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Yeasncaemvie cmapwexnaccrnuru!

B aTom roay BBl 3aBepluaere u3y4eHHe IMIKOJBHOTO Kypca Ma-
TEMATUKHU. ABTOPBI IOCTAPAJMCH IIOMOYbL BaM KaK B M3YYeHUH
HOBOTO MaTepHaya, TAK W B IOBTOPEHUM H3YYEHHOrO paHee.
3HATE MaTeMaTHKy — OTO 3HAYAT yMeTh pellaTb 3ajadu.
HNmenno samaum Bam npejcrouT pemarts Ha EID. B yueGuke
3a/1au¥ Pa3HOM CTEIIeHH TPYAHOCTH.

B sajauyax, HOMepa KOTOPBIX He HMEOT obosHayeHHii, BLI He

JIOJIKHBL MCHBITATh 3aTPYAHEHAH, S3HAUKOM « o » OTMEeYeHEI 3a1a-
HHfA, B KOTOPBIX NYTH K OTBETY, KaK MpPaBHJIO, CBA3aH C He-
KOTOPBIMH TEXHHYECKUMH CJIOMKHOCTAMHU.

3azaum, HAJL KOTOPBIMH CJIeyeT MOAYMAaTh, UMEIT 0603HaAYe-

e «®». Ilnanm PelleHns TaKHMX 3a4a4 MOJEe3HO OOGCYIHTH B
KJIacce C y4uTeJIeM.

CumBosioM « *» 0603HaUeHBI HaubOIee TPYAHBIE 3aaUN.

3HAUKOM « Ml » OTMEYeHBI 3aAaHUs, KOTOPLIE CIEAYeT BBIIOJI-
HATHL C IOMOINLIO KANbKyIATOPa. B yue6HUKe paccmaTpuBaercsa
KaJIbKYJIATOD ONepanuoHHoi cucremsl Windows.

ITpu nsyuenun maremaTnku B 11 Kiacce BaM IIPeICTOUT CTPO-
HUTh MHOTO rpagukos. B HeKoTOpPBIX caydasax paboTy B TeTpagm
IIOJIe3HO COBMELIATD, & MHOTJla U 3aMeHAThL paboTol Ha KOMIbIO-
Tepe B OJHO U3 KOMITBIOTEPHBIX IIPOI'DAMM IIOCTPOEHUSA U UCCJIe-
AOBaHMA rpa@uKoB QyHKIUI 1 ypaBHeHUM. Takue nmporpamMmel
cBoGozHO U 6ecrIaTHO pacupocrpansaiorea B MHETepHeTe. Mol pe-
KoMeHJAyeM JBe pycuduuupoBaHHble nporpammbl GeoGebra u
WinPlot, a Takixe asiekTpoHHOe TPHIOKEHHE K y4e0HUKY,
KOTOpOe pa3MellleHo Ha calite www.drofa.ru.

IIporpammy GeoGebra mMoxHO ckauaTh 6e3 perucTpanuu ¢
camra http:// www.geogebra.org. Ha aTom e caiiTe BBI geTajibHO
IIO3HAKOMHUTECH C BO3MOXKHOCTAMHU IIPOTPAMMBI.




B Tekcre yueOHHMKa peKOMeHJAIlUA MCIOJAL30BATE KOMIIbIO-

TepHbIE IPUJI0KEeHUA 0003HaAYAETCA CUMBOJIOM jﬂ% ;

BmecTe ¢ OCHOBHBIM MaTepHajioM, U3y4eHHe KoToporo obsasa-
TeJbHO, B yueOHHKE eCTh U AONOJHUTEIbHBIA MaTepuall, 3HaKOM-
CTBO C KOTODPHIM KejaTeasHo. Hauaso QOIOJHUTEJIBHOIO MaTe-
puana obosHauaercs « ¥ », a KOHeIl — «/\ ».

B pasgene «OcHOBHBIE (DOPMYJILI» B KOHIE y4eOHMKaA BBl MO~
JKeTe HaUTH HYKHYI0 (DOpMyIly.

Pemus 3afgauy, cpaBHUATE CBOIl OTBET C OTBETOM B yueOHHUKE.

Eciy BHINONHUTE 3afaHUe Bbl He MOjKeTe, TO IPOYHUTaiiTe co-
BET K 3ajia4ye MJIM MOCMOTPHUTE €€ pelreHue. B 3ToM BaM MoMOryT
pasaensl «OrBerbl», «CoBeTnl» U « Pemmenus».

Kaxaplii IVHKT Y4eOHMKA 3aBepIIaeTcA KOHTPOJBHEIMHU BOII-
pocaM¥ W 3aflaHWSMH, a K IjJaBaM yuyeOHHMKa Ipejjiaraiorca J0-
MAaITHHe KOHTPOJIbHBIEe paboThl ¢ YKazaHueM MPUMeDPHOro BpeMe-
HH, HA KOTOPOe PacCYUTAHO UX BHITIOJHEHHE.

BajaHAA AOMAIIHUX KOHTDPOJBHBIX paboT pasbuTel Ha TPH
YPOBHS, KOTOPBIE COOTBETCTBYIOT YJAOBJETBOPHUTENBHON, XOPO-
mel ¥ OTJIMYHOM OIleHKe, TaK YTO Bhl CAMH CMOMKeTe OIeHHUTh
CBOHM MATEMATHYECKHE JOCTHKEHHA.

Eciu BBEI MOZKeTe OTBETUTH HA KOHTPOJILHBIE BOIIPOCHI, CIIPAB-
JsieTech ¢ KOHTPOJIbHBIMHY 3aJJaHUAMHU U BBIIIOJIHHMIN JOMAITHIOK
KOHTPOJIBHYIO paboTy, 3HAYUT, MaTepuaJl BAMH YCBOEH.

B koHIe yuebHUKA MMeeTCs IPeJMeTHBIH yKasareib, 0COOeH-
HO I10JIE3HBIH IIPY IOBTOPEHUU.

B yuefHUMK He BOIILJIN MHOTHE BaKHble M MHTEpPecHbIe Mare-
MaTH4YeCcKHe BOIPOCHI, IIO9TOMY JJIA TeX, KTO WHTepecyeTcHA Ma-
TEeMAaTHKOH, B CIPAaBOYHOM pas/ese ydyeOHUKa MMeeTcs CIHCOK
IOMOJHUTENIbHON ITUTEPATYPHI U MHTEPHET-PECYDCOB.

Aemopul scenarom 6am ycnexos!




lnasa 1

HEMNPEPbLIBHOCTb
U NMPEAEJIbI ®YHKUUU

B mepBoM myHKTe 9TO# riIaBsl Peub MOMAET O PABIUUYUHN MEXKIY
OIMCATeJbHO-UHTYUTHBHEIMU H CTPOTHMH MAaTeMaTHUYECKUMM
onpefeJleHUAMHU, BO BTOPOM IIYHKTE Bbl IIOBHAKOMHTECH C BaK-
HeHIIMM MaTeMaTHYeCKUM MOHATHEM Mpefena (GYHKIUH, a B
TpeTheM IYHKTEe BBIUMCJIEHHEe IIpe/lesIOB M03BOJHUT 0oJiee TOUHO
CTPOUTE rpaUKu QYHKITHH,

(}1 . HenpepbiBHOCTb PYHKLMUM

B 10 xnacce BBl MO3HAKOMHUJIMCH C TEDMUHAMH «HEIIPEPBIBHOCTH
byHKDHM», «IIPOMEKYTOK HEIIPEPLIBHOCTH QYHKIMHA» U «TOUKA
paspeiBa (pyurnum». Ha pucynxe 1 usobpaxkén rpadur xenpe-
PbLBHOU PYHKYUL Y = X2,
1 upu x>0,
Kycouno-zagansaa ¢pyakous y= { Onpux=0, (puc.2),
—1luopux <0
M3BECTHAsI B MaTeMaTUKe KakK (QYHKOUA y = sign x!, umeer
paspsiB B TouKe x = 0.

\ Y [
\ / S
A y
4 y=x?
0T /
\ / y = sign x-
1 0 3 Il |
! y
2_-1-lo] -1 2 [=] I
l 1 [
Puc. 1 Puc. 2
! ®dyaxnusa curym (sign — cokpaiieHue JATHHCKOTO CJIOBA
signum — 3Hak) Gbl7a BBe/leHa HEMEIKMM MaTeMaTHKOM, WHOCTDaH-

HBEIM YJeHOM-KoppecuosHjgenToMm IlerepOyprekoit akageMum Hayk
JI. Kpouekepom B 1878 1.




Fnasa 1. HEMPEPLIBHOCTb W NPEOENBI ®YHKLWKA

ITepBerit U3 rpadMKOB MOKHO M300Pa3UThL, HE OTPLIBAS KApPaH-
paui or 6ymaru, a npu u3o0pakeHHH BTOPOT0 KapaH/aml TpUAET-
cs1 oTopBaTh. UMeHHO HA ATOM OCHOBBIBAJIOCH HA4allbHOE IIpeJ-
cTaBJIeHHe O HelPephIBHOCTH (DYHKIUIM, KOTOPBIM BEI ITOJIbB30Ba-
guck B 10 xnacce. Tak, B yaCTHOCTH, CBOMCTBO COXPAHATH 3HAK,
KOTOPBIM 06JIaZiaeT HelpepbIBHAA (DYHKIUSA, KoTOpad He o0pa-
1aeTcsi B HyJIb HA IPOMEIKYTKE, [I03BOJIAJIO PelIaTh HepaBeHCTBa
MeTOJIOM MHTEPBAJIOB,

x2-3x-4
log,(2x +3) -8 —

PeweHwne.

@ Haiizém rpaHunbsl OPOMEXKYTKOB 3HAKOIMOCTOSAHCTBA
GyHKIIMM, 3aJaHHON JIeBOM 4acThio HepaBeHcTBa. K aTuM rpanu-
aM OTHOCATCA HYJIH YNCIUTENd, HyJb 3HaMeHaTeJd, ¥, KOHEeYHO,
caM¥ IPOMEXKYTKH J10J3KHBI BXoauTh B OJ13 HepaseHcTBa (061aCcTh
JOTMYCTUMBIX 3HaUeHU# nepemenHou x). Ol13: log, (2x +3) -3 #0,

{2x+3>0, {x> -1,5,

2x+3#8; |x#2,5.

Hynu yncaurens: x2-3x—-4=0, x,=-1,x,=4.
Hynb 3HaMeHaTend: x = 2,5.

Mpumep 1. Pewuurs HepaBeHCTBO

(2) OrmeTnM HaliIeHHbIE TPAHMII ¢ Y4ETOM HECTPOTOCTH JIaH-
HOTO HepaBeHcTBa (puc. 3, a).

@ OmnpezenuM 3HAKM (PYHKIUM HA OTMEYEHHBIX IIPOMEKYT-
KaxX " MpoBeAéM KPUBYIO 3HAKOB,

Ha camom npaBoM IIPOMEXYTKE T10-

JIOMKHUTENeH W YHUCIUTe/b, U 3HaMeHa-

@) om3 " renp mpobu, a MpH Iepexoje depes
: V | | rourm4, 2,5 u—1unu YUCIUTENH, NIIH

S . I > BHaMeHaTeJb CBOH 3HAK M3MEHSIOT,
=1,61=1 (2/5/ 4 X  uro BJeyéT M3MeHEeHUe 3HaKa (PYHK-

6) o3 1| IHE (puc. 3, 0).
- s - OTtBeT: -1,6<x<-1;2,6<x<4.
OOpasHBIX IPEACTABIEHUIT 0 He-
IIPEePEIBHOCTH ObLLJIO BIOJIHE JocTaTroy-

1,5 2864 o gua pemeHms pasIMUHBIX 3amad,
' rmoxka pedb muIa 00 BJIeMeHTapHBIX
Puc. 3 dyaxnmuax!. OgHako nepexox K Gosee

! HanoMHHM, YTO K 9/leMEHMAPHbLM OTHOCATCA PYHKIMH, 3ana-
paemble opMyJIaMu, COEPKAIIMME CTEIIeHH, PAJHKAJbL, JOrapu@msI,
TPHIOHOMETpHYECKHe H OOpaTHbIE TPUTOHOMeTpUYecKHe (YHKIIHH,
a TaxKe Apobu u apudMeTHUeCKHe BHAKY AeHCTBHM.




1. HenpepbiBHOCTb hyHKLWK

CJIOMKHBIM YHCJIOBBIM (QDYHKIHUAM 3aCTaBHUJI MAaTEMAaTHUKOB 3aly-
MaThCA HaJ IpobiieMO# CTPOroCTH CBOEH HAYKH M, B YACTHOCTH,
chopMyIMpPOBATE OIIpEZe/IeHHs Ha MaTeMaTHYeCKOM sA3bIKe.
Tak, xax chopMyIHpoOBaHO, HAIPUMeEp, OIpeAeeHHe Bo3pac-
Tarouel GyHKIuMA.

dyuxnua y = f(x) HazeIBaeTCA 603pacmarou el
Ha MHOXMcecmée S, eClu [ JI06bIX ABYX YHCe Xy U Xy,
IpUHAAIeKAINX 9TOMY MHOMKECTBY, U3 X; < X, CIeAyeT

f(xy) < f(x3).

B orsiuume oT 3TOro oupeneseHus, OCHOBAHHOI'O HAa IIPOCTOM
CPaBHEHHH YHCeJI, 'OBOPS O HEIPEPBIBHOCTH, MBI OllePHUPYEM He-
KHM OIHCATEJIBbHBIM IIOHATHEM G03MOMNCHOCMU W300pAHCEHUS
kapaudawom. OTHAKO 3paBLIH CMBICI MTOJCKA3LIBAET, YTO ViKe
TMepBBI M3 YINOMAHYTHIX B 9TOM IVHKTEe rpaduiKoB, rpaduk
byHKIMM y = x2, n306pasuTh KapaHJAlIoOM He/b3d, MOCKOJIbKY
oH OecKoHeueH, a n3o0pakaeM Mbl JIMIOE ero yacTk., Ho ecau rpa-
(buk BOOOIIIEe HeJIb3A M300PA3HThH, TO BOIPOC O TOM, KAK MMEHHO
ero HeJlb3dA HGOGP&SHTB, OTPpBIBAA HJIHM HE OTPHIBAA KapaHIAalll oT
Oymaru, 3By4HT HECKOJBKO CTPAHHO.

O6oiiTu npobaemMy 6€CKOHEUHOCTH MOKHO, PACCMATPUBASA I'Da-
(UK QYHKIUNA Ha He0OJIBIIMX yYacTKax, T.e. B OMMKaHIIux
OKPECTHOCTAX TOYEK rpaduka.

B Touke x, yEROHA Yy = f(X) MOXKeT 0Ka3aThCA HEIIPEPLIBHOMN

(puc. 4) unu UMeTH B Hell paspsiB (puc. H).

/.o %o | k| [ | [x] ‘(_'0
" Puc.4a
Ha pucynke 4 Touka M(x; y), usobpakaiomas ocTpué rpude-

A KapaHfamia, IBUTAAChH 110 rpaduKy QYHKLUH, MOMCem OKa-
3aTbCA KaK Y200HO 6ausko k mouke M(xy; y,). Ilpu sTom Bcé

MEeHBIIIe U MeHbINe OyIyT OTIHYATLCA APYT OT APyra Kak abciuc-
cbl Touek M u M, Tak ¥ UX OpAUHATHI. 3aMETHM, YTO aGCIHCChI

' Pu;::s



Fnaea 1. HEMPEPBIBHOCTb W NPEOENbBI ®YHKUWA

Touex M u M, OTIMYAIOTCS HA | X — X[, & UX OpAMHATHI Ha |y — Y|
(Momynu 37iech TOCTABJIEHBI, 4TOOBI y4YeCTh BOZMOXKHOCTHL IIPH-
G6amxeHus K Touke M, ¢ Apyroi CTOPOHBI, YeM uU300pakeHo Ha
pucyHaKe). U3mensasa abciuccy Touku M, MBI MOKEM TaK YMEHb-
MIKATH 3HAUYeHUe |x — x|, uTo cooTBeTCcTBYIOMEE 3HAUEHNME |Y — V(|
CTaHeT KaK yroAHO MajbIM, T. €. MEHBIINM, YeM Jioboe 3apanee
3afaHHOE MIOJIOKUTEe/IbHOe Yucyo. Ha 3ToM B OCHOBBIBaeTCA CTPO-
roe MaTeMaTH4YeCKOe OIllpele/ieHHe HEeIPePbIBHOCTH (yHKIHNA
B TOUKE.

DyuKnudg y = f(x) Ha3LIBAETCA HENPEePbLEHOU 6 MOYKe X,
ecJu A aoboro yuesa € > 0 cymecTsyer Takoe uucyio § > 0,
uTo |x — x| < 8= |f(x) — f(xp)| <€l

Iro onpejesieHre ObLIO IPEAJIOKEHO 3HAMEHUTHIM (hpaHIy3-
ckum maremarukoM Oriocrenom Jlyu Komn? B 20-e rr. XIX B.

Mpumep 2. JloxasaTk, uTo GYHKINAA iy = 2x + 3 HEIPEepPbIB-
Ha B J11000# TOUKe X.

JokaszaTenbcTBO. s IIPOM3BOJIBHOTO IOJOMKUATEIH-
HOTO YHUCJIA £ HAM HYKHO HAfTH TaKoe YuCJIo 8, uTo0bI M3 HepaBeH-
cTBa |x — Xx,| < 8 caexoBano HepaBeHeTBO |2x + 3 — (2x, + 3)| <.

IIpeoGpasyem nocrenHee HePpaBeHCTBO:

|2 + 8 — (2x, + 3)| <e <
& 2x - 2xp| <e o 2[x - xp| <e

E
& |x— x| < 5"

£
2
eT HepaBeHCTBO |2x + 3 — (2x, + 3)| < €, 4TO M O3HAUAET, COIVIACHO
onpe/ie/IeHUI0, HeNMpPePLIBHOCTD GyHKI KUY Yy = 2x + 3 B TOUKeE X

Jlns mio6oro € > 0 mpu & = = U3 HEPaBEHCTBA |X — X,| < & cexy-

1 3HaK cIeOBAHUSA «=>» HCIIOJB30BAH 3/leCh B TOM K€ CMBbICJIe, YTO
u B 10 KJ1acce, Korja Ija peyb o cjeJJOBAHNN ¥ PABHOCHIBLHOCTHA. A BO-
obie, A = B 3HAYUT B TOYHOCTH TO JKe, YTO ¥ 3HAKOMAasA KOHCTPYKI U
Teopem: « Eciu BepHO yTBep:kaeHHe A, TO BEDHO B yTBepiieHue By,

2 0. Komu omy6auxoBas aro onpepenesne B 1823 r., ofHaro Ha
IecTs JIeT paHbiue ero copMyIMpoBas demcKkuil maremaTurk B. Boas-
[aHO, YbM TPY bl CTATY N3BECTHRI 3HAYUTEILHO o3sxke pador Komrn,




1. HenpepbiBHOCTb (hyHKLMK

ITpumMepHO MO TaKoM e cxeMme JoKasdbiBaeTcsd (axT Helpe-
DPHIBHOCTH JIT060M M3 3JIeMeHTaPHBIX (DYHKIHIA B 110601 TouKe 00-
JIaCTH €€ OmpeeNIeHNA, KOTOPBIA MBI IPUHAIN 6e3 JoKasaTelb-
CTBAa.

v NMpumep 3. JlokasaTh HENPEPLIBHOCTH PyHKUMH y = x?
B TOUKe X, = 1.

NokasdaTenbcTBO. HymxHO HalTH, KakuM CIeAyeT
6paTh YnucyI0 8, YTO6H! A4 J06oro x, Takoro, uTo |x — 1| < §, BuI-
HOJIHAJIOCH HepaBeHCTBO |x2 —1|<e.

x2-1l|l<ee|(x-1)(x+1)|<ee|x—1||x+ 1| <.,

MOKHO Ccpas3y OrpaHMYUTHLCH PACCMOTPEHHEM 3HAUYEHHH X U3
eIMHUYHOM OKPECTHOCTH TOUKH X = 1: 0 < x < 2, Jlna moboro u3

TakuX 3HaveHuii |x + 1| < 3. C yuérom aroro, auas awboro € > 0,
1

B3AB 0 = 3

s HOJIYUHM:

lx-1]<8= |x—1||x+1|<d|x+1|=
=|lx-1llx+1|<8 e |x2-1|<s. A

[ 3ameuanue. Onpesenenue HEIPEePLIBHOCTH (PYHKIMH B TOUKE
HEIPUMEHHMMO, KOT/Ia Pe4b UET 0 TPAHUIIAX 0TPe3Ka, ABIAIINerocs 00-
JacThio onpeneneHund GyHKnuu, JleficTBUTENBHO, IPH X < @ U TIPU X > b
(puc. 6) HepaBercTBo |f(x) — f(x,)| < &, re D(f) = [a; b], Tepsier cmeIc,
Tak KakK He olpefeneHa caMma pyHrnus y = f(x).

B TakMX TOYKAX MOXKHO FOBOPUTH TOJBLKO
00 0ZHOCTOPOHHEH HENIPEePLIBHOCTH, YOUPAs B
onpeieIEHUN HEeNPEPHLIBHOCTH MOAYJIb U3 He-
paBeHcTBa |x — x| < 8. IIpu aTom cooreercr-
BYIOIIafd YacTh OIpejeseHHA OyHer BbITJIA-
JleTh TaK:

0 < x—a<8=|f(x)— f(a)| <& (neupepsis-
HOCTB CIIpaBa)
WJTH TaK:

0 < b—x<8=|f(x) - f(b)| < € (HenpepriB-
HOCTE CJIEBA). Puc. 6

C y4éToM cIeJaHHOTO 3aMedyaHusa cPOopMyJHUpyeM olpejee-
HUe HellpepPBIBHOM QYHKIIHHU,

=Y

1
}
|
|
|_ |
g | TPOL T il

@yHKU,Hﬂ, HenmpepsIBHAA BO BCEX TOUKAaX IPOMeXyTKa,
ABJIAETCA Ha 9TOM LIpOMeRyTHe uenpepusuofé.




Fnasa 1. HEMNPEPbIBHOCTb W NPEAENbI ®GYHKLIMA

Ha pucyske 5 nerxo BuzeTh, 4To B TOYKe X, QDYHKIUSA He AB-
JIfieTCA HeNTpepPhIBHOM — Kak ObI OJIM3KO CJIeBa OT 3TOM TOUKH HH
Opasu x, pasHocts f(x) — f(x,) ocranercsa 6oJybIle HEKOTOPOTO II0-
JOMHUTETbHOr0 uncaa, boasirero 1.

ITockonbkry seMeHTaApHBIE (DYHKIIMM HEIPEPBLIBHEI HA JIO60M
NIPpOMEXKYTKe, BXOAAleM B 00JIacTh ONpejelieHHUs, OHH MOI'yT
MMEeTh Pas3pbiBbl TOJLKO B TOYKAX, OrPAHUYUBAIOIHUX 006JacTh
ompeneneHusa. BepHéMcA K PHCYHKY 5, Ha KOTOPOM rpadui
byaxnuu y = f(x) uMeer paspbiB IpHU X = X. PyHKIUA coBepIIa-
€T CKa4YOK B TOUKe X,. Kak Obl 0,113K0 c/1eBa OT 3TO# TOYKYU MBI HU
Opanu 3HAYeHHe X, 3SHaAUeHHEe |f(x0) — f(x)| ocranerca Gonbie He-
KOTOPOTO TOJIOXKUTETBHOr0 YHCIa. ITO 3HAYUT, UTO JIJIA TOUKH X
He BBINIOJHAETCS ONpeieieHue HeIPePhIBHOCTH (PYHKIIUHA.

Ha pucyskax 7 u 8 mokazaHsl rpa@uku QyHKIHNA, UMEOIIHe
pPasphIB B TOUKE X, KOTOpPad He BXOAUT B 00JIaCThL ONpe/le/IeHn .
OxHAaKO IIpH ATOM B HEKOTOPOM OKPECTHOCTH CJIeBAa U CIIpaBa oOT
TOYKH X, QYHKIUU OTIPEIeIeHEI.

\

(Toqu X, BXOJAIIYIO B 06/1aCTh onpesieleHus PyHKIuu, Ha-
3BIBAIOT MOYKOU pa3puléa PyHKYUWL, eCITH QYHKIIUA
B Hell He ABJIAETCA HeIPEPLIBHOM.
Toury x,, He BXOAAIIYIO B 001aCTh ONpe/ieIeHuA (PYHKITUH,
Ha3BIBAIOT IO4Y KO pa3psLéa yHKYUU, eclI1 U cieBa,
¥ CIIpaBa OT Heé KaK yroAHo O6JHM3KO0 K TOYKe X, eCTb TOUKH,
\_ B KOTOPHIX (DYHKIIUA OIIpejeseHa. )

Ha pucyHKe 7 X0poII0 BaM u3BecTHas rumnepbosia y = =, a Ha

ER

x2
pucyHKe 8 BBl BUguTe rpaduK QYHKIHH I = -

-1

, KOTODBII TpH

L]

I 11
Y =%

v

Puc. 8




1. HenpepbiBHOCTL PYHKUWMK

BCcex X, KpoMme x = 1, coBuagaer ¢ rpaduKoM JUHEHHON QYHKIUHY
1
y=x+ 1. B orinune ot 6eckoneuH020 pa3pvléa QyHKIUN Y = =

2
B TOUKe X, = 0, paspeiB QyHKIHN Y = ’;

-1
BAIOT yempaHuMbLm. ITOT Pa3pbiB MOXKHO YCTPAHHUTE, 0OIIpe-
penuB QYHKIHIO y Tak: y (1) = 2.

B TOUYKe X, = 1 HA3®I-

Mpumep 4. VerpaHuTh paspsiB QYHKITUA

_x-3Jx+2
y x-1 :

PeweHwue. Jlannaa GQyHKIMA MMEET Pa3pbIB B TOYKe X = 1.
YcTpaHuTh paspblB — 9TO 3HAYUT HAWTH HENPEePHIBHYIO (DYHK-
U0, KOTOpas COBIANAeT ¢ NaHHON (PpYHKIHEeNl BO BCeX TOYKAaXx,
KpoMe TOYKH pa3phiBa.

IIpeoGpasyem apodn, 3agaioniyio (QyHKIHIO, paCCMATPHABaA eé

YHCJIHUTEJIb KaK KBa,I[p&THbIﬁ Tpéxq.neﬂ OTHOCHUTEJIEHO ,\/— :

x-38Jx+2 _ (Jx-1)(Jx-2) _ Jx-2
x=1 (Wx-1)(fx+1) Je+1

_ dx-2

Jx+1
[IpM BCeX 3HAUEHHUAX apryMeHTa, KpoMme X = 1, U ABJsAeTCH dJe-
MEHTAPHOM, 8 3HAYMT, HEIPEePBIBHON BO BCEX TOYKAX CBoeil 00-
JlacTH Ol:lpe,n;e.IIeHHﬂ, B YACTHOCTH B TOUKE X — ]. .

x—3J§+2

x-1

DYyHKIUAA Y coBIIazaeT ¢ GyHKInen y =

: Jx-2
OTtBeT: y=2""—"=,

=
YnpaxHeHus

1. Cpeam yxkasaHHBIX (QYHKIMN HaAWAUTe (PYHKINH, HMEO-
Li¥e paspbiBbl. Y KAJKUTE TOUKHK Pa3phIiBa:

1)y=x5+x13+7; 2 npux <0,
2)y=>5x+_; ) y= O 1rpitae =0,
3)y=tgx; 2x npu x > 03



Fnaea 1. HEMNPEPLIBHOCTbL W NMPEAENbLI ®YHKLUWUU

= e— = — = gi - 2 x;
5y x-1 x+2° By Slnizcos > 1
= 3z : & S
6)y 3x +51ng, 9y=<x2nmpu-1<x<2,

1) ChopmynupyiiTe ycioBHe, JOCTATOYHOE IJA TOrO, YTODBI
HelpephIBHASA QYHKIUA UMeNa HYJIb Ha oTpeske [a; b].

2) UcmmonbayiiTe 9TO yCaOBHE AJIs COCTABICHHUA ILJIAHA IIOHC-
Ka Ha orpeske [4; 5] mpubamKEéHHOTO 3HAYEHHMA KOPHA
ypaBHeHHu# x3 — 2x2 — 8x — 12 =0.

3]. HeiicTByd II0 COCTABJIEHHOMY ILIAHy, HalguTe C IIO-
MOIIBIO KAJTBKYIATOPA KOPeHb ¢ TOYHOCTHIO 10 0,01.

Pewmnre metogom HHTEepPBaJIOB HEPpABEHCTBO!:

. 2 i 3x3—2x—1 ;
1) (x2 — 4)(x2 - 9) > 0; By S iy
2x—-1 ’ x+3 -

IIpuseauTe mpuMep GyHKIIUNM, HETTPEPBLIBHOM:

1) Ha MHOKeCTBe JAeiiCTBUTEeIbLHBIX YHUCEe;

2) 1pH BcexX 3HAUYEHUAX X, KpoMme x = 4;

3) npu Bcex 3HAYEHUAX X, KPpOMe X, paBHEIX 1, 2 1 3.

B pesyabratre Kakux npeobpasoBaHuil U3 rpadura QyHK-
nuu Yy = f(x) nonyunurcs rpadpuk QyHKIIAN:

1) y = f(kx + b); 3)y=—f(x); 5)y = f(|x]);
2) y = kf(x) + b; ) y=|f(x+a); 6) y = |f(|x]|?
Ilocrpoiite rpaduk GyHKIAN:

1)y=2x2-1; 4).y=|2cosx|+1;
2)y=sin[2x+ ;’;]; 5)® y = |log,|x - 2[;
3)®y=|2x-2| 6)® y=(|x|-2)%

Ha pucynxe 9 uszobpakennl rpadhuku QyHKIHHI.
1) Kakue u3 aTux (pyHKIAIT:

a) MMelOT pa3pPhIBBI;

6) UMEeIOT YCTPAHUMBIE Pa3PhIBhI?




1. HenpepbiBHOCTL hyHKUMK

Y

Puc. 9

2). Haiigure mis kaMaoro rpa@uka COOTBETCTBYIOLIYIO
eMy (DYHKITHIO U3 CJIeAVIOUIEro CIIucKa:

— 1-x2mpu |x|< 1, 1
y==% x,y={ y=-y=1+Jx+1,

x || npum |x| > 1,

2+ 2x? =28

= 2 — 3 m
- yu=(x|+ 1)y 51nx+x.

y=log,|x|,y=

xnpu x>0,

Bl 3HaeTe onpeaeneHue MOAYIA: x| = { 2 E A .

Ectb nu oromuns y yaxknuii y = x| u y = x + sign x? Mox-

HO JI4 3a4aTh (DYHKUMIO CHTHYM TaK: sign x = %I ?



Fnasa 1. HEMPEPLIBHOCTb M NPEAENLI hYHKLUMA

9.

Kak HaseiBator |x — x,|, ecnu x, — npubnuxéunoe 3uave-
Hue x7

10° Vramure camsrit MIMPOKHUIH YHCJIOBOM HHTEPBAJ, BCE TOUKH

11.

12.

KOTOPOTO YAOBIETBOPAIOT HEPABEHCTBY

1)|x-§|<o,o1; 3) |x—1]|<8&;
2 5 | <0,00 L.
i < El 1;

)‘x |~ 5)® |x — x| < 0,00001.
Banummure B BUJE |X — X,| < 8 ABOIIHOE HEPABEHCTBO:
D-1<x<1; 3)-2<x<0; hy-2<x<1;
2)0=x<2: 4)1<x<38; 6) -5 < x <-1.

Hcnonp3ysa reoMeTpAdecKyio MHTEPIPETAILUI0 MOAYJ/ISA pas-
HOCTH Ha KOODJAWHATHON NpPAMOI, pelIuTe CUCTEMY Hepa-
BEHCTB:

|x-2|<0,6, |x—2|>0,6,
D1lx-1]<0,7; 3 |x-1|<0,T7;
lx+2|<0,7, |x+2|<0,6,
lx +1|<0,6; D1 |x+1|>0,7.

139 [lokaxure, uro muHekHAS DYHKIMA:

1)y=2-5x; 2)y=kx+1
HelpepeIBHA B M1000M TOUKe X,

149® [lokaxure, uro Gynknus y = 3x + |x| HenpepriBHa:

1) B Touke x, = 0; 2) B 00071 TOUKe X,

159 Hoxaxure, UCHOJB3YHA OIlpelesieHle HelpPepbIBHOCTH, UYTO

16.

dyHKIMA y = /X HeupepsIBHA cpaBa B Touke x = 0.

YerparuTe paspblB QyHKIIMH:

_ x4 -3x%+4x2, (2 +x-2)(x+3).
Ly 2 ’ Wy 2 +2x-3
2+ x-6 x—1
2)y="2214 5)y = ;
Jyp=—"5 )y -
x3-3x2-x+3 _ 64— x2

@]
3-x ’ 6~y 23z

3)Oy=




1. HenpepbIiBHOCTL DYHKUMK

17. 1) Haiizure o61acTs onpeseseHns: 1 TOYKH pPasphiBa QyHK-

11820584
a)y = %—j—g ; Lyy= +x ;
ﬁ)y=ﬁ_—8x; n)y=3x__£_c:
B)y=tgx+c—ol—x; e)yzll__4j3—c'

® 2) ngb JIK Cpefu pa3peIBOB: a) GeckoHeuYHbIe; 0) yCTpaHU-
Mbie?

18@ Sajaiite GopMyIoi HPyHKLUIO, COBHAAATOIIYIO C GOyHKLHEe
y = 3% BO BCexX TOYKaX, KpoMme x = 2,
lopux e @
@ Logpi= i
19.® lokaxwure, uro pyakuusa [Mupuxie! y Ompuxel, TR€
@ — MHOXKECTBO pauMOHATLHBIX Yuced, | — MHOMECTBO
MPPaNMOHAIBHBIX YHCEJI, PA3PBIBHA B KAXK A0 TOUKE,

1 _p
20." Ookasxure, uto Gynkuus Pumana® y = < ¢ THE q’ rme
Oopuxel,

peZ,qe N uapobs s HecoOKpaTHMa, pa3phIBHA B JII000H

PallMOHANLHOW TOUKe M HeNpephIiBHA B JI000H Mppamuo-
HAJIBHOU To4Ke (Z — MHOKecTBO IeIbiX, a N — MHOKecTBO
HATypaJbHBIX YHUCEJ).

B Koutponshbie Bonpocs: n sapanus

1. CdopmynupyiiTe maBecTHbIe BAM CBOHCTBA (GyHKNMI, cBA3AHHDBIE
€ UX HellPepLIBHOCTLIO.
2. Haobpasure rpabur (GyHKIAH, HMeINel B Touke X, = 1:

1) GecxoneunbIit paspsiB; 2) yeTpaHUMbI paspeiB. BagaiiTe aHa-
JUTHYECKH KaKyoo-HUOYAb (QYHKINIO, MMEIyIo VCTPaHUMBIH

1 Memep Hupuxae (1805—1859) — memenxmii MaTeMaTHK, OCHOB-
HBI€ TPY/Ibl KOTOPOT'O MOCBAIEHBl MeXaHHKe U MaTeMaTH4ecKoil (husu-
Ke. B namem xypce ucnossayeTcs ero onpe/ieienue DOHATAA DYHKIIHN.

2 Bepnapd Puman (1826—1866) — memermxmit MATEeMATHK, YU~
ci, ac 1857 r. u upenogasas B érruareHCcKOM yHHuBepcHTeTe. B 33 roga
Puman cran nmpodeccopom aroro yausepcurera, 8 40 jer yMep oT Tybep-
kynésa. Ilonmnoe coGpaHue ero TpyZoB cOCTABUIO 0K0J0 500 CTPAHMIL,
KOTOPEIE JIETJIA B OCHOBY KYPCOB MATeMaTHYeCKON (hH3HKHM, DIeKTpUIe-
CTBA 1 MarHeTH3Ma, a TaKie MaTeMaTHKH. 3amMeTum, uro Puman ciy-
man nekinun [lupuxie B Bepannckom yausepcurere B 1847—1849 rr,



nasa 1. HEMPEPbLIBHOCTb W MPEAESbI DYHKLWN

PAa3pBIB B 9TOi TOUKE, ¥ (PYHKIUIO, KOTOPAA MOJYIUTCHA IIOCTIe yCT-

paHeHHsA 3TOr0 PasphiBa.

2x24+3x-5
3x2-x-2

03 2. Npepen pyHKUUM

@yHKIUU, rpa@uKU KOTOPBIX M300pa)keHbl Ha PHUCYHKax 10 m
11, oTIMYAIOTCA TOJLKO HAJINYUEM UJIM OTCYTCTBHEM 3HAYEHUA B
touke x,. Touka M(x; y), ABATASACH 110 J1I060MY U3 rPaQUKOB, KO-
Jcem OKasaThCH Kak Yy2o0Ho Oau3ko k Touxke M(xq; Yo). Hesasn-
CHMO OT TOTO, MPUHAMJIEKUT Ju Touka M, rpaduky PyHKIHH
(kax Ha puc. 10) uiu Her (kak Ha puc. 11), npu npubINKeHIN
abcnuccsl Touku M K X, €€ opAuHATA f(X) CTAHOBUTCA KaK yroA-
HO 6iM3Ka K Y. MOMHO CKa3aTh, YTO, KOTJA X CMPEeMUMCA K X,
f(x) empemumes K y,.

3. PemuTre HEpaBeHCTBO <0.

(T A |

1Y Ky

¥ BEJ
| 10]

CJIOBO «CTPEMHTCSI» B PYCCKOM fASBIKe OOBIYHO O3Ha4aeT mpo-
mecc NpHOMMMKEHMA K HEKOTOPOM menaw, HO HE caMo eé JI0-
cTrmxenue. TOUHO TaK Ke «X cmpemMumcsa K Xy» 0O3Hadaer, 4To X
OPUHUMAET 3HAYEHHUHA KaK YrogHo O/Ju3Kue, HO He pasHble X.
IlpaBaa, mo oTHOMIEHMIO K f(x) Takoro orpaHMYeHMA HET —
B IpOILIECCe CBOEro cmpemaenus [(x) MOKeT MPUHMAMATEL 3HAUe-
HUA, PABHEBIE Y.

B cuTyamnuu, KOorja Ipy CTPeMJIeHHH X K X, [(x) cTpeMHTCH K
Yo, MATEMATHKH OGLIYHO FOBOPAT O pesesie GyHKIHH B TOUKE.

( lim f(x) =y, )

(Ynraercs: «IIpeden f(x) npu x, cmpemawemca i x,, paéen Yo»')

1 OBogmauenme lim — coxpalieEHe JATWHCKOTO cJoBa limes, KoTO-
poe B IepeBojie 03HAUAET «rpaHuIa, npeaes». Cioso limes gns o6osna-
ueHHA npejesna Brepssle npuMenna V. HpioToH, CHMBOJ e lim BBE&J
dparmysckuii yaénsiii C. Jlronase B 1786 r.




2. Npepen dyHkuum

YcioBue cymecTBOBaHUA Mpejesa GYHKIUA B TOYKE X, OTIH-

4aeTCA OT YCAOBUA HEIPEPLIBHOCTH JONOJHUTEIbHBIM OrpaHuye-
HUeM Ha 3HaYeHH X, KOTOPble, KAK Mbl OTMeYasd, He MOTYT paB-
HATBCH X, T. €. 3HAYEHHUSA |X — X,| AOJKHBI 6BITH CTPOTO GosIbIIe

uynd. Kpome Toro, opaunara y, rouku M, MoxkeT U He 6BITH 3HA-
4eHneM (PYHKIMH B TOYKe X, (cM. puc. 11).

C yuérom aTOTO0 OMpeiesieHue IpeAesa BEITIIALUT CAeAY oMM
obpazom!.

DdyuKuua y = f(x) aMeeT B TOUKe X, npeden, paBHbIi Y,
ecuu Ajs aroboro € > 0 cymectsyer Takoe & > 0, uto
0 <|x— x5 <8=[f(x) - yo| <.

W3 cxoxecTn onpejenenuii npejena U HePePbIBHOCTH cueny-
€T, 9TO IpPejieJl B TOUKEe X, UMeIOT TOJbKO (DYHKIUU, KOTOPELIE B
9TOi TOUKE MJIN HeNPePBIBHAI, HJIX UMEIOT YCTPAHUMEI PasphIB.

3aMeTHUM, 4TO eCJH (PYHKIUA Y = f(x) HempepHIBHA B TOUKe Xgs

T0 Yo = f(xp) 1 lim f(x) = f(x,) (cm. puc. 10). Bepro u ob6parHoe
XX,
yrBepiAenue: ecan lim f(x) = f(x,), To yrkuua y = f(x) menpe-
X%,
PBIBHA B TOUKE X,,.

PeweHune. B Touke 3JeMeHTapHas (PYHKIHA

Ll
6
_cos2x+1

y sin ¢ OTPeJlelleHa u, 3HAYMT, HellpephIBHA!

009[2-E]+1

limcos2x+1= 6 =0,5+1=3‘

x> sin x . 0,5

s1n -

6

! Takoe ompesenenue nmpegesa Ha «A3LIKe &, &» BCTpEUaeTcs yiKe
B 1880 r. y Hemenkoro Mmarematuka K. Beiiepmrpacea.



naea 1. HEMPEPLIBHOCTbL M NPEAEJ LI @YHKUWA

Eciu ke B TOYKe X, QyHKIUA MMeeT YCTPAHWMBIH DPaspblB

(cM. puc. 11), To IpU BEIYMCJIEHUH IIpe/ie]ia B 9TON TOYKe ero cHa-
yajia yCTPAHSAIOT, T. €. 3aMEHAIT QyHKIMIO ¥ = f(X) (GyHKLHAE
Y = ¢(x), HEIPePBIBHOM B TOUKE X, & B [PYTUX TOYKaX COBIA/AAI0-

mieit ¢ y = f(x). Tlocse yero HAXOAAT Y, = O(Xy)-

Mpumep 2. Haitru lim 2x% - 3x -2
x—2 x2-4

PeweHwe. Yucno 2 He BXOAUT B 00JaCTh ONpeAeIeHNA
2x2-3x-2
HKOUN Y = ——————
bysrnuu y P
JOTCS ¥ 3HAMeHaTeNb, W yucaurennb apobu. ITpeoGpasyem ary
npo0b:

, IIDY 9TOM 3HAYEHHUH X B HYJIb ofpama-

2x2-3x -2 _ 2(x —2)(x +0,5) _ 2(x +0,5)
x2—4 (x-2)(x +2) x+2

DyHKIHUA Y = 2(‘; 1%’5 HellpephIBHA B TOUYKe X = 2, a BO BCeX

APYTHX TOYKaX cBoell obyiacTu onpefeeHHs cOBOajgaeT ¢ (hyHK-

2x%2 - 3x -2

- . SHAYHT:
x —

muen y =

. 9x2-3x-2 _ . 2(x+0,5) _2(2+05) _5
= Lim = s 2+2 3

I IIpumeuasnne. OObIYHO pemIeHHe OPOPMIALTCA TAK:

2 _ - = 2
lim 2x I3x 2 _ i 2(x - 2)(x+0,5) _ i 2(x +0,5) _

x—2 x2 -4 2 (x—=2)(x+2) =39 x+2
_2(2+0,5) _5
2+2 4"
Ilpu aACCMOTPEHHHM HeIIpepBIBHOCTH

4 GQYHKIUH B TOUKAX, OTPAHNYMBAIOIIHX ee
f T [¥=N% o6JiacTh ompeaesieHUsdA, ObLJIO BBEJAEHO I10-
"] HATHE OJHOCTOPOHHENW HEeNpepbLIBHOCTH.
IIo Tem e cooOparkeHUAM CJIeAyeT roBO-
puTh 06 00HOCMOPOHHEM, NPAGOM NLpE-

="

| dene, HaipuMep QYHKIUN Y = Jx upwm x,
Puc. 12 cTpemsameMcs K HyTio (puc. 12).




2. Npepen dyHKUMK

V¥ Kax u B caydae ¢ 0ZJHOCTOPOHHEH HeIpepBIBHOCTBIO, Pas-
HHUIA B OLpeJesIeHUAX Tpejesa U OLHOCTOPOHHEro Impejesa 3a-
KJII0YaeTCs B HAJIUYUY WA OTCYTCTBHHA MO YJIA.

Dyurua y = f(x) uMeeT B TOYKe Xy npaswiil npeden, pas-
HBIH Y, ecim Jus aoboro € > 0 cymecTByer Takoe 8 > 0, uro

0<x-xy<8=>|f(x)-y,l <e. A

Yrobbl oTiIMyYaTh 0603HAUEHHE OJHOCTOPOHHETO OT 0603HA-
YeHUs deycmopornezo npedena, BBepXy CIpaBa OT X, CTaBAT

3HAK «—» IJI4 JIEBOI'O H 3HAK «+» JJIA IPaBoro Iipenena, HampuMep

lim Jx = .J0 = 0. Jlessit 1 npassrii npe-
x—=0*

[ Y
Aenbl QYHKIMH B TOYKE X, MOTYT W He i
COBIAZATh, TAK, HAIPUMeED, MId (PYHKIHK W2 L
il - x
y=x-+ £l (puc. 13) umeem: [
X
0 x|
§ | x| : .
11m[x+ —J= lim(x+1)=0+1=1;
x->0% X x—=07 i - I -
lim[x+mJ=lim(x—1)=0—1=~1. Puc. 13
x—0" x x—=0-

ITonsaTHO, YTO ABYCTOPOHHMIA Hpeme ling [x + L%J He CYILeCTBYeT.
X—>

V¥V B onpeneneHuax Bo3pacTaHUs, HENIPEPLIBHOCTH M IIPeea
(bYHKOUH, Ja ¥ BOOOINE B MAaTEMATUYECKUX TEKCTAX, YACTO HC-
TOJIb3YIOTCH CJIOBA «BCE», «JIJIs BCAKOIO», «KAKUM OBbI HU OBII»,
«110060#» . [IJ18 JIyYIIIero 3puTeIbHOTO BOCIIPHATHS (¥ sKOHOMHUHK
MecTa ¥ BPeMEHHM) MaTeMaTUKH JOrOBOPHINCEH HMCIIOJIL30BATH
BMECTO HHUX CIEeNMANBHBIA CUMBOJI — K6AHMOp o6uynocmu
«V», KOTODEIH NpefcTaBAAeT cOGOi MEePEeBEPHYTYIO OYVKBY «A»,
nepByio OyKBY aHrauiickoro ciora all — «Bce, Bcé». AHamoOrnu-
HO, CJIOBA «CYIIECTBYeT», «HAWAETCA» 3aMEHAIT K6aAHMOpoMm
cywyecmeoeanun «i» — mnepeBépuyras Oyxksa «E», meppas
OykBa aHIIMICKOTO cI0Ba exists — «cymecrByer»l.

! B konne XIX B. He3aBMCHMO ADYT OT APyTa aMepuKaHCKUN mare-
varuk Y. Ilupc u Hemeuruit maremarux . dpure BEeAUM TOHATHEe

KBaHTOpA.



fnaea 1. HENPEPbLIBHOCTb W NPEAESbI @YHKLIVA

Tak, Hanpumep,

Jy, Ve > 035> 0, rakoe, uto 0 < x5 — x < 8= |f(x) — yo| <& —
BTO YCJIOBHE, ONpejeliAlllee CYIIECTBOBAHHME JIEBOTO IIpejesa
B TOUKE X3 A

YnpaxHeHus
[

21. 1) C nomomsio rpadguka pyuknun y = f(x) (puc. 14) naiigure:
a) lim f(x); B) lim f(x);

0) hm f(x); r) 11m f(x).

2) B K.BJ-K,I!.OH Jn TOTIRe oﬁnaCTn ompejesieHUus faHHAA PYHK-
U UMeeT Tpeaen?

,___m_r;:‘:,..'::;|
|l ll-::..-l {

FEHF TN
Puc. 14
22. .I/Icno.nbaya onpeaeneHne IIpeaeia, JOKaXuTe, 4To:
1) lim (3x 1) = 5; 2) lim (0,5x +2) =4
=¥ xr—=

Kaxkoe CROMCTBO dIeMeHTapHBIX (MYHKIWIA MO3BoJIsAET ObICT-
PO HAXOJUTH TAKHE IpeJeabl?

23. BrpluHcIHTe ITpeiesibl:

1) lim (+° - 1); 4) lim 2‘16,

2) lin?} (x2—-6x+9); 5) lim (cos? x — 2tg x);
x—;;

8) lim A%~ £1, 6) lim 222 52«

6 6x+1°

x>0 x—2




2. Npepen dyHkumn

24,

1) Kaxkas us pyHKIMA, rpadHKH KOTOPLIX H300paskeHbl HA
pucyHKe 15, umeer upeges upu x — 27

2) Ecu dyHKIMA MMeeT npejesi, To 4eMy OH paBeH?

3) Kakue u3 GyHKIUN: He MMEIOT PA3PBIBOB; MMEIOT Pas-
PBIBBI; UMEIOT YCTPAHUMBIE PA3PBIBHI?

250 Brruucoure peiesIsl:

26.

2 _ 3 _ 9,2

1) jim Et 2x=15, o) B T =88,

x—3 x2-9 x>0 x2

y 34+8 . sin x
oY Tt —2 2 _; 9) lim —=;

)x—>—2 x2+x—-2’ )xl—g} tg x

5 e | 5 3x —cos x
3) 1 x : 6)® cosax —Cos X
)xilfll x24+3x+2 ) ;\I:J;bn(} sin 3x + sin x

HmeroT 11 B TOUKE @ pejeibl CleAyIomue (QyHKITNA:

2
1)y=%,a=0; 30 y=|x-1,a=1;
2)y=z2-,a-3; 9®y- 4-0



Fnaea 1. HEMPEPbLIBHOCTb W NPEOENLI ®GYHKLUIMA

27. Waobpasute rpaduk Kakoi-HmOyab (GyHKmum y = f(x),

eCcJIHn:
1) lim f(x)=1; 3) lim f(x) = 3;
2) lim f(x) = -2; 4 lim 1)~ -3

28® Kaxue us cieyOmux yTBepIKAeHAN BEPHDI:
1) HenpepbiBHAA QYHKIUA WMEET MpeAes B KaMJA0H TOUKe
ofJyiacTu onpeiesIeHUA;
2) HenipephIBHAA (DYHKIIUA MOKET He MMeTh IIpejiesia B He-
KOTOPOI TOYKe 0BJIacTH onpe/ieIeHAA;
3) GyHKIMA HenmpephIBHA B TOYKE X, TOIZA U TOJBKO TOrAa,

KOTZa :151_13: f(x) = f(xq);

4) paspeIBHaA PYHKINA He IMeeT MIpeJiesia B TOYKe Pa3phblBa;
5) paspeiBHaA (DYHKIIMA MOMKET UMeTh Ipejes B TOUKe pas-
pBIBAa;

6) paspeiBHAs (HYHKOUA KMMeEeT Ipejes B TOYKe pa3phiBa,
TOJIBKO KOT'/Ia PA3PLIB YCTPAHUMBIN 7

29. C nomompbio rpadpukos pysruuii (puc. 16) oreeTbTe HA cie-
AYIOLiye BOIIPOCHI.

1) Kakue QpyHKIHK UMEIOT ABYCTOPOHHNE TIPefesibl B TOUYKe
Xo=2?

i

1o/
VA

a)

SETNAC




2. Npepen GyHKUMK

2) Kakve QyHKIMU UMEIOT OZHOCTOPOHHUE MPEJeSkl B TOU-
Ke x, = 2?
3) Haiinure npenen pyHKIUM B TOYKE X, = 2, €CJIH OH Cy-
I[eCTBYET.

309® Haiignre ogHOCTOPOHHUE 1T peneasl QyHKIAI:

-2x+3mprx <1,
D f(x) = 3x—bmpux>1 upa x - 1;

B
2)f(x)=|'§c_11| npu x — 1.

319 3anumure ¢ MOMOIIBIO KBAHTOPOB olipelesieHue (PYHKIIHNH,

HellpepLIBHOM:

1) B Touke X4

2) cupasa B TOUKe X}
3) cieBa B TOUKeE X,,.

329® Oyuknus Yy = f(x) Ha3bIBACTCS 0ZPAHULECHHOT C8EPXY, €CITH

da Vx € D(f), f(x) < a.

1) BanumuTe ¢ NOMOINLK KBAHTOPOB OIpeaeneHue (yHK-
LUUH, 02DAHUYEeHHOI CHU3Y, T. €. TAKOH (PpyHKI UM, BCe 3HA-
YeHUA KOTOPOH §0JIbliIe HEKOTOPOr0 YUCa.

2) Byner nu ycnosue Ja Vxe D(f), f(x) < a no-mpe:xuaeMy
OTIPEICNIATEL (PYHKIMIO, OIDAHUYEHHYIO CBEPXY, €CJIH KBaH-
TOPBI B HEM HIOMEHATHL MEeCTaMMU:

a) Vx € D(f) 3a, f(x) < a;

6) Va Ix € D(f), f(x) < a?

3) Chopmynupyiite onpegenenue GyHKINY, KOTOPASA HE SB-
JIsieTCA OTPAHWYEHHOM CBepXy.

33® neer s mpene Ipw X, cTpeMsinemMca K b, OYHKIUA

y = f(x), ecnin

Jlriir}) g(x) = 11_13}, g(x) m Vx, g(x) < f(x) < g(x)?

BB KowntponbHsie sBonpocsi u 3apanus

1.

2.

Yem oT/IMUAIOTCA OIPEeeHHA HePEPLIBHOCTH U Ipeena (PyHK-
MU B TOYKe?

MoKHO U yTBEPHK/AATE, 4TO eciau MYHKUUM f(X) UMeeT JeBbIil 1
Opagblil Ipejessl B TouKe b, To cymecrsyer lim f(x)?
x—>b



Fnaea 1. HEMPEPLIBHOCTb W NMPEAESIbl ®YHKLUWUWU

3. Kakwue us QpyHKIMiA, rpa@uKA KOTOPHEIX M300paseHLl HA PHCYH-
Ke 9 nmyukra 1:

1) uMeroT npeAes B KAMKI0MN TOYKE;
2) UMEeIOT OJHOCTOPOHHUM IIpejesl B Kax 1ol Touxe?
4. HaiiguTe npejie1, ecjiM OH CYLIECTBYEeT:

_x+3!x-<.. 1’
Df®)=17x-5,x>1 mprx—>1
#—1
2)g(x)= ]J;—-—_'_ 1] npu x — —1.

3. CeoiicTBa npeaenos
M acuMnTOoTbl rpadpmuka PyHKUUN

dnemeHTapHas (PYHKIUA Y = sin% (puc. 17) aBnaercsa Henpe-

pPBIBHOH BO BCeX TouKaxX, Kpome Hyna. OxHako, uem Oiamxe
3HaUeHMe apryMeHTa K HYJI0, TeM 4daule (GyHKIuA mpoberaer
BCE CBOM 3HAYEHUHA, T. €. uncyua o —1 g0 1. 3HauuT, B HyJe y 3TOM
(GYHKIMM HET HU JBYCTOPOHHETO, HM OJAHOCTOPOHHHUX Ipeje-
JoB. JleficTBUTENBHO, KaKoe Obl YMCJIO HH HMCHOOJHAJIO POJIbL Y,

u3 onpenenerus npeaena, npu £ = 0,5 B n1060ii, KaK yrogHo ma-
n & P |

JIOH, 3-OKPECTHOCTH HYJIA HAWJAETCA 3HAUEHHE Sin P paBHOE JTH-

60 1, mubo —1, KoTopoe He OyleT yIOBIETBOPATH HEPABEHCTBY

o |
= < :
‘sm 5 yo‘ 0,5

"

Pwuc. 17

TIpuMepHO TaKHe jKe PACCYHAHUA ITO3BOJIAT A0Ka3aTh, UTO
DYHKYUA He MOdcem umems J6Yx pasHvLx 08YCMOPOHHUX npede-
JI06 NPU X CMPeMAULeMCA K X,

Vv JlokakeM 3TO METOAOM «OT IpPOTHBHOro». llycre npm
CTPEMJIEHHH X K X GYHKIUA Y = f(X) nMeeT ABa PA3IUYHBIX Tpe-




3. CeoiicTBa Npeaenos u acMMNTOThl rpaduka GyHKUMK

nena a n b. BosabMéM £ paBHbIM % .Torga A
MOKHO IomoOpaThk Takoe 3HadeHHe O, 4TO
f(x) okakercs OJHOBpEMEHHO HA PaCCTOHA-
HUM, MEHBIIIEM € ¥ OT @, ¥ oT b. OHAKO IpHU
YKa3aHHOM BBIOOpe € 9TO HEBO3MOXKHO, TaK
Kak f(x) He MoxKeT OBITh OJIMMKEe U K @, U K b |
ozHOBpemMeHnHo (puc. 18), » OL ——
IJT0 3HAYHUT, YTO IPEAINOJOKEeHHue o cy-
IIeCTBOBAHHUH ABYX IIpPeesioB HeBepHO. A
Mo)xHO [JOKasaTh CBOMCTBA IIPEEJIOB

CYMMBI IPOMUBBEACHHUA U 4aCTHOrO QYHKIIMIA.

r )

1) lim (f(x) + g(x)) = lim f(x) + lim g(x);

2) }iﬂl (f(x) - g(x)) = lim f(x) - xlig g(x);

lim f(x)
3) lim [() _ ==2%
x—x, (X) lim g(x)

\ x-»x, j

JlonskHEI, KOHEUYHO, CYNECTBOBATE TIPE/IEJILI B IPABLIX YACTAX
PaBeHCTB, & B TPDETheM PaBEeHCTBE, KPOMEe TOI'0, IIpeesl, CTOAL M
B 3HAMEHAaTeJe, JOYKeH OTJIUYATHCA OT HYJIA.

B panpHelmeM aT# cBOMCTBA OyAyT HYKHBI, II09TOMY IOJIE€3HO
3aMIOMHHUTH UX KpPATKUe (DOPMYIHUPOBKH.

IIpesen cyMMBI [TpOU3BegeHUA, YJACTHOI'O| paBeH cyMMe
[mpomaBeaenuio, YACTHOMY | IPE/IETIOB.

Bepuémca Kk ¢yHKmEM y = sin i IIpn HeorpaHWYEeHHOM

yIaJleHu! TOYeK rpamKa oT OCH OPAMHAT OHU IPUOIUIKAIOTCH
K ocu abcuucc, rpadpuik kKax OBl cIHMBaeTcss C OChI0 abciuce,
KoTopad #ABJIAETCA ero 2OPU3OHMA/LbHOU aCUMILIMOMOIL.

_— "
T'oBOpAT, 4TO GYHKIUA Y = Sin— mMeer npejeJ, PaBHBIA HYJIIO,

npH x, cmpemauwiemcs k beckoneurocmu: lim sin = = 0.

X—r00

8=



rnaea 1. HEMPEPIBHOCTb U MPEAESbI GYHKLIMK

C TTOMOIIEI0 KBAHTOPOB 3TO MOXHO 3allMCaTh HHa4ye.

o
Ve > 0 3a raxoe, uTo |x| > a = |sm; | <g.

B maTemaTuke 0003HauUeHMe IIpejesia U caM TePMHUH «IIPedesi»

WHOT/Ia WCIOJB3YIOT B CHTYAIUAX, KOTZA (DYHKIMA He HUMeeT
¢ 1

npegena. Tax, lim = = co o3HAaYaeT, 4YTO TMPHU X, CTPEMAIIEMCA K

x=0

1
HYJIIO, 3BHAYeHHUA ; HeOrpaHM4YeHHO BO3pacTarT I10 MOAYJII0, T. €.
1 %
qaTo | ;_ k CTaHOBUTCH (H OCTaeTCﬂ) Gouibiie JI060ro 3aJaHHOIO YHC-

aa: Vb 38 Takoe, uTo |x| < § = |%_| > b. Ilogo6HO 3TOMY, 3aIIUCh

lim x2 = +co rOBOPUT O HEOTPAHHYEHHOM BO3PACTAHUYN 3HAYCHU N

X—ro0

BBIDAKeHUsA X2 mpu X, crpeMameMcsa K OeckoHeunoctul: Vb Ja
rakoe, 4To |x| >a = x2 > b. YcnoBue CyIIeCTBOBAaHUA 6ep-
MUKANLbHOU ACUMNLMOMBbL X = @ MOKHO 3alIMCATh TaK:

lim f(x) = co.

. ’ 2x%2 - 5x +3
Mpumep 1. Haiitn ,}2.2 ‘m .

PeweHwue. Ilpu x, crpemsinemMca K DeCKOHEYHOCTH, ¥ YHC-
JIATENb, U 3HAMEHATeJb APOO0H HEeOrpAHHYEHHO BO3PAacTaloT IO
moxayawo. Boobiie rosopsd, ata curyanua Heonpeaenéauas. Opua-
KO, Pas3ie/IuB YACJUTENb 1 3HAMEHATeIb Ha X, MBI IIOJIYYHM TOMK-

=
2_5_3
x x2 x3
JleCTBeHHO PaBHOE BHEIpAKeHHe 4 o’ UOBeJeHHEe KOTOPOro
3+2-=
X x

[IPY CTPeMJIEHHMM X K 0eCKOHEYHOCTH IOHATHO: KasKAasd U3 TPEX
Apobeil B uuciaHTeNe IIPH HEOPDAHWYEHHOM YBeJIHYeHUM MO YJIA

! Cumpon GeckoHedHOCTH (00) BIlepBbIe MCIIOJIb30BAJ AHTJIHMHACKHH
marematuk [[»xoH Bannuc B 1665 r. B pabore « Apudpmernra GeckoHeu-
Horo». CymiecTByeT MHeHMe, YTO 3HAK ODECKOHEYHOCTH IIPOTHBOIIOCTAB-
JIAJICS ABTOPOM HYJIIO M IPeACTABJAJ cODOH ABA CBA3AHHBIX MEXKJY CO-
001 HyJIs.




3. CeoiicTBa npeaenos U acumnToThl rpadmka dyHKumMm

eé sHaMeHATeJs CTPEMHUTCHA K HYJIO, 3HAYUT, ¥ BECh YHCIUTEIh
CTPEMHUTCHA K HYJIO (IIpezej cyMMBl paBeH cymMe Ipegesio). Ilo
AHAJOTMYHBIM co00paskeHuAM, 3HAMEHATENb CTPEMUTCA K YHCTY
3. Besa apo6s npu 3TOM CTpeMHUTCA K HYJIIO (IIpefes 4acTHOTO pa-
BEH YaCTHOMY IIPEJeJIOB):

2_5.3
i, S =Bet D _ o, 280 &g
x—roo 3x3 +4x2 - 2x x—poo 3_}_&_2_ .
x x2

A 2x3-b5x+3
Mpumep 2. Hatityn lim =—=————— |
P P rsoo Sx3+4x2 - 22

. 2x3_5x+8 _ .. 2“%+% 2
PeweHwune, lim ———— = lim ———— =2,
xs00 X3+ 4x2-2x xow g, 4_2 3
x x2
Ilony4yeHHBI! OTBET IIO3BOJISET CHEJIATHL BLIBOJ O TOM, YTO
_ 2x3-5x+3
GyHKIHUA Yy = ——————— HMeeT NOPH30HTAJILHYI0 ACHMIITOTY
3x8 +4x2 - 2x
y = g
3°

ITo apasoruu ¢ ropM30HTAIBHOM ACHMIITOTOI MOKHO BBECTH U
TMOHATHE HAKJOHHOI aCUMITOTHl — NPAMOH y = kx + b, ¢ KOTO-
PO IpH HEOIPAHMYEHHOM yBeJIUYeHNH |x| Kak ObI cIUBaETCA rpa-
buk byarnum y = f(x).

IIpamasa y = kx + b (k # 0) HasbIBaeTCA HAKAOHRHOL
acumnmomou zpagurxa pynryuu y = f(x), ecnn
lim (f(x) — (kx + b)) = 0.

x—»00

PeweHwne. ITockonsky lim
y b=l wF1

aCUMIITOTOM rpaduKa 57Ol PyHKUMK ABJIAETCH NpaAMasa x = —1.
[ pemieHua BONIPOCA O FOPHU30HTAJILHON ACHMITOTE yCTpe-

= 00, TO BEPTHKAJIbHOM

2
. X .
MHM X K OeckoHeuHocTH: lim —— = lim —-x—l = oo, IIpegpena

X=»00 x X—ro0 1 + =



Fnaea 1. HEMNPEPbLIBHOCTb U MPEOESNbI hYHKLIUK

He CYILIeCTByeT, 3HAUYUT, y (YHKIHUHA HET TOPU30HTAIbHBIX
ACHUMIITOT.

Haxoxgenue HAKJIOHHBIX ACHMIITOT HECKOJBKO CJOYKHEe.
2

IIpeoGpasyem cHaduasa BEIpaKeHUe

x+1
x2 x2-1+1 x2-1 1 1
—3 —3 = — +_-
P o] a1 el Bty

Tleproe cnaraemoe 3aaéT JUHEHHYIO GYHKINIO, & BTOPOe DX
CTPEMJIEHHH X K 0ECKOHEUYHOCTH CTPEMHUTCH K HYJIIO.

2
lim [ﬁ - (x — 1)] = lim ﬁ = 0, 3HayuT, QYHKOUA
X—»co X—rco

2

xi ] EMeeT HAKJIOHHYIO ACHMITOTY Y = X — 1.

Wudgopmanusa 06 acuMITOTax 103B0JAeT 6osee TOUHO u3obpa-
3uTh rpadur Gyarmun (puc. 19).

3ameTuM, 4yTO HA MpoMexyTKe (—1; +oo) 3HAUEHUA PYHKIMH
HEOTPUIATeJIbHBI, T03TOMY B TouKe X = 0 (QpyHKIAA OpUHAMAET
CBOE HAaMMEHbIIIee Ha 9TOM IIPOMeXYyTKe HyJIeBOe 3HaYeHMe.

Henn3sa, mpaBaa, TMOKa ONpPEAENUTH KOOPAMHATHI TOYKH A,
afcumcca KOTOPOi pasjiesifger NPOMeKYTKH BO3pacTaHUA U yObI-
BaHMA (PYHKIMH — DTOMY Bbl HAYYHUTECH B CJEAVIOIIUX IJIaBax
yueOHHKA.

y=

I 3Bameuanwume. I'padhuru HEeKOTOPHIX PYHKLIUHA MOIryT HMeTh
JiBeé HAKJOHHBIX ACMMITOTHE. Hanmpumep, npsaMsele y = X ¥ iy = —X — Ha-

KJIOHHBIE ACHMIITOTEI rpaduKa GyHKIHK y = |x| + i (puc. 20).

3necs lim [|x|+3—lc —xJ=0 u lim [|x|+ ,_lc —(-x)]=0.

x—>+oo x——00
? aannnn
y = x|+ =
g i v y=|x| x
= 4
- j it =
Ay =x -1 Ny PrdEl
iy -
g AN ]
q X \\\. 1 ’
7 N
/Al 0. 3 x
w7 \ |

Puc. 19 Puc. 20




3. CeoiicTea Nnpenenos u aCUMNTOThI rpaduka MyHKUUK

Vv NMpumep 4. Haiitu HaKJIOHHBIE ACHMITOTH rpaduka
2x3 - Tx2+4x-3
x2-4x -5

PeweHwue. Ilonsrraemes, KaK | B IPeALIAYINEM IpUMeEpe,
BBIJICJIUTEH U3 JaHHON Apo0u IMHEMHBIN ABYUYJIeH. 34eCh, OAHAKO,
GopMyJibl COKPAILEHHOTO YMHOKEHNA HaM IIOMOYb HE CMOT'YT —
OpUAETCA JEeJIUTh YUCIUTENEL NpoOu HA eé 3HAMEHATEeNJb B CTOJ-
6UK. ANTOPUTM JleJIeHUsI MHOIOYJIeHA Ha MHOT'OYJIeH OYeHb I10-
X0 Ha XOPOIIIO U3BECTHOE JieJIeHHe YIOJKOM OJHOI'0 HaTypalb-
HOI'O YHCJIa Ha gpyroe:

_2x%-Tx2 + 4x-3 |x2-4x-5
2x3 - 8x2-10x 2x+1
x2+14x -3
“x2 — 4x-5
18x + 2

Cuavasa MBI ogo6panu ogHOYIeH 2X TaK, YTO0bl, YMHOMUB
ero Ha CTAapIIHii YJIeH JeJIUTeNsI, IOJYIYUTh CTAPIIUNA YIeH A JIH-
Moro 2x3. 3aTeM NOJ AeTUMBIM TOATTMCATH TPOM3BeIeHIE HeIH-
TeJIA Ha 9TOT OAHOYJIEH U BBHIUJIMA U3 JEJUMOI0 9TO IPOU3BeJeHue.
ITocse BEIYUTAHUSA OT AEJMMOI0 OCTAJICA TPEXuaeH x2 + 14x — 3,
AJfA KOTOPOTO KaK JIA JeJUMOr0 OIUCAHHYIO HPOILEeAYyPY
IMOBTOPHUJINA: HANLIYW OJHOUYJIEH 1, YMHOMKUIM HAa HEro HAejluTelb,
TIOANIHMCATH IO AeJMMBIM U BhIuiau. B ocrarke moxydmics ABY-
qieH 18x + 2. Ha aTom fenenue 3aKOHYMIIOCh, TAK KaK HET OJHO-
4JleHa, KOTOPBIA B IPOU3BeIeHNH ¢ X2 maJ 661 18x.

WUrak, npu genenun 2x3 — Tx2 + 4x — 3 ua x2 — 4x — 5 B yacr-
HOM mosiyunsock 2x + 1, a B ocrarke 18x + 2, agauwur,

3 _ 7.2 -
2x l‘?x +4x -3 =P d & 18x + 2 )
x2-4x-5 x2-4x-5
IIpsimas y = 2x + 1 — HakJ0OHHAA acuMITOTA rpaduKa GyHK-
2x83 —Tx2+4x -3
x2-4x-5
3 _ 7.2 ]
fin [21’ Tx¢+4x-3
e x2—-4x -5

GQYHKIINHA Y =

oy y = , TAK KaK

—(2x+1)]=
18 2

- lim 18x+2 - i x| x2
rso X2-4X=5 y,0 1 4 _5

x x2

=0. A



Fnasa 1. HENPEPbIBHOCTb W MPEAENbI ®YHKLIMW

34.

YnpaxHeHus

HszBecTHO, 4TO linia f(x)=-2, linll g(x)= % . Haiigure:
x—r X=r

1) lim 0,3f(x); 4) lim (f(x) - 8C0);
im £(X). fx).

B - Bl

8) lim ((x) + &(x)); 6) lim (f(x))°.

359 1) Hoxaskure, uTo BOMMBM YKA3aHHOW TOUKHM 3HAUEHUS

36.

37.

38.

39.

(PYHKIIHN HeOrpaHWYeHHO BO3PAacTaloT IO MOAYJIIO:

A 1 =x+1 :
a)y—x_3npux—>3, B) Y xz_lnpnx-»l,

X ; _x2+2x-3 _
6)y—;npnx—>0, P)y_—(x+3)2 npu x — —3.

2) BanumuTe ypaBHEHUA BEPTUKANbHBIX ACUMITOT rpadmu-
KOB VKa3aHHBIX (DYHKITHAN.

Bribepure yc.nome, IpH KOTOPOM:
1) lim f(x) = 2) lim f(x) = oo; 3) lim f(x)= —oo;

X—ro0 x—»too

a) Vb Ja raxoe, 4TO X < a ﬂ |f(x)| > b;

6) Ve > 03a Takoe, uto x < a = |f(x) — b| < &;
B) Vb Ja rakoe, uto x > a = f(x) < b;

r) Ve > 0 Ja raxoe, uro |x| > a = |f(x) — b| < &.

3anunuTe ¢ TOMOILILI KBAHTOPOB, UTO:

1) lim f(x) = —o0; 2) lim f(x)=a.
x—a X=p—00

TIpusegure npuMep GyHKIuU y = f(x) TaKOH, 4TO:

1) lim f(x) = —oo; 2) lim f(x)=a.

x—a X—r—c0

Hoxaxure, 94T0 11m f(x) = o0, ecom:
1) fx) = (5 - 2)°, %o = 2;
2) f(x) = (2x + 3)75%, x, =-1,5;

3)® __M —d
3)® /(x) I %= 4
& _ &P —3x2+3x—1
4)% f(x) (x 1)}

,xozl-




3. CeoiicTBa Npeaenos u acuMNToTsl rpaduka GyHKLMM

40. 1) Haiigure npeaesn QyEKUUY y IPH X, CTPEeMAIIEMCS K Gec-

KOHEYHOCTH:
=1, —3x2-2x+5,
a)yﬂﬁx’ By = 2x2 4+ 3x-1"
x+2 Jx2 -2

2)3annmm'e YPaBHEHHA TOPH30HTANBHBIX ACHMIITOT Ipa-
(puKOB TaHHBIX QYHKINI,

41. Haiizure HAKJOHHBIE ACUMITOTHI rpaduKa QYHKIUN:

_8x34+2x7+1 @, _4x3-x2+2,
Dy g ; )%y 3
2x2+4x-3 @ x5 —2x3 41
Fg= ot tox-8, ) et P
)y x_2 i oy

42. Tlo pucyHKy 21, Ha KOTOPOM M3006pa’sKeHbI rpadhuku QyHK-
1Uii, OTBETHTE HA BOIIPOCHI.
1) Kaxoit u3 rpadmxoB uMMeeT BEePTHKANLHYIO; TOPH30H-
TaNbHYI0; HAKJIOHHYIO ACHMITOTEI?
2) Kakaa us GyHKOUA uMeeT mpeje NpH: X —> @, X —> oo,
X —> 400, X - —c0?

430 Ppadpuxm kakux QyHKouii wumerorT: 1) BepTHKAIBHYIO;
2) rOpU3OHTANBHYIO; 3) HAKJIOHHYIO ACHMIITOTHI:

x2+1 2x .
___x ®,_ x6-2x3+4
6)y x2-1’ ATy x3+x-2"
-_3 . ®,_x-5

3anuIuTe ypaBHEHUS ACUMITOT IPadUKOB (DYHKILHIA.



Fnasa 1. HEMPEPLIBHOCTL W NPEAENbLI @YHKUWKX

449 1) Mosxker 5w rpadpuk GYHKIMH MMETh TOPM3OHTAJILHYIO

45.

46.

ACHUMITOTY HOPH X —» +00 W HAKJIOHHYI ACHUMIITOTY IpH
x — —oco?

2) Mosxer nu rpaduK QyHKIMHA IMETh!

a) JiBe BePTUKAJIbHBIE U [[Be HAKJIOHHBIE ACHUMIITOTHI;

0) OlHY FTOPUB0HTANBHYIO U JIB€ HAKJIOHHBIE ACHMIITOTHI;
B) TPY HAKJIOHHBIE ACHMIITOTHI ?

Ecau moxer, CII,EJ'IRIUITE €ro 9CKHM3.

3aKoHUYUTE IPEeAJIOKeHne:

1) Ecau lim f(x) = co, To rpaduK GyHKLUHA UMEeT...

2) Ecau lim f(x) = a, To rpa@mK QyHKLUKA UMEeT...

X—» 00

3) Ecau lim (f(x) — (kx + b)) = 0, To rpa@ux QPyHKOHUU

X—roo

nmMeerT...

BanummuTe ¢ I10MOIBI0 0003HAUEeHUSA [Ipeiena, 4To:
1) npamas y = 1 sABAseTCA TOPU3OHTAJBHOH ACHMIITOTOM
rpaduka QysKIEn y = g(x) B 1eBOi MOJYIIIIOCKOCTH;

2) upsaiMad y = 1 sBAseTcs rOPMBOHTATLHOMN acuMITOTOMI
rpad¥Ka B JIEBOH U B IPABOM MOJYMJIOCKOCTAX

3) npaMas x — 3 ABJIAETCA BEPTUKATLHOR aCHMIITOTOM rpa-
dura;

4) npamasa y = 3x — 1 aBusercsa HAKJOHHOH acHMIITOTOMN
rpaduka GyHKIuM y = g(X) B BepXHei u B HHUKHEeH Tory-
IJIOCKOCTAX.

470 M3obpasure rpaduk Kakoii-HubyaAs GYHKIMH, LA KOTOpoit

BBITTOJIHAETCA yCJIO0BHE:

1) E,";} f(x) = 003 4) lim f(x)=3;
2) x]_ifPl f(x) = —o0; 5) lim (f(x) - (2x — 3)) = 0;
3) lim f(x) = 2; 6) lim (f(x) + (2 -x))=0.

x—eo x—>—oo




3. CeoiicTea Npeaenos n acUMNTOThl rpachuka GyHKUMK

489® 3apaiire dopmymoit pyHKIMIO, rpaduK KOTOPOH H300paKen

Ha pucyHKe: 1) 22, a; 2) 22, 6.

Y

A |

Puc. 22

49® 3anummure ¢ IIOMOILIBLIO 0003HAYEHUA TIpeena;

1) Ve > 0 Ja rakoe, uro x > a = |f(x) — b| < &;
2) Ve > 0 3a Takoe, uto x < a = |f(x) - b| <&
3) Vb Ja raxoe, uto x > a = f(x) > b;

4) Vb Ja rakoe, uTo x < a = f(x) > b;

5) Vb 3M raxoe, uro |x| > M = |f(x)|> b.

50® Yo moskHO cKazaTh 0 MocJIelOBATEeIbHOCTH

51.

-
.

s Bgs Qga.evss By ssns
€CJIH:
1)Vk,neN,n>k=>a,>a,;
2)Ve>03ke NVneN,n>k= |a,—b|<g;
3) Vb 3k € N rakoe, 4T0 @, > b;

4)Vblke NVneN,n>k=a,> b?

YEKaKuTe Kakyio-HUOYAbL HOCJeL0BATeJIbHOCTE, A KOTO-
Poil 0JHOBPEMEHHO BHINOJHAIOTCH yeaoBus 1 1 2.

Havizure cymmy S reomerpuueckoii nporpeccuu by, b,, ... co

3HamMeHaTesNeM ¢ npu |g| < 1 Kak npeges, K KOTOPOMY
CTPEMHUTCA cyMMa S, TepBbIX 7 €€ YJeHOB upu n,

crpemsleMcs K 6eckoneunocTu: S = lim S,.
n-—»oo
KoHTponbHble BONpoCkI U 3aaaHna

IIpuBeauTe NIPUMEPLI HCIOJL30BAHNA 0603HAUEHUSA Ipeie/ia, KOr-
Jla Ipejiesl He CYLIecTBYeT.



Mnaea 1. HenpepbiBHOCTL M Npeaens! GyHKumi

2.

3.

Mosker nu rpaduk GyHKOMM MMeTh M TOPM3OHTANLHYIO, M Ha-
KJIOHHYIO ACHMIITOTHI?

Iokakure, uto mpAMas y = 3x + 2 ABJIAETCA HAKJIOHHOW acuMII-
TOTO# rpadmka GQyHKIIUN

_3x3+5x2-3x-1

¥ xZ2+x+1

Bonpochbl AN CaMOOLEHKHU

OneHnuTe pe3yJIbTATE M3y4YeHHUdA 9TOH riasbl. JIOBOJBHEI JIH BbI
uMu?

YT0 HOBOTO BEI YB3HAJH B 9TOM riiase?

Kax MOryT NpMIrofuThCA BAM 9TH 3HAHUS B [IOBCEHEBHOMN HU3HUT

Kakue sagaHusA B 9TOM ryase ObLIM /A BAC CAMBIMY TPYAHBIMEA?
ITouemy?

Henonb3oBajay JIM Bbl IPH BBIIOJHEHWH 3allaHUM JIOMOJHHUTEb-
Hble UCTOYHMUKM: CIPABOYHUKHM, TOCOOMS, MHTEPHET-PeCypPChI?
O6paranuch JU Bl 38 HOMOIIBIO K OJJHOKJIACCHUKAM, POJUTENAM,
yauTeaio?

IIpoBepsAaM JIM Bl CBOM 3HAHUSA H YMEHHSA IO KOHTPOJBHBIM BO-
npocaM M 3alaHUAM K TIYHKTY ?

IlonbzoBanuck Ju Bel pasaenamu «Orsersl», «Cosersl» u «Pere-
HUA», IPeJMEeTHBIM yKasaTeaeM?




NMPOUN3BOAHAA ®dYHKLUU

OTa rjaaBa MOBHAKOMHT BAC C BO3MOYXHOCTSIMU, KOTOPHIE TIPeo-
CTABJIAET JJIA HCCIeN0BaHUA (YHKIUMU 3HAHWE YIIOBOTO KOA(h-
(hunmenTa KacaTeJIbHOH K €€ rpaduky. B nmyHKTe 4 BBl HAy4YUTeCH
IIPOBOJAUTE KacaTeJibHbIe K rpaduxkaMm QYHKIHUN W 3aIHCHIBATH
uX ypaBHeHUsA. B myHKTe 5 yriioBoit kKoahdunuenT KacaTeabHOM
IIOJIYYUT CBOE KJIAaCCHYECKOe Ha3BaHUe — IIPOU3BOHAS, U CTAHET
NOHATHO, OYEMY ITPOU3BOAHYIO HA3BIBAIOT CKOPOCTHI0 M3MeEHe-
HUuA Qysknu#. B nmyHKTe 6 NMpoMsBOAHAA IIOMOMKET HAXOIUTH
NPOMEKYTKH BO3PACTAHUA U yOBIBAHUSA QYHKIIHIA.

- 4. KacartenbHas
K rpapuky pyHKUNmn

Ha pucyske 23 K HOJIyOKpYI)KHOCTH pajguycoM 2 C IEHTPOM
B HavaJie KOOPAUHAT, IIPeACTaBIgIoONIelt coboit rpadur GyHKIAN

Yy = /4 — x2, nposesena kacarenbHas. B Kypce reOMeTpPHU Kaca-
meJbHas K OKPYIKHOCTH OOBIYHO OIpelesieTcsi KaK npamMas,
UMenu,as ¢ OKPYIHOCMbI0 eOUHCMEEHHYI0 00wyl mouky. On-
HaKO JIs HOJYOKPY’KHOCTH TaKOe OIpefesleHHe KAacaTeJlbHON
yKe He noaxoauT. JlelficTBUTENBHO, Yepes TOURY M, o MOXHO IIPO-
BeCcTH 0ECKOHEYHO MHOTIO HPAMBIX, UMEIOIINX C Hell e{UHCTBEH-
HY10 0011yI0 TouKY (puc. 24),

=

[T T 1] ]
== .
) y=4—x* \\
s PP A i
A7 |M)1 LN - @D 1‘\
/[ : 1 e <1
' - / g
X101 1.1 x N fx
P o[
Puc. 23 Puc. 24




Mnaea 2. NMPOU3BOAHAA ®YHKUWKA

v
M, M, M,
1
1 = /]
a) 6) 8) e 2 B B M e S S B
Puc. 25 Puc. 26

CchopMyIupyeM onpejeseHde KacaTeabHON Tak, 4TOObI OHO
TOJIUJIOCH HE TOJIBKO AJA OKPYXKHOCTH U IOJYOKPYKHOCTH, HO U
BOOOLIE AJIA IPOU3BOJIEHOH KPUBOM.

IIpu mocienoBaTEeLHOM yBeJWdYeHMHM MaciuTaba uaobpasxe-
aus (puc. 25), BuAHO, uTo BOAM3M cBoell Toukum M, rpapuk
(DYHKIMH KaK 6Bl CAPAMAACMCS, CTUBAGTCSA C KACATEJIbHOIM. 3Ha-
yuT, ¢ KacaTeJIbHOMH ciauBaeTcA U cekymasa M, M B 3HAKOMOM BaM
W3 mpeAblAymeit riaBel mpouecce cOamkenust Touku M(x; y)
¢ roukoit M, (puc. 26).

KacaTenbHasd K KPUBOH B eé Touke M, — 2T0 npedenvroe
nonoxcenue cexyuyeii M M, xorna M crpemnres kK M,

TTousaTHO, YTO KacaTeJbHasd K KPUBOH He CYIIeCTBYET B TOY-
Kax eé paspbiBa, TAK KaK Touka M He cTpeMHUTCA K Touke M, npu

x — xg (puc. 27). Orcrona, B 4aCTHOCTH, CJIEAYET, UTO €CIH Kaca~
TenpHas K rpaduky doyuknum y = f(x) B Touke M(xy; Yo) CV-
[ecTByeT, To (DYHKIHUA HeIPephIBHA B TouKe X,. Oxnaxo obpar-

HOe yTBep:kAeHue HesepHo. Ha pucynke 28 nzobpaxés rpadpux
(GYHKIMU, HEIPEPLIBHOM B TOUKE X, HO He MMeIoIMUH KacaTelb-

Puc. 28




4. KacartensHas k rpauky yHKUUMN

HOM B TouKe M, — Ipe/ieIbHOE OJI0XKeHUE CeKYIel IIPHA CTPpeM-
JeHuH TOYKH M K M, cneBa u cripaBa OKa3bIBaeTCA PA3IUYHBIM.

Bcé xe B mnogaBiaswieM OOJBIIMHCTBE TOYEK TIpaduKu
2JIeMeHTAPHBIX QYHKIMN MMeT KacaTejlbHble U 0JIANOIIOJIYYHO
cnpamafaiomes BOIU3H HUX.,

PaGoraTh ¢ IpAMBIMHU 3HAYUTEJLHO JIeTUe, BeJb OHU ABJIAIOT-
¢A rpadMKaMH caMbIX IIPOCTHIX — JHUHEHHEIX — (GyHKIuii. Boa-
MOJKHOCTh 3aMEHATh Ha MajleHbKHX IIPOMEXKYTKaX NPOH3BOJIb-
Hble QYHKIIUA JTAHEHHBIMHA He3aBHCUMO JPYT OT APYra OTKPBLIN
B cepeaune XVII B. Y. Heroron u I'. B. Jleitbaun. 310 OTKpBITHE
JIeTJIO B OCHOBY HOBOTO pasjejia MaTeMaTHKH — «MaremaTtuue-
CKOTO aHaJImu3a» !,

P&CCMOTDHM, KaK INOJIYVIHTB ypaeHenue KacamenibvHol K
zpapury pyHKUUU,

Ha pucynke 29 wusobpakén rpapux
HeKoTopod (MyHKIuH y = f(x), uMerommii
B Touke M(x); y,) kacarenpnyio M K.
B coorBercTBHM ¢ ompejesieHueM, IIpH
npubnuxeHsnn Touku M K Touke j\/f‘:l CeKy-
maa MM, moBopauuBasCh BOKPYI' TOYKH
M, crpeMHuTCs CIHMTBCS € KACATEILHOM
M,K.

Crpemnenue Toukn M k M, obecrneun-
BaeTcs CTpeMileHueM eé abCIMCCH X K X,
abcaucce rouxknu M.

Yro6bl moayunTh ypasaenue npamoit M K: y = k(x — x,) + y,,
HYXHO HAHTH e€ y2n060i Koa(@uuuenm k, paBHBIN TAHNEHCY YT-
Ja oL HaKJIoHa 3Toi mpamoii?, K aromy yruy crpemures o, — yrou

HakJIOHa cekymeid MM ,: lim o, = a.

XX,

I Crarea I'. B. Jleii6auna «HoBLIH MeTOJ MAKCHMYMOB M MHHHMY-
MOB, 4 TAKKe KACATeJIbHEIX, IJf KOTOPOTO He fBJSIOTCA NPeNATCTBHEM
ApoOHBIe U HPPAIHOHATIBHEIE KOJHYECTBA, W 0COOBIN JJIA 3TOr0 PO, HC-
uMCeHus », onyOJIMKOBAHHASA B MATeMATHUECKOM »KypHaie B 1684 r.,
COCTOAJIA BCETO JIMIh U3 IIeCTH CTPaHUI ¥ ObliIa IepBoi paboToit mo na-
JIOKEHHIO MeTOoJla UCUHCTIeHHA OecKOHeUHO MaJibiX. OCHOBHBIM IOHATH-
em y JleiiOHu1a, Kak ¥ B HalleM y4eOHMKe, ABIANOChE MOHATHE Kaca-
TeNLHOM.

2 DT0 He OTHOCHUTCA K KACATEBHBIM, KOTOPHIE IIEePIeHINKYIAPHEI
ocu abemuce, OHM He ABAAIOTCA rpad@UKaMu JMHEHHBIX (QYHKIMI
y=kx + [, a3afarorcd ypaBHeHUAMHU BHAA X = 4.



Fnasa 2. NMNPOU3BOOHASA ©YHKLIMKA

TaHreHc yria HaKJIOHA CEKyI[ei MOKHO BLIDA3UTh U3 MPAMO-
yroasHoro tpeyroabnuka M CM, B xoropom M,C = x — x, u

oo e _Y4—¥
MC=y-y, tgo, s
i i ¥Y—Yo
Taxum o6pasom, k =tg a = lim tg a, = lim "
x—rXg XX, x‘xo

Mpumep 1. Haiitu ypaBHeHHe KacaTeJbHOH K Trpaduky
bysKIUK y = x2 B ero Touke ¢ abeiuccon 25=1.

PeweHune.
@ Haiiém opAMHATY TOYKH KacaHud: y, = 12=1.
@ Haiizém pasHocTs Y — Yo: ¥ — Yo = %2 — 1.

@ Haitaém yriiosoi KoadPULIUeHT KacaTeIbHOM:

E=tim Y0 _ i Bl e+ ) =1 +1=2.
1 x—1

x=xy, X — Xg x=1 X -

@Hannmem ypaBHeHMe KacarTeJbHOM: y = R(x — X;) + Y,
y=2(x-1)+1.

PackpsiB CKOOKM U TpUBeAs MOJOOHBIE, HONYyYMM OTBET:
y=2x-1.

I 3Bameuanwume. DTy 3asauyy MOKHO PEIINTh M OoJiee MPUBLIY-
HEIM criocoboM, 3aMeTHB, YTO KacaTeiabHad K mapabose mmeer c Heit
edurcemeennyo obryio Touky (puc. 30). Torza koadbduumuesT k Berauc-
JIseTcH KaK 3HAYeHHe mapametpa £, IpH KOTOPOM KBaJpaTHOe ypaBHe-
Hue x2 = k(x — 1) + 1 uMeeT elMHCTBEHHLIN KOPEHB, T. €. IPH KOTOPOM
ero AUCKPUMHUHAHT paBeH HYJIIO.

i, uilll Y,
\ y=x7
\ Il <!/
[ o 4 Y =%
\ 1] / =
At ERAZa
\ y=2x-1
] % [
Oy Tﬁo'_]f_

Puc. 30 Puc. 31



4. KacarenbHas k rpadpuky dyHKUUK

x2=k(x-1)+1,x2-kx+(k—-1)=0.
D=0:k2—4(k—1)=0,k2—4k+4=0,(k—2)2=0,k=2.

Mpumep 2. Haiitu ypaBHeHHe KacaTeJbHOH K rpaduiy
byHKIUE y = /X B TOUKe x,=0.

PeweHwue. ITlockombky X, ABIAETCA JNeBO rpaHunei od-
JIACTH ONpefieJieHus, TouKa M MoeT NpUbIMKaThCA K TouKe M,
TOJIBKO crpasa (puc. 31), a 3HAUUT, HCKATh HYMKHO IIPABBIA IIpe-
JleJI:

; Y—Y 2 x—-0 :
lim =—9%= lim J2-0 = lim
xaxyp X — X =0+ x—0 x>0t X x—rxg J;:

Ilpenen He cyluecTByeT, OMHAKO ACHO, YTO YIoJl HAKJIOHA CeKY-
meit MM, crpemurca k 90°. IIpu aTom KacaTenbHas MJIU ma-
pajjejibHa OCH OPAMHAT, HJIM, KaK B HallleM cJydae, cOBOajgaeT
¢ HeH.

O TBeT: ypaBHeHHe KacaTeJbHOH x = 0.

YnpaxHeHus
I

52. Haiigure npubiHKEHHO TaHIEHC
yrjla HaKJOHA KAacaTeJbHOH K
rpaduKy (PYHKIIMM B OTMeUYeH-
HBEIX TOUKax (puc. 32).

53. B kakux TOYKax KacarTejbHbIe K
rpabuky Gpyaxuuun (puc. 33) na-
pajieIbHbI: '

1) ocu abermuce; Puc. 32
2) upsamoi y = x;
3) npamoi y = —x?

54. B kakux TOYKaxX He CYIIECTBYeT KacaTeJIbHOM K rpadpury
dyurnuu (puc. 34)?

55. Ilocrpoiite rpaduk GyHKIHHN Yy = X2,
1) Ormernre Ha rpaduke Touku M,, M,, M,, M, c abcnuc-

camu x5 =-1,x;, =0, x,=1, xg=2.
2) Haitgure yraossie Koa(p(PUIIMEHTHI CEKYIITUX

a) MyMg; 6) M,M,; B) MM,.


































































































































































































































































































































































































































































































































































































































































