BBIDAMKEeHHH

VMHOKMIN HA 2).

Hoxkasateanncrso. OGosnaunm JIEBYIO Y8CTh JOKA3LIBAEMOTrO
paBencTBa 6yksoit x: "Va" = x. Toraa no OnpeieeHuI0 KOPHSA 0K~
HO BBINIOJHATHCA PABEHCTBO

x” = g,

O6o3Hauum npaByio wacTs AOKA3BIBAEMOr0 paBeHCTBa OYKBOM

y: VYa" = y. Toraa no onpepgesennio KOPHS JIOJIJKHO BBINOJHATHCA

paBeHcTBO Y = a',

Bosseném obe wacTu nocreamero pasencrea B OJHY M Ty e cre-
neHsb p, noayuum: y» = a',

Hrak, x" = a*, y™ = a*,

Conocrasasa stu asa PaBEHCTBA, NPHXOAUM K BHIBOAY, 4TO X" =
= y", a 3HAUMT, X = Y, YTO M TPEGOBANOCH JOKAZATD.

Hoxasanuas TeopemMa MO3BOJUT HaM PelHTs Ty npobiemy, ¢ Ko-
TOPOM MBI CTOJIKHYJIHCH BbILLE 0pH pemeHnH npumepa 46, rae rpe6o-
BaJIOCh BBIIOJHHTH YMHOXKEHHe KOPHe ¢ PasHbIMU IOKASATETAMH:

Va - Ya.

BoT Kak 0GBIYHO PACCYKAAIOT B HOAOGHEIX cayyasax.

1) ITo Teopeme 5 B BhIpaskeHun \/E MOCHO M [OKa3aTelb Kop-
HA (T. €. yHea0 2), ¥ TOKasaTenb MOAKOPEHHOrO BhIpaskeHus (T. e.
YHCI0 1) YMHOKHUTL HA OJHO M TO JKe HaTypaabHoe uncio. Bocnoas-
30BaBIIMCh 3TUM, YMHOXKHUM 00a noxkasarens Ha 3:

Va = Ya’.

2) Ilo Teopeme 5 B BhIpaskeRMM Ya MOMKHO I [OKasaTeab KOp-
HA (T. e. 4Mci0 3), M MOKa3aTeNb MOAKOPEHHOrO BBIDaJKeHHuA (T. e.
UHCJIO 1) YMHOMKHTE HA OHO H TO e HATYPANBHOE YHCI0. BoCmos-
30BABIINCH ITUM, YMHOKUM 004 nOKkazaTens ga 2:

Ya = Ya?.
3) TTocKOIbKY NMOMYHHIN KOPHY OZHOI ¥ TOI JKe mIecToii CTeneHu,
HX MOYKHO NePeMHOMKUTD:

Va-Ya = 4o Ha* = o @ - U
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{61 pACCMOTPEJIH TISITh CBOMCTB PAJMKAJIOB, KOTOPbIE ﬁesgmaopoq-
BepHBI V1A HEOTPUIATENbHBIX MOAKOPEHHEIX Bhipaxenuit. Ho npn
eHUH TPUMEepPOB Ha JIeiiCcTBUA C PAJNKAIAMU HYKHO UMETh B BHAY
IMOCHOCTD TTOABJEHUA OTPUIATENBHEIX 3HAYCHHIT THX BBIDAKeHHH.
: HO, YTO BCE MEepPeuHCJeHHBIE CBOMCTBA PACIPOCTPAHAKIOTCA HA
all KOpHell HeYETHBLIX CTeleHeil. o
HeckoabK0 ciioykHee 06CTOuT Aeso B caydae KOpHeIi 4ETHBIX cre-
. Ilycts @ u b — orTpunaTenbHBIe YUCIA, & 1 — YETHOE YHCIO.

M cliyuae HeJb3d MucaTh Yab = '\'/; & 2/5, TaK Kak npasas 4acTh
oro «paBeHCTBa» He MMeeT CMbICJa (manpumMep, HeJb3sA NMHUCATH

=5)(—6) = V-5 - V-6). 3aecs MOxkHO paccyxaarth Tak: @ M b —
JnaTe bHbIE YHCIa, caeposarensno, ab > 0. Ho rorga ab = |ab| =

- [b]. Buaunt, Yab = glab| = {la] - [b]. Tax xax |a| > 0u b >0,

0 Teopeme 1
tlal - 16] = gfial - 3fiel.

ETSK. ecJan n — YETHOe YMCJI0, 4 YHeJa a U b UMeIOT OJMHAKOBLIe

n,’romzﬁ-{/l;l

Ouenb BHUMATEILHO CASAYET OTHOCHTLCS K CBOMCTBY 5, 0 KOTOPOM
a peus B Teopeme 5. Henbaa npumenars eé Geapymuo. Ilycrs, na-

pHMeED, HYKHO YIPOCTHTE BEIPAYKEHHe \‘/(\/I; ~ 2)*. Ecam cropmansHo
BeIHTEL TOKA3ATEH KOPHA M MOJKOPEHHOT0 BBIDAYKEHUA Ha 2, 10"

MUTCH BHIDAJKEHME, He MMelollee CMblciaa: \)\/5 - 2 (kBagparTHbIi
ppeHs M3 orpuiarTeabHoro uncaa). [pasuisHee B nofo6HBIX Caydanx

ACCY’KIaTh TAK:

YB3 -2 = Y3 -2p = J[VB - 2| = 2 - 4B.
. Emé ogus npuMep: HYKHO YMHOXKATHL V3 — 2 Ha "\J\/é + 2.

IOPMAJTLHOE MPUMEHEHHe TeOpeMbl 5 NMPHUBeJET K HEeNpaBHJIbHOMY

B3VIILTATY \‘f\/g -2 %/5 +2 = ‘{/(\/5 - 2)2(\/§ + 2), NOCKOJBKY
'peaynma-re NepPeMHOMKEeHHUA OTPHIATENBHOTO M MOJOKHUTENBHOT0
HCJIa TOJIYYMJIOCH TIOJIOKHUTeIbHOe Yue0. [IpaBnabHee B MOMOOHBIX

/] afgXx paccyXJaThb Tak:
Yo-J3-4B3+2=

Wa-2-9\B+2=
= 2 - BrB + 2) = {2 - \B.

{lal

fa
M AHAJIOMHMYHO {[7- = *
b 4l
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06pa'rm'e BHHMaHHe: BCe ONACHOCTH, CBA3AHHBLIE C IPHMEHEeHHeM
CBOMCTBA 5, OTHOCATCA K CJIy4ar YMHOXXEHHMA HJIM JeJIeHUs MoKasa-
Tenei KOPH#A H NOJAKOPEHHOr0 BhIPAYKEeHHUS HA OJJHO M TO JKeE Y éTHOe

9HCJI0 (C HEYETHBIMM MHOKHTENSIMH HUKAKHX HENDUATHOCTEH He
TMPOMCXOANT).

§ 7. Npeo6pasosaxue UPPAYUOHANBHBIX BbIPAXKEHU

B npeasiayniux naparpmpax Bbl MO3HAKOMMJINCH C Omepanuei ua-
BJIeUeHNSA KOPHA n-if CTENeHH M3 JeHCTBATENLHOrO YHCIA, U3YTNIHN

CBOMCTBA JTOM ONIepaIuH, & MMEHHO (A8 HEOTPHIATEIbHBIX 3HAYE-
HH a u b):

(¥a)" = a; (4a") = a; (1)
tab = Ya - Vs (2)
2 % (b # 0); (3)
(¥a)' = a; (4)
Y¥a = a; (5)
Wa* = Ya*. (6)

Hcnonbays aTH (OPMYJIBI, MOMHO OCYIECTBAATE MPeoBpPAOBAHNS
BRIDAJKEHMI, COAEPIKALINX ONEPALNIO H3BJIEYeHUA KOPHA (BBIPAKeHHIT
€ PAfMKaJaMu), — TAKHE BBIDAYKEHNs HASBIBAIOT UPPAUUOHANbHBIMU.
PaccMOTPHM HECKOJIbKO IPHMEpOB Ha NpeofpasoBaHie UPPAIHOHATE-
HBIX BEIPAKEHH.

IIpamep 1. Vopocrurs BhIpaKkeHns:
a) V324°; 6) (\‘/’a_‘)

Pemenue. a) lIpescrasum noakopennoe Boipaxkenne 32a° B Buje
16-a*-2a u Bocnonbayemes dopmynoi (2):

Y320° = 416 - Ya* - 42a = 2a4a.

Tlonyuennoe BhipaskeHue cumraercs Gojee IPOCTHIM, 4eM 3a-
AaHHOE, MOCKOJBKY IO/ 3HAKOM KODHS cofiepkuTcs Gojee mpocroe
Beipaxkenue. [logoGHoe npeobpasoBanne HABBLIBAIOT GblHECEHUEM
MHONCUMENR 3a 3HAK padukaaa.

6) Bocnosibayemest popmyaoii (4):

(¥a®) = Ya) = ¢a®

IpesicTaBuM IOJKOPEHHOE BBIDAKEHHE a" B Buge a’-a n BOC-
emcsa (opmy.oit (2):

Ya® = Yo’ -Ya =a* Ya.
BHMTE, ¥ 37€Ch YAJ0Ch BBIHECTH MHOXKHTEJb 3a 3HAK pz;
1a1;mnwre dbopmyay \/—-lal KOTOPYIO BRI M3YYaJM B Kypce
Opu1 8-ro kaacca. Ona oGoGmaercs Ha caydail jo6oro 4€THOro
ATeNA KOPHA:

%fa* =|al.

(opMyJIy CJeAyeT MMeTh B BHJY B TeX CIyuadX, KOria HET
HHOCTH B TOM, UTO IIepeMeHHbIe TPHHHMAIOT TOJLKO HEOTPHIA
p1e spauenusi. Hanpumep, BHIHOCA MHOMKHTENb 3& 3HAK KOPHA

apaskenun {x'y, ciaeayer (ecam O 3HAKe UMCIA X HUYEro He M3
0) paccyaTh TaK:

fe'y = Y= - Yy =zl 4o

Hapsty ¢ BbIHECEHNEeM MHOMKHTEJI 38 3HAK pazuKaia B HeOOXOMMBIX

qasx MCIOJIBL3yeTca M mpeofpasoBaHue, TAK CKAa3aTh, IPOTHBOTIOJION
: jf HAITPABJICHHOCTH: 6HeCeHUe MHoNcumens nod snax paduxara. dro
00pasoBaHHE MBI MCIOJIb3yeM B CJAEAYIOMMX JIBYX IpuMepax.

Mpumep 2. CpaBHuTh UmuCIA 243 n 332.
Pemenune Umeem: 2 = \'/g. 3= \‘/’2_’7 3uauur,

| 245 - 46 -6 = 578 - VB
342 = Y27 - 42 = 272 = ¥d.
\/—i'r.e2\/§&3\/— .

TPeneps fCHO, uTO 324

4.2
Tlpumep 3. YOpocTuTh BhIDAKEHUE s/x 5
Pemenne. CHauasa BHECEM MHOKHUTENb x* moa 3HAK KOPHSA

perbeii crenenu:
v = Y = e

4/3,
Teneps 3alaHHOE BRIpAKEHHE MOJKHO 3ammcaTh rax: YUx".
Bocnoab3oBaBIInch hopMyoif (5), MBI MOXKeM HoCaeaHee BhIpa

127
JEeHue 3arucaTh B BUe .

Hrax, 2 - Y= = ¥x'. "
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Ipumep 4. Buinosaurs geiicreusn:

a) (Ya + ¢b)(¥a - ¥b);
6) (Ya - %)(a* + Yab + ?).

Pemenue. a) 3neck MOXKHO NPUMEHNTS (JOPMYJTY COKPAIIEHHOTO
VMHOKEHUS ¢DASHOCTh KBAJAPATOB»:

(Ya + 46)(¥a - %) = (a)' - (4b)" = Ya* ~ ",

BocnosbsoBaBmucs hopmy.aoit (6), pasnennM B KasK/A0M M3 HOJY-
YEHHBIX PAZIHKAJIOB OKA3ATEIH KOPHA U NOAKOPEHHOIO BEIPAKEHUS

Ha 2; 9TO CYIIECTBEHHO YIPOCTHT 3amuchk: Va — Vb, Do BO3MOXKHO,
TMOCKOJIBKY 110 CMBICTY ipumepa a = 0u b > 0,

Urak, (Ya + ¥b)(Ya - ) = Ja - b.

6) 31ech MOXKHO IPUMEHHUTH (GopMyny COKPAIEHHOrO YMHOMKEeHHU I
«PasHoOCTh Ky6OB»:

(¥ - ¥)(a” + ¥a - 46 + b7) = (¥a)’
IIpumep 5. Bunonnnrs geiicteus:

a) ¥ - ' 6) VW5 -2 Y45 + 9

Pememnne. a) [IocKoIbKY MepeMHOKATL MOYKHO KOPHH TOJBLKO
OZ{HOIi 1 TO¥ JKe CTeIeHH, HAYHEM C YPABHUBAHMA MOKA3aTeNeH HMeIo-
muXCHA paguKaios. [l aToro gsasxk el Bocnoisayemes dhopmy.ioi (6):

A reneps BoCIOJNB3yeMCs Hopmy.aoif (2):
OcTanoch BEIHECTH MHOMKHTENDb 32 3HAK PAJMKANA:
Wt = W = U T =|x|%x = 2x

(MBI yuun, uro ¥ 2 0 — 370 creayer U3 YCAOBHMSA npumepa).

‘(VE)K =a-b. N

06) Ilepsetit cnocob. ITpeoGpasyem mepBBIil MHOMKUTEND:
Wo -2 =45 -of = (VB -2-2- 2=
=Y5-4J5 + 4 = Yo - 445.

r’A Tenepb yxe HeprllHO BBIIIOJIHUTH yMaomeuMe pBJIHKaJlOB:
Yo - ad5 - Yo + a5 = (9 - 45)(9 + 445) =
= 9% - (4y5) = Y81 -80 =1.

Bropoii cnocob. Cravasa nmopaboraeM ¢ NOJAKOPEHHBIM BhIpayKe-

BO BTOPOM MHOXKHTEJe:

; - ‘ "
9+4J§=5+4J§+4=(\B) +2-2<\/5+2*:(\[5-+2)-
AT \/9 + 45 = \/ o+ 2 . Pagnesns nmokasatTenu KOPHA M

\ peauoro BBIDAMKEHHA HA 2, MOJIYYUM J_ + 2 (dopmymoii (6)
3ech MMeeM NMpPABO MOJb30BATHCH, OCKOJIBKY MOAKOPEHHOE BbI

cerne V5 + 2 — mososkuTesbHOE 4ucao). Ocranock BRIIOJHATH

HOKeHHMe KBaJAPATHBIX KOpHe:
NN -V + 2 = J({V5 - 2)( 5+ 2)

- V({5 = Vb - <]
Hpumep 6. PasioskuTh Ha MHOMKHUTEIH BbIpAJKeHHe
' - 4’y + 4y’

" Pemenune. 3aJaHHOe BeIpAXKeHHE MOXKHO nepenucars CJaeayo-

M obpasom: '

(=) - 2t - 28y + (24)"
, Teneph BHAHO, YTO BTO MOJHBI KBaApaT — KBa/PaT PasHoCTH
BIparKeHu i \’/x_l " 2Q/ﬁ. 3Hauur,

Yo - iy + 4yt = (Ve -2\/_) =}

-
Vx - 24fxy + Jy

V Pemenue. [lepsslii crocod. IIpeobpasyem snameHaTe b apobu:
| G - il +fg == - 0y +4{F =
-2ty + () = (4 - )"

Iipumep 7. Coxparuts Apobb

= (4x)
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LlenecooGpasso npeACTABHTEL YHCAHTENb KAK «Pa3HOCThL KBajpa-
TOB»:

Hanee,

(W) - ()" = (4% - 40)(¥= + 4).

E-fi (- ) )
31-2:‘;):;/4»‘/; _W‘

Bropoii crioco6. Beeaém Hosbie nepeMeHHbIe 3/; =amu 4/5 = b;

yuTém, uro mpu asrom vVxr = a2, \/57 = b®. Torna sagannas aApobn
a'.' s bl
npuMeT BHJ ———— .,
a” - 2ab + b

Yro mana mam 3amena nmepemenHmIX? OHA NMO3BOJIMJIA 3aMe-
HATL MPPANMOHAIBHOE BBRIDA’KeHHe (C MepeMeHHBIMH X M y) pa-
IHOHAIBLHLIM BhIDAYKEHHEM (C mepeMeHHBIMH a ¥ b). A onepupoBaTh

¢ PANMOHAILHBIMM BRIDAKEHUSAMI HAMHOTO IIPOINe, YeM ¢ UPPAIHO-
HAJIbHBIMU:

Vx4 iy
V;—‘y'

@’ -b _(@a-bla+b) _a+b _Yx+{y
a® - 2ab + b* (a - b)* —a-b_Q/—_g/g' =

§ 8. MNoHasmMue cmeneHu
C N106bim PAYUOHAGNbHBIM noKasamenem

But yMmeeTe BBIYHC/AATL 3HAYEHHE CTENeHH C JIOObIM neJiouuc-

JIEHHBIM NOKasaTeseM, PYKOBOACTBYSACH NPH 3TOM CaeayrimumMu
onpeaeeHUuAMM:

1)ecim n =1, 10 @' = a;
2)ectnn=0una#0,10a"=1;
3)ecrmn=2,3,4,5,..,T70a"=a-a-a-...-a (n MEOMHTENEIT);

4)ecrnn=1,2,38,4,...ua#0,70a" = Ln
a
Ho mMaTeMaTHKM Ha 9TOM He OCTAHOBUJINCEH, OHH Hay4YHIuCh pabo-
TaTh He TOILKO C [eJ0UHCIeHHbIMH MoKasaTenamu. B arom naparpade

MbI o6cy}mM, KaKO#i CMBIC] npunaé'rcx B MaTeMaTHKe IMOHATHIO CTe-
IIeHu ¢ npOﬁHb!M nokKasarejieM, T. €. BBIACHHNM, YTO O3HAYAIOT TAKHEe
3

CHMBOJIEI MATEMATHIECKOTO A3BIKA, Kak 2°, 374 y 1, 1.
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3

BajiaMMCA BOTPOCOM: €/ BBOAMTE CHMBOM 2°, TO KAKHM MaTeMa-

WecKuM cojeprkaHueM ero HanmosHuTh? Xopomo Oul, paccyxaanu

aTHKM, YTOObI COXPAHAJIMCH NPHUBLIYHBIE CBOMCTBA CTeNeHei,

puMep, YTOOB! IPH BO3BEAEHUN CTENEeHH B CTENeHb MOKA3aTean

HOKAJINCH, B YACTHOCTH YTOOBI BBITIOJIHAJNOCH CHeAyolee pa-
=23

" BO:
(2¢)
3 3

-5 = 3). Illyects a = 2°, Toraga pasencTBo (1) MOXKHO
B

(1)

CKOJIBKY

5/0d
ercats B Buze a® = 2°, orkya nonyuaem a = ¥2', BHauur, nosasu-

3
0 .7 5 -
, ocHOBaHNA onpeaeants 2° kax V2. ITogoGubie coobparkenus u
OJIMJTH MATEMATHKAM NPHHATH CJAeJyioniee onpejesieHue.

‘Onpedenenue 1. Ecin L

g obnikHOBeHHaA Apobs (p > 0, ¢ > 0,

£ q
#21)ua > 0, To nox a’ nonumaior Ya”, T. e.

. :‘(/;’:, a=0.

a‘l

: i 5 -
Hanpuwmep, 3* = V3; 7 = V7 unon

Camoe 1000TLITHOE, MTO BBEJEHHOE ONpeJeseHHe 0Kasaxoch
ACTONILKO VAAYHBIM, YTO NPH HEM COXPAHMIMCH 6C€ NPUBBIYHBIE
oiicTBa cTeneHeil, KOTophle GLUIN JOKA3AHB! A1l HATYPAIBHBIX 110-
aaresieil: NP YMHOKEHUH CTeNeHell ¢ 0MHAKOBRIMH OCHOBAHUSAMH

A3aTeJH CKJIAALIBAIOTCH, MPH JIeJICHHH — BBIYHTAKIOTCA M T. .
1 1

lyCTh, HanpuMep, HAM HYKHO BHIIOJHHTHE YMHOXKEeHHE a®-a’.

1 1
Jockonbky a’ = \/;, a® = Q/Z, 3aziaua CBOAUTCH K YMHOMEHHIO
AN KAIOB!

1 5
2.a% = a@°. Ho, Mexay npouum,

0=
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IDpumep 1. Burumcaurs:

51
4.
H

e

1 2
a) 64%  6) 27%; )0 r) (-8)3.

1
Pemenmue. a) 64° = 64 = 2.

2
6) 273 = Y272 = (327)° =32 = 9.

51
8) 04 = Y0 = 40 =o.

r) 9T0 3a/aHNe HEKOPPEKTHO, NOCKOJIBKY HET ONpeleJeHHs cre-
TeHH ¢ APOGHEIM moKasaTeseM s CAy4as ompuyamerbHozo 0CHO-
BaHuA. MareMaTHKH AOroBOpHAMCEH BO3BOAHMTEL B APOOGHBIE CTENEeHH
MOAbKO HeOMpuUyamenvHvie l-tuc.na (1 910 OroBOpPEHO B ONPeaeTEHMH).

Tak uto 3anuce Buaa (-8)° cumraercs B MaTeMaTHKe JWUINEHHOMN
CMBICJIA. | |

3ameuanmne. Huoraa NPHUXOAHUTCH CHABIIATEH BO3paKeHusA: HeBepHo,

!
uto samuck (-8)° ammena cmwicaa, BEJb MOMCHO BBIMHCIHTL KOPeHb Tpe-

Thell cTeneny ua uncaa —8; noxyunres —2. Tak nouemy 6u1 He CUHTATb, YTO
1

(-8)* =-2? Ecan 61 MaTeMaTHKH He 3aupeTnian cebe BO3BOAHTSH B ApobHbIe
CTENeHH OTPHUATEILHBIC YHCJIA, TO BOT ¢ KAKMMH HelPUATHOCTIMI NpPHIILIOCH
6Bl CTONKHYTHCS:

1 2
~2=(-8)* = (-8)% = §(-8)° = %64 = 2.

HNoayunnocy «pasercrsos -2 = 2. BuiGupas onpenenenns, maremarnky
Kax pas u 3aboraTcs o ToM, 4T0OK! Beé BBTO TOYHO, ONPeAeNEHHO, HeJBY-
cmbicaenHo. Tloatomy B onpegenenun cremenn ¢ HYJIEBBIM nokasatenem q°
MOABHJIOCH OrPAHHYeHIEe z; #0, a B ONIpesieIe UK CTENEHN ¢ MONOKHTENBHEIM

ApobHbIM mokasaTeneM a MOABMIOCH orpanuvenue a = 0.
Pasymeercs, matematuky e OrPAHMYMIINCE NMOHATHEM CTEHeHH
¢ HOJIOKHTENLHBIM APOGHBIM MOKA3aTeJTeM, OHM BBEJH ¥ onpejesne-

HHE CTeneHH ¢ OTPHIATEJIBHBIM JAPOOHBIM noxKasareJyiem, HCIONb3y A
H3BECTHYIO HJEI0:
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10 HaJiHuue APOGHOI‘O IoKasaTeNs 3acTaBiifgeT cAejiaTbh orpa-
ue a = 0, a HasMYMe 3HAMEHATE/IA 3acTaBjfer clejaTh orpa-
geaue a # 0, B uTOore NpHXOAHTCA HAKJI8JAbIBATH OrpaHH4YeHHne

- 0.

Onpedene Eean £ — obmiknoBennas Apoos (g#1)m
Onp 5
P {
>0, To nox @ * mommMaT —
\ al
P
at = L,,' a>0.
aq
1 5 1 1
e -l—, 749=== " I
Hanpumep, 3 3; 5 7:, ng

Hrak, Teneph Ml 3HAEM, YTO TAKOE CTENEeHb ¢ JIOOBIM panuo-

s € 4
TLHBIM TOKasaTenem. ClpaBeUiuBbl CIeAyOmue cBoMcTBa (Ipea
omaraem, uto @ > 0, b > 0, § ¥ t — NPOM3BOJIbHBIE PAIMOHATLHbIE

a): y
1) a*-a' =a""";
2 a’:a' =a"
3) (a') = a"y
4) (ab)' = a"-b%;
.
% (E] B

Jlokaskem, s npumepa, coiictsa 1 u 3.

#1
Hycna>0,s=%,t=£.raemeZ.peZ.neN,qu,n 2
1 # 1. Torapa:
e 10 ny, el
a-a =an-av = Yo" - Yar = Yam™ . Yar =
mq ¢ pn m.p

_"yamq . af = "gamq~pn =aq ™ =a" 1 = anl;

U =

d.s mp %E “
ey = @) = Wa) =) =Y = =" = o,

~ TlockoabKy OIEPHPOBATH ¢ APOGAME Jlerye, YeM NIPHMEeHATh caou'l-.
©TBA PaJMKag0B, HA MPAKTHKE BO MHOTHMX CHAydYasX HPeAnounTaio

BaMEHATHh PajuKaJjbl CTENeHAMH C llpOﬁHblMH nokKasaTeJIAMH. 11}"'(
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HILTIOCTPALMH ITOrO MOJOMEHUH BePHEMCA K npumepy Ha u3 § 7:
8f.3 12/ 1 - .
Yx* 5", Ecan TepeiTy K APOGHBIM NOKA3ATeAAM, TO MOJIYIHM:

R .

Bugure, nackoms
KO ObICTpee W mpome Mer
TNOJAYUHIN
pesyJibraT, 4o H B § 7. i SRECEITOT &Y

: 4 3,1 31
X x12 = 812 = 20 o Ay

3

1

IIpumep 2. Yupoerurs BEIPAYKEHHEe

)2 -2{y - 15

(:sy)'z'

£ A
(x" +y*
Pemenne.
2 .
) = () 4 adbd o (b
2) Yxy = (xy);

B ) O 1

1 1 2
1 3 3 2 O | 2
)(x +y ) = X% + 2432%% + b,
&4

3 —L
(¥)”

11 2

2
4) (.t“ + 2x%y% 4 y?

2

) 3 3 2
~ 9x3 ¥ - Y= %3,

Mpumep 3. Peuurs, ypasnenus:
a) %/— =1;

Pemenmne. a) Bossegém obe vactu VPaBHEeHHs B KyO:

2
6) x3 =1,

=13

x =11
» c6());r:ﬁucg;:lu1:::::::;; TO ke camos YPaBHEeHHE, YTO U B MYHKTE a),
kgl M OrOBOPKOI: HOCKOJIbKY llepeMeHHas X BO3-
i Hemmm}::eixrneﬂb. OH& 110 ONpeleJIeHHIO J0KHA IPUHHMATE
Hble 3HAYEHUSN. 3HAYUT, U3 HAHAEHHBIX BbIIIE

ABYX 3HAUEHMN X B KauecTse
KOPDHA YDABHEHUA M
B3ATH JIMIUb 3HaYeHue x = 1, G
Omeem: a) £1; 6) 1.
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2 1
Ipumep 4. Peuuts ypasHeHHe X 3 —2x% -8=0.

coiee

3 2k
e en e, Beeaém HOBYIo mepemennyio y = x 0. Torza x
g 2

= y*. BHAUMT, NOYTACM KBAJPATHOE YPABHEHHE OTHOCHTEb"
0¥ IepEeMEeHHOH Y:

y'-2y-8=0.

(MB 9TO ypaBHEHNe, MONy4uM: J; = —2, Yo = 4.
leniephb 3a/aua CBOAMUTCA K PENICHMIO IBYX YpaBHEHWUii:
_1 =1

x3=-2; x3%=4.

pBOE ypaBHEHME He nMeeT KOpHeii, TOCKONBbKY (HATIOMHHM e1é
06J1aCTh JONYCTHMBIX 3HAYEHHIT /1A TIePEMEeHHOi X B noso0HBIX
1

x 8
onpegensercsa yeaopuem x > 0, a rorja u > 0. Pemasn
e ypaBHeHuUe, MOCJIe/I0BATE]BHO HAXOANM:

L. W

=7

3
1
"42]‘ x= gp

1
—ll— =4; x3
X8

1

1

7R
YpaBHeHus, B KOTOPHIX IePeMEeHHAs COACPIKMTCA MO/ 3HAKOM
DHS MJIM BO3BOAMTCA B APOOHYIO CTeIEHb, HA3BIBAIOT UpPpaAyuUo-
AbHbiMU. 11epBoe 3HAKOMCTBO ¢ MPPAIMOHAIBHBIMY YPABHEHNAMM
\OSIIOCH Y Bac B Kypee airedpei 8-ro Kiacca, rjie BCTpeuaanch ypas:
, CoZiepIKalIue MePeMEeHHYI0 MOjl 3HAKOM KBaJPATHOrO KOPHA.
0if TJIaBe Mbl PACCMOTDEH elé HEeCKOJbKO NMPUMEepOB pelleHusd
DAIMOHATLHBIX ypaBHeHHiT — npumep 2 ua § 4, npumep 2 u3 §5
npumepsi 3, 4 U3 § 8.

OCHOBHBIE METO/{bl PEIIeHHA HPPAIMOHATBHBIX YPABHEHMI:
— MeToj BO3BeleHMsA ofenx HacTeil ypaBHEHHs B OJHY M Ty e
'eIIeHb;
— MeTOJI BBE/ICHUA HOBBIX IIePeMeHHBIX;

— GYHKIUOHAIBHO-TPADHUECKUIT METOA.
" Ecam MCHONb3YeTCA MeToj Bo3BeleHus ofeux yacTeii ypaBHeHU:A
LOfHY ¥ Ty Xe 4EéTHYIO CTeleHb, TO BO3MOXHO MOABJIEHHE M0CTO
JOHHMX KODPHEil, 3HAYMT, 06A3aTeNbHA NPOBEPKA BCEX HAACHHBIX
eIMeHUli — 06 TOM MBI FOBOPHJIH M paHblle, B Kypce aareGpbl
3-r0 Ki1acca. Bosee mogpo6HO 00 MPPAIMOHATLHBIX YPABHEHHAX petb
foiaéT B raase 6.

Omeem:
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i OTPUM B KayecTBe mpumepa (HPyHK- WETI

§ 9. CmeneHHble (yHKYuUU, ux csoiicmea u 2padpuxu ) c:Mxx.sl') s 4 DR R~ TV n ;f:_

Cmenennbinu pynxyusmu massBaoT GOyHKIHM BHAa y = X', rae #+00). [Tocrponm Ha 3TOM Jyde rpagpmu- Sy e
r — moboe panMoHANBHOE YHCTO. pyEKIMi y = x° (BeTBH nApaGosl) B y = x°

enerit pag rakux GyHKumit Mbl ¢ Bamu yke nayuniau. Tak, ecau 3b KyOuueckoit napabosisl) — oTH rpadury Id \
T — HaTypanbHOe WHCNO (r=n), TO nonyYaem GyHKIMIO y = X' rpa- pascens! Ha puc. 20. O6parure BHuManme: [ =]
(GuKH ¥ cBoifcTBA TaKMX GYHKIMIT BAM M3BECTHLI U3 Kypca anarebper arepsase (0; 1) kybuueckas mapaGosa pac- O (I
7—9-ro xnaccos. Ha puc. 14 maobpaxén rpapux Gyskmun y = x! BacTca Huske, a Ha oTKpbITOM Jyyde (1; +00) % % % ES
(upsimas), na puec. 15 — y = x* (napabosa), Ha puc. 16 — y = x* 1e nmapaboJibl. = - 2
(xybuueckas mapabosa). I'paduk cremennoii dyrKUMH y = X" B cayuae deTpyano ybeanThca B TOM, 4TO rpadpuk Puc.

qérHoro n (n = 4, 6, 8, ...) noxosx Ha napa6ony, a rpadMK cTenenHol
dyHEKIMY ¥ = X" B cayyae HEYETHOIO 1 (n=5,1,9,..) — na kybuue-
CKY10 nmapaboary.

Kiuu y = x° IpOXOAMT Yepes TOYKH (20; 0) p

; 1), kax u rpadpuxu QyHKOMH y = X7, ¥ =2.§ . IIpu ocranbEBIX

HUSAX apryMeHTa X rpa@uk QYHKINHA Y = X°° HAXOAUTCH MEKAY
“n 1 kamMu Qysknui y = x° u y = x° (puc. 20). IMouemy? Cmorpure.

Bexw r==n, 10 monyuaem pymxmmo y = x°*, v.e. y = > O TRREE 1) Ecnin 0 < x < 1, 10

; it <l

\/x_ﬁ<\/;;<\/_‘;

< aH<ixt,

GYHKIMAX MBI POBOPHJIH B Kypce anre6pul 9-ro kiacca. B cayuae
YETHOrO N rpadMK UMeeT BHA, Kak Ha puc. 17; B ciayuae HewéTHOrO
n — Kak Ha puc. 18.

Haxkonen, ecin r= 0, 1. e, peub HAET 0 hyHKUMH y = x°, 10 0 Heit
¥ TOBOPHTEL HEMHTEPECHO, MOCKOJIbKY 310 (hYHKIMUA y=1,rpe x #0;

'2) Ecu x > 1, To
rpaduk uzobpaxén ua puc. 19.

xf < a® < 2%

men’ uamn ~ i= V< <
+ X ] [ y 22
oy YRR B S
i £V >
7% H 1 e [ = x*® uzobpaxén na puc. 20 (cniomHas Ju-
x | A\ 17 T Tpadmk dpyuxuun y = x*° n3obp 0
11 {1/ - ] H L_; f f 51). IIpumepHO Tak e 00CTONT Ae0 A/ 11000i CTeNeHHOH QYHKIHN
=] ﬂj&e;ﬂi * EEN/ ? l f _! ia y = x', rae r = % — HenpaBuiIbHAaA APoOL (uncaurens Goabme
) [ L J
Puc. 14 Puc. 15 Puc. 16 [amenared). Eé rpapukom sapaserca Kpusas, NOX0XKas HA BEeTBb
' ' . abosbl. YeM Goiblie MOKA3aTeN b ', TeM ¢Kpyue» ycTpeMJIeHa aTa
I 110 I 11T T . NGB
S 1 g_y I H 1 ‘ prBas BBep i .
EEEN : ‘\lL 4 ] il Caoiictsa pymkunn y = x*, rae - > 1:
R B s
— ’I -1 ) F" > 1 " ‘ 1) D(f) = [0; +°°); N
: . - - o ! 'D 2) He ABJAAETCA HU YETHOI, HY HEYETHOI;
S, 1 - O f] 3) Bo3 [0; +00);
1 pacraer Ha [0; H
L lo @ % I H~~ ‘IL | [ ‘Jﬂ' 4) He OrpaHMYEHA CBEDXY, OrPAHUYEHA cuusy(:)
i ‘ ero 3HAYCHNA; Yyu = 03
Puc. 17 Puc. 18 Puc. 19 2; :;;:;:B:xfﬁonbm
Teneps mosrakomumes ¢ pyHKIUsIME Yy = X', rae r — nonoxwu- T) E(f) = [0; +20);
TeJbHOE MJIM OTPHILATeIbHOE APOOHOe YHCIIO. 8) BHINYKJIA BHHS3.
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Cnenaem HekoTopsie KoMMeHTapuu K csoiicrBam 1)—8). CpoiicTea

1 &,
nz: 2) nocraTouno scusl. CBoiicTBO 8) MBI JOKa3aTH He B COCTOAHUY,
KOJIBKY y HAC HeT (JOPMATILHOIO ONpeseseHNs BEITYKIOCTH, orpa-

HUYAMCA HAMNIAZHO-UHTYUTUBHBIMHY I eACTaBJICHUAMH. J.onameu
p

m
Iyers f(x)=x", 0<x, < x,. Torga X' < xp, Yxf < YxP, .0
L] O

n ;
[t < x5t

meTHTax, 13 0 < x, < x,cnenyer f(x,) < f(x), T. e. pyuruns Boapac-

Hoxasxem cpoiictso 4). OrpanuuenHoCTH (byHKIMM CHH3Y OueBM/IHA,

llilocxom,xy AN 106010 x > 0 BRINONHAETCH HEPABEHCTBO x% = 0.
5 €OrPAHHYEHHOCTH CBEPXY JOKAKeM METOAOM OT MPOTHBHOTO: npes-
0JIOMHM, UTO QYHKIMA OrPAHHYEHA CBEPXY, T. €. CYIIECTBYET YHCII0

M > 0 rakoe, uro
g Ans moboro HeoTpUIATENLHO
rO X BBINOJ
HepaseHcTBo f(x) < M. e

n

Bosbmém Ha sayue [0; +00) TOYKY Xo = (M + 1);. Torapa f(x,) =

=((M+1)")" =M+1>M.
9TO OPOTHBOPEUHT NPEANONOKEHHIO O TOM, 4TO AJAA J106Oro
HEOTPHIATEILHOI'O X BBHINONHACTCA HEPABEHCTBO f(x) < M. 3raunr
Halle OpeAnonoXkKeHHe HeBepHO, DYHKLUHUA CBEPXY He orpanmeﬂa’
Orciona, keratu, cpasy CJefyeT ¥ CBOMCTBO 5). -
CgoiicTso 6) Gyaer obocoBano HuKe. Haxogrer, croiictso 7) cie-

AYyeT U3 Toro, HelpepsIBH q)y
T HTO Tpe; BHas HKIHUA OlOﬁpamﬂe’l’ OPOMEKYTOK

m
Paccmorpum crenennyio dynkmuo Y = x" ANA ciayuas, KOrga

n

m 35,
o 1). Beé pacemorpensoe B § 5 B

OTHOIIEHNH (DYHKIHUH Yy = Ux, x> 0, nau, uro
1

npaBuibHas Apobs (0 <

L[ T T T 17
- lll(')zéx'+! TO ke camoe, y = x" (eé rpapuk m306parkén
! ( <1)4-- Ha puc. 6), MeeT MECTO M IO OTHONIIEHUIO K
= % %

1 G — m060ii crenennoit pyHKun BUaa y = x', rae
of T+ { - r'= 7, ~ TpaBHiIbHAA ApO6L (UMCAHTENH

|
MeHbIne 3HaMeHartexdn). I'padux pyHkIUM
Puc. 21 Y = x" u3obpaxén (cxemaTHueckn) Ha puc. 21.
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m

n

m

piicBa dynkmmn y = x", e 0 < 7= < 1:
D(f) = [0 +2);

e ABJISeTCA HU YETHOW, HH HEeUETHOI;
Bospacraer Ha [0 +00);
| He OrpaHUYeHA CBepXY, OIPaHNveHa CHHU3Y;
| e mMeeT HAMGONBIIErO SHAYEHNA; Yyww = 03
| HenpephIBHA;
(f) = [0; +°°);

BBINTYKJIA BBEPX.

~

0CTAJIOCh paccMOTpeTh CTEHneHHYIO
m

pugay = x ". O6nacts eé onpejene-

H 2R =
- orkperTeiit ayu (0; +00). Buie M1 mo- -1 Aade
u rpaduk creneHHoi GyHKouY y = x ", *1 11 !
— parypansHoe umcno. Hpu x > 0 |-¢ 1}“ =R {~ A
MK QYHKIMM y = X " MOXOK HA BETBL P&Ejz =

pGoant (puc. 18). Touno Tax ke odcTOUT

) 115t 0001 cTeneHHON (YHKINK BUAA J = X ", rpadmK KOTOpOit
én Ha puc. 22. OrMeTnM, 910 rpadux AaHHON (DYHKIMHA HMeer

MBOHTATBHYIO AcHMITOTY ¥ = () ¥ BEPTHKAIBHYIO ACHMITOTY X = 0.

m

CBoitcTBa PyHKIMH § = X "

1) D(f) = (0; +2°);

He ABJIAETCS HHU YETHON, HU HEUETHOM;

youisaer Ha (0; +99);

) He OrpaHUYeHa CBEPXY, OrpaHuYeHa CHH3Y;

He uMeeT HM HAMOOABLIIero, HM HAUMEHBLIEr0 3HAYeHN A

HenpepsIBHA;

7) E(f) = (0; +°);

BBINTYKJIA BHU3.

JlokaskuTe CAMOCTOATENBHO csoiicrsa 3), 4) u 5).

'Br1, HaBepHOE, 3aMETHJIH, YTO Mbl TIOKA HUYEro He CKasauiw o

crBe AuddepeHIMPYEMOCTH CTeHeHHON (DYHKIHH. Hauuém n3-

IeKa.

Mp1 3HAeM, YeMy paBHA NPoM3BoAHAA QYHKUMM y = X", e » —

paIbHOE YUCJIO:

(1)

HeTpyaHOo HaiTH NPOMU3BOAHYIO cTenenHoil QYHKLUMH Yy = X ", TAe
| — garypasnbHOe 4mcso. s aTOro HajAo IepenmcaTh BhIpayKeHHe

(xn)l = nx!rl.
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!

1 |

|

1

-n

Apobn:

- (3]

Hrak, ana moboro x # 0 crnpaseanuBa Gopmyna
(x™) = =px™2,

DPopmyst (1) 1 (2) MoxHO 06BeAUHHTS B OfHY:

‘ (x™) = mx™!,

= 2" -1.(x") _ 0.x" - px! !

( x" )2 xzn

L 2B
x2n

=-nx™"!

(2)

(3)

rae m — moboe nenoe yucao (Kpome HYJ1H).

=L

2Jx

Wném panevine. Mei 3Haem, uro (\/; ) ATy GopMyTy MOKHO

3aMUCaTh CIeAYIOMHUM 06pasom:
1y 1
2) _ 1.3
(x ) =% (4)

" dopmyana (3), n Gopmyna (4) asagior
s CHl YACTHBI
obuiero yreep:xaeHus. i

Teopema. Ec:nu x> 0ur — payuonanvroe wucno, mo npou3eod-
HAR CMENnenHol Pynkyuu y = x" ewyucasemes no Qopmyne
)=, (5)
:I[ o foa arenscrBo. Ecan r — nenoe uncno, 1o dopmyna
(x)" = rx""! Bepra — 310 yiKe foKa3aHO BHIIIE, 3HAYHUT, HAM OCTAJIOCH
Aokazarb Gopmy.y (5) ans cayqas, Korga r = =, raem € Z (m +#0),
n
ne N,n#1.

1
x",r.e. y= \/;, ABNSA-
eTcs 06paTHO 110 OTHOIIEHHIO K DYHKIMH X = Y". BHAYMT, MBI MOKEM

BOCHO/IB30BATHLCA npaBuioM auddepenuuposanus obpaTHON PyHK-
uuy (M. «Anrebpa ¥ HAYAIA MATEMATHYECKOTO ananmnaa—10», § 42),

Ilycrs ans Havana r= . DyHKIUA Yy
= L

G if
= =« Ioayuum:

COIJIACHO KOTOPOMY s
x'l

*\ 1
=

’ ]'r
Y. = (x") =

"y

<

il
| L. g
"T'x ,T.e.‘l'rommr

1
Hrak, Mbl gokasanu, 410 (xr) =

BN

tdopmyaa (5) Bepua.
‘ "

X" B BHAE — W
il pC BOCITO/IE30BATECA NPABUIOM AH(XDepPEeHIUPOBAHUS

)
[ % m
accMorpuM obmuit cayuaii: r = —. Bocmoabayemcst TeM, 4TO
¢ n

1
= (x")", u npasunom AuddepernnpoBaru CJIOKHON (hyHKIUH
Anre6pa m Hauana mMaremartmyeckoro aanuza—10», § 42).

A1 4 iqg
= mx’l n x'l

3 1 1 3
) = (")) = m@x")"" - (z") n
n.

m L= m
cX" ,T.E.UTOANAT = —
n

m
[rax, MbI 0Ka3ann, uto (x") =

Mysia (5) BepHa. TeopeMa IOJHOCTBLIO AOKA3AHA.
auddepennupyemocty pysxuny y = ¥ Ha (0; +0°) BhITEKaeT
' HenpepbiBHOCTE Ha (0; +00),

Ipumep 1. Haitn Haubobinee n HauMeHbIee 3HAYCHUS PYHK-

El
‘- = xz;
a) Ha orpeske [1; 9]; 6) na nuTepBae (0; 4); B) Ha ayue [25; +°°].
] 3
Pewmenue. Boconpayemes TeM, 4to GyHknus y = x* Bospac-
T ¥, CJe/0BATEJBHO, CBOM HAMMEHbIIee W HauboJbIee 3HAYCHHS
AraeT COOTBETCTBEHHO B JIEBOM M IIPABOM KOHIAX 3aJaHHOrO
DMEIKYTKA, eCJIH, PA3yMeeTcs, KOHI(bl IPOMEeKYTKA NPHHALIeKAT
[OMY TIPOMENKYTKY.
3
2

3
2

Vo' =3'=21.

6) 3/1ech HET HH HAMMEHbIIero, HH HaHGoIbIIero 3HaYeHns QyHK-
{1, TOCKOJBKY KOHIIBI IIPOMEXYTKa — Touku 0 u 4 — uHTEpBATY
; 4) He MpHHAJUJIEKAT.

3
PB) Vs = 25°

B2) Vuauu = 1 1 Yus=9

V25" = 5'=125; Yy me cymectayer. W

M pumep 2. Haitrn raubosbiiee ¥ HanMeHbIIee 3HAYCHHA PYHK-

3
16,5 _1

My = 3 3 x* na orpeske [1; 9].
Pemenune. BocnoasayeMes ajiropuTMOM OTHICKAHUA HAMOOIb-
0 ¥ HAMMEHBIEero 3HAYeHHit HenpPepPHIBHON (DYHKIUM Ha OTPesKe

eM. «AnreGpa u Hauasa MareMaTHueckoro anannsa—10», § 46).
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2) Ilpoussognasn CymecTsyer npu scex x > 0, guaumr, KPUTH-
HECKHUX TOYeK y DYHKIHU HeT, a CTAHOHADHEIE HalnéM U3 yenoBus
¥ = 0. Umeem:

8Jx — x*= 0;
8Vx = a7
(8vx)" = (aty
64x = x%;
x(x* - 64) = 0;
X =0; x,=4.
Orpesky [1; 9] npuragnesxur rums TOYKA X = 4,

3
3) CocraBum Tabauny smauvenmii byaxman y = l?ﬁxz - %x“,

BKJIIOYMB B HEé KOHI(bI OTpe3Kka — TOYKHU X

=1wmx=9 — u naiigen-
HYI0 CTAIIMOHADHYIO TOMKY X = 4,

z 1 4 9

1
5 = -99
y 213

Takum 06pasom, .. = ~99 (nocTuraercs B Touke x = 9);

Yiinis = 21% (nocTuraercs B Touke x = 4). |

2
Npumep 3. Peunts ypasuenme x9 = 12 — x.

Pemenne. Herpyguo 10700paTh OAMH KOPEHb 9TOr0 yPaBHeHMA:
x = 8. B camom pese,

2
8 =Y8" =4m12-8=4,

3HAYMT, NPy X = 8 ypaBHeHue obpamaercs B BEPHOE YHCJIOBOE pa-

BEHCTBO 4 = 4,

2
Tax kax crenemmas dymxnus y = x® Boapacraer, a aumeii-

Haa GyHkuua y = 12 - x y6uiBaer, 10 APYTHX KOpHell y ypaBHeHus
HeT.

Omeem: 8.
62

2
umep 4. [locrpours rpadux Gysknmm y = (x — 1) -2,
menne. 1) IlepeiigéM K BCroMOraTeJbHON CHCTeMe KOOp-
‘¢ HauajoM B Touke (1; —2) — nNyHKTHpPHBIE NpAMbIEe X = 1 U
mposejeHs! Ha puc. 23, a.

T n

Puc. 23
2
«IIpuBszkeM» QYHKIMIO Yy = X ¢ K HOBOf CHCTeMe KOODAMHAT.
" Oyner Tpebyemsit rpadux (puc. 23, 6).

pumep 5. CocraBuTh ypaBHEHHEe KACATEIBLHOMN K rpaduky (PyHK-

2
)y=%a1~o‘me:¢=1; 6) y= x * BrTouKke x = 1.
emeHue. HanoMuum obmuii BUJ yPaBHEHUA KacaTeJbHOM:
: v = (@) + f'a)x - a). Q)
NOJb3yeMCsl AJTOPHTMOM COCTABJEHMS yPaBHEHUs xacaTe:;b-
(cM. «Asrebpa un Hauana MatemMaTHueckoro anannsa—10», § 43).

) f(x) = i
1)a=1;

2) f(a) = f(1) = % K
3) fi(x) = -;1—2; fla)=f(Q) = _ILZ i

4) Ilopcrasum Haiinerusie uncaa a = 1, f(a) = 1, f(a) = -1 8
7):
myay (7) )
y=2-x.
2
6) f(x) = x *;
a=1;

2 f@=f1)=1=1;
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2
2 -£-1
=-S.x3

N = =5 x 3 1)

Sl 2
3 3

4) TloacraBum HaiineHHbIe umcaa a =

1, fa) = 1, f(a) = ‘%
B opmyay (7):

2
y=1-3(x-1)
= -2
y= 3x+

Omeem: a) y = 2 — x; 6)y=—§x+

wior

2
Bameuanwue. Mpadhux Gyrkmun y=x * noxox Ha BeTss runepboab

=1
yas 0ba rpaduka HMEKT CBOMMM ACHMIITOTAMY OCH KOOpAMHAT, 00a rpacu-
Ka npoxoaAT 4epes Touky (1; 1). Ho nx nosesenne s rouxe (1; 1) PA3IMYHO,

¥ HHX, KaK MLl YBHJEJH IPH PelleHHH NpHMepa 5, PasHble KACATENBHEIE
B 210it Touke (puc. 24, 25).

T
o= f
N | ] <IN\ 1 ]
.f | 1 y= ';.‘-
ol 115 ol 1% &
20N HHH AN
Puc. 24 Puc. 25

CymecTsyer A0BOJLHO KpacBell crocob MOCTPOEHUA KACATeNBHOH K
rpagury crenennoil GyHKUMM Y = X B TOUKe X = a, rae a > 0. Cocrasum
YPABHEHHE KacaTe/IbHOM B obwem suge (y = f(a) + f(a)(x - a)); ana 3agaHuOll
CTeNeHHON (PYHKIUM MOMYIHM

y=a"+ra"'(x - a).
HaitiéM TOUKy nepeceueHus KacaTeabHON ¢ 0ChIO X, T. e. c upamMoit y = 0:
0=a"+ra"\(x - a);
a+rix-a)=0;

x_r—l
T as (8)

] L] Y | B
Y AER Jy=+
5/ Jr
y=x N ]
] /|
H \ / m o/l
TS (2a X
ol [, X | /il Y
HEE 1< | 1 1]
BLJEEEE
i [ 1
mEEE | |
Puc. 26 Puc. 27

UM 00pasoM, 4To0B! MOCTPOHTE KACATEIBHYIO K rpaduKy PyHKIHH
-1

: B TOYKe X =a, rpe a > 0, HYXHO HAWTH HA OCH X TOYKY X = amn

NPAMYIO Yepe3 9Ty TOUKY M TouKy kacanus. Ecau, nanpumep, r= 2,
2 _a
peus HAST 0 (PYHKIMK ¥ = X7, TO 1o (hopmye (8) nonyuaem x = 3 910

GgHT, 4TO 1A MOCTPOEHNS KACATENbHOM HYXKHO PA3JEAHThH OTPE30K [0; a]
| X TIONOJAM M HOJYIEHHYIO TOYKY COeAMHATD C TouKoit Kacanus (puc. 26).
3 r = 3, 1. e. pedsb HAET 0 hyHKIEM Yy = X', TO N0 dopmye (8) mosryua-

x = -232. Cnocob mocTpoeHus KAacaTe]bHON NOKA3aH HA PHC. 27. Ecau
1 =
1, 7. e. peub WAET O DYHKIUY § = pe) 10 1o opmyne (8) nonyuaem x = 2a.

0co6 mocTpPOeHNA KACATENbLHON NOKA3aH HA& PUC. 28. Eciu, HaKomnen,

%, T. €. pedb HAET 0 QYHKUHH Y = \/’-, To no Gopmye (8) monyuaem

~a, Crioco nocTpoeHnst KacaTelbHON NOKa3aH Ha PHC. 29.

AT EEEED W 2t

s u T T

s = o Vs

T O azla\ x —al0] | a 12
C¥ = 2T
[ |
1 ]

Puc. 28 Puc. 29
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IIpumep 6. Iloctpours rpaduk pymrmmn y = {sin’ x,

Pemrenne. Orverny HeKOTOPBIe cBOMCTBA 3a8aHHOM hyHKIH, KOTOpEIe

OOMOTrYT HAM HOCTPOHTH €€ rpadmxk.
1. D(f) = (=o0; +00),
2. DyHKIMA NEPHOANTECKARA, 66 OCHOBHOM nepuoj pases n. B camom nee,

,,1 - cos 2x
(DYHKIMIO MOXKHO NIPeoSpasoBaTs K BUAY v=3% 2 » OTKYZAa U caeayer,

3 2n
UTO €€ OCHOBHOW 11epHOj pasex bl (cM. «AnreGpa M HaYaIa MATEMATHYECKOTO

anasmsa-10s, § 9, 16, 19), 7. e. n. 3naunr, 4robH TIOCTPOUTH BeCh rpaduk,

HYJKHO NOCTPOMTH BeTBb rpaduka Ha orpesxe [0; ], rae sinx > 0, a aarem,

BOCTIONL3OBABIINCE NEPHOAMUHOCTEIO (DYHKIMH, OCTPOHTE BeCh rpaduk.
3. Haiiném nponssoAnyio 3aianHOi GyHKIMM:

2cos x
3Ysin x 3

Haiigém cranuonapinle H KpuTHUECKHE TOYKH (byaxuun Ha orpesxe [0; n]:

y L 2 1
y = ((sm x)"‘) %(sin x)* ' . (sin x) éz-(siu x)?.cosx =

’
- o= na
¥ =0, xoraa cosx =0, 7. e. npu x = 3 ¥’ He cymecrsyer, korga sinx = 0, 1. e,

npu x = 0 wan npn x = 1. B 06enx KpUTHYECKHX TOUKAX (r. e. B Toukax 0
U T) 3aganHan GyHkuua obpamaercs B 0, a B CTALMOHAPHON TOYKe X = X
2
suavenue GyHKLHM pasHo 1 — aro rouka MakcuMyma. J[pyrux Touex ske-
TPEMyMa Ha PACCMATPHBAEMOM OTPe3Ke y QYHKIMH HeT.
T T 4. DynKIusA HENPEPLIBHA HA Beeil YuCea0BOl
1 npsAMOit.
: =
1 Berss rpauxa saaHHON GyHKIIM Ha 0Tpeske
[0; ] npeacrasaena na puc. 30, a secs rpapuk —
Ha puc. 31. OGpaTuTe BHMMaHMe: B KascaoH H3

0

I

KPHTHYECKHX TOUeK (9TO Touku BuAa x = 7n)
Kacare/bHas K rpaMKy NepneHAUKYAApHa ocH

abenuce. |
A

.

/-

Puc. 31

10. W3BneveHuUe KOpHel U3 KOMNIEKCHbIX Yucen

) CHX 1IOP MBI FOBOPHJIY 00 ONepanuy U3BJIeYeHN KOPHA U3 jleii-
[(bHOI'O yMcaa. A Kak 00CTOMT [eJI0 Ha MHOMKEeCTBe KOMILIeKC:
cenn? TIpexie ueM roBOPHTH 00 9TOM, BCIIOMHMM BKDATIe, 4TO
BM 0 KOMILIEKCHBIX uMcaax u3 Kypca 10-ro kiacca.

o€ OTJIMYHOE OT HyJs KOMIUIEKCHOE YMCJIO 2 MOKeT OBITh
HO B ABYX (opMax: B anredpamveckoil ¥ B TPHUIOHOMETpHYE-

b

&t
P

._A)lredplullecxaa topma Tpur P

z=x+1y 2z = p(cos a + i sin @)

p=x* + 45 p=|z|
P — MOAYJbL YMCHa 2

e 2 — jeiicTBHTEIBHAS YACTD 2
y = Im z — MHEMaA qHacTh 2

refpanueckas 3anuch (3amMCh B JEKAPTOBBIX KOOPAWHATAX)
AuHA: PABEHCTBO JBYX KOMIJIEKCHBIX YHCeJ O3Hayaer, 4To
1 MX JIeCTBHUTEJbHBIE YACTH M PABHBI MX MHuMBIe dacTH. Ko-
TOBODA,

: Xy iy =Xyt iy S Xy = Xy, Yy = Yoo

| TDUrOHOMETPHYECKOi (popme GoJIbIIIe HEONPeeIéHHOCTH:

pi(cosay + isiney) = pylcosa, + isinay,) <
< Py =Py Oy — O =210, nE Z.

MMHP CJI0BAMH, MOAYJIbL P = |2| JAHHOr0 KOMIUIEKCHOrO YMejaa 2
JIeJIEH OZHO3HAYHO, & BOT K YHCJY O MOXKHO npubaBaATh YHCia,
e 21, — Bejib 9T0 NePUO/] TPHIOHOMETPHUYECKHUX (DYHKIMIT KOCH-
{ curyc. V3 Beex BO3MOMKHBIX TPMIOHOMETPHYECKMX 3anuceil unc-
KaKk NpaBuJIo, BRIOMPAIOT «CaMyIO POCTYIO»: B Helt o € (—m; 7).
/I0 3aIMCh Mbl HASBIBAIH CMAHOAPMHOU MPUZOHOMEMPULECKOU
0il, & 00 — AP2YyMeHmoM KOMIJIEKCHOTO YHCIa 2.

puc. 32 npejcTaBieHa reoMeTpUYECKas MHTePIpPeTalus Yucia
@ + bi = p(cos¢t + isin0) B KOMILIEKCHON IUIOCKOCTH.

i

Y

(0
A

>

=Y

o>

R\

Puc. 32
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