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NPEJTUCJIOBHE

Br1 HaunHaeTe u3y4yaTh HOBHIM npeamer. CiaoBo «anreGpas
B ero HaA3BAHHM BAM YiKe HM3BECTHO.

IIprEIMOMAIEHO HOBAaA YACTh KYypCa NOCBAINEHA M3YYEHHIO Ha-
uan aHajus3a. MaTeMaTudyecKuil aHanm3 (MIM IPOCTO aHAJIU3) — BETBh
mareMaTHKH, odopmuBmasica B XVIII croserunm u BRIIOYAIOIAA
B ce0d JIBe OCHOBHBIE YacTH: Au(depeHIHaIbHOE H WHTErpajJbHOe HC-
yHcIeHNA. AHAIM3 CRITPAJ I'POMAJHYI0 POJIE B Pa3BUTHH €CTECTBO3HA-
HUS — HOABHUJICH MOINHBINA, Z0CTATOYHO VHUBEPCAJIBHEIA METOJ Hccile-
JoBaHMA (DYHKIMH, BOBHHKAKIIUX IPH PeNIeHHH pa3sHoOOpasHBIX MpPH-
KJaJHBIX 3a7ad. 3HAKOMCTBO ¢ HAYAJbHBIMH IMOHATHAMH H METOJaMH
asanusa (nmpomsBojgHas, auddepeHIUpPOBaAHHe, IepBooOpasHad, HHTe-
rpaj, MeToJ IOMCKA MAKCMMYMOB M MHHUMYMOB (DyHKIHII) — oJHA U3
BasKHBIX IleJIell Kypcea.

Heckonbko 3aMeyaHMii 0 TOM, KAk IMOJb30BATbCA y4eOHHKOM.
OrsaBjieHHe H IpeIMeTHEIH yKasaTelb, MOMeIlleHHBIe B KOHIe KHHUTH,
OMOryT BaM GLICTPO HAWTH HYKHBIH pasfen, onpejesleHHe HIH Teope-
my. OTBeThl M VKasaHUA K yOpakHeHHAM IIPUBeJleHkl B COOTBETCT-
ByiomeM paszene. [ 3HAKOMCTBA C OCHOBHBIMHM HJefMH pelleHHSA
mpejjaraeMblX 3ajad NPHUBOJMTCH MHOMKECTBO IPHMEpPOB pelleHHsd,
BhIfieleHHBIX 3HaukamMu [l 1 . OTMeTHM Take, YTO 3aJa4YM, BRJIO-
yeHHBIE B KaKJLIH OVHKT, JeJATCA HA ABe YacTH. 3afa4yd, BXOAAIIHNE
B IEpBYIO 4acTb, HEOOXOJUMO yMeTh pellaTh AJA NOJy4YeHHHA YAOBJIeT-
BOPHUTEJBHON OLEHKH, OHH 3ajaioT o0A3aTenbHBIH ypOBeHb IOJATOTOB-
ku. OcrajbHBIE 3aau¥ YYTh CJIOMKHEee.

Yrobel MOMOYL BAM IIPH TMOArOTOBKE K KOHTDPOJBHOH pabore,
B KOHIle KaXJ0# I'JIaBbl NPUBeJeHbl BONPOCH! U 3aJlauil Ha OBTOPEHHEe
ocHOBHOro Marepuana. OTBeThl Ha BOMPOCH ¥ IPHUMEPHl pelleHUd Ta-
KHX 3a4a4 MOKHO HAHTH B TEKCTEe COOTBETCTBYIOIIHX NMYHKTOB.

O nDpoucXoMKAeHHH H3YYaeMbIX MOHATHI, TEPDMHUHOB M CHMBOJIOB,
0 JNIOAAX, CO3JABABIIMX MAaTeMaTHYEeCKHIl aHANIN3, BBl MOXKeTe y3HATh,
npounTaB paszaenbl «CBeeHMS U3 UCTOPHM».

JononHUTENLHBIH MaTepuasl TeOpeTHYeCcKOr'o XapaxTepa cofep-
JKATCA B HEKOTOPHIX NMYyHKTaX y4yeOHHKA, OH BEIJeJIeH 3HAYKaMu [P
u :

Ilo OKOHYAHHUM NIKOJHI BaM NPEACTOUT CAABATH BEINYCKHBIE 9K-
saMeHbl. aKk HW3BeCTHO, TeOpeTHYECKHI MaTepHaJ 3a Kypc cpeaHeit
IIKOJbBl KPATKO M3JIoKeH B KHure «Marematnka. CrnpaBouHLIe MarTe-
puasasi». [IpakTUyecKkue ynpaKHeHUA /A NOBTOPEHHUA Kypca moMerie-
HBl B riaBe «3ajauyd Ha DOBTOPeHHEe». 384a4M IOBHIIIEHHOH TPYXHO-
CTH COAEPIKHT BaK/JIHYHUTEeNLHAA IJIaBa.
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TpuronomerpuyecKue
byHKRUIMH

§ 1.
TpuronomerpuuecKkue (QPyHKIUN
YUCJIOBOI'O aprymMeHTa

: CHHYC, KOCUHYC, TaHreHc wu KOTaHreHc
(noeTOpeEeHue)

1. Paguannas mepa. Bbl yKe 3HAKOMBI C paJuaHHOK
Mepoii yrios. Yrox B 1 paduan — 370 TAKO# MEHTPANLHBIN yroi, AJId-
Ha AYrH KOTOPOro paBHa paguycy OKpyskHOcTH (pumc. 1). Paguammas
M rpajycHas Mephl CBA3aHHI 3aBucuMocThio 180° = 1 paauan; yroa B n°

paBeH % pajguas.

IIpu pagmaHHOM M3MEpEeHHMH YIJIOB yIpomaeTcd DAL (GOpMyJI.

Tak, AJS OKPYKHOCTH pajuyca r AJHHA | ee IYrd B o PaiMaH HaXo-
auTcsa mo gopmyie

l=ar; (1)

mIomank S ceKTopa Kpyra paauyca r, Ayra KOTOPOro COAEPIKHT o pa-

IWaH, TaKOBRa:
2

ar
= —, 2
S s (2)
®opmyas (1) m (2) mpome AaHATOrHYHBIX (OPMYJ] l:%
2
H S = U ANA BEIYHCIEHHA IJIHHBI AYTI'H OKPYHHOCTH H oaomanyu

360

cexTopa, AYrH KOTOPHIX (BeJIMUMHOH n°) 3afaHbl B I'PaJyCcHOH Mepe.
Hanuune y pagmMaHHON Mephl paga mpeumyimiecTsB (cM. Takxke 1. 17)
NpHUBENO K TOMY, YTO B TPUIOHOMETPHM MPEJIOUYUTAIOT IOJb30BATHCH
pajuaHHOl, a He rpajycHoOil Mepoi.

W3 xypca anre6psl BBl 3HaeTe, KaK OIpe-
JensdeTcA IOBOPOT HA YroJ B o pajguaH, rje
0. — JeMCTBUTENbHOE YHUCJO. SHAKOMEI BaM

M ompejesleHHA CHHyca, KOCHHYycCa, TaHreHca {1 pax| \ R
¥ KOTaHreHca o (o — yroa HJIM 4YHCJO).

[ Ilpumep 1. Haiifem 3HaueHMs CHHYycCA,

KOCHHYyCa, TaHPeHCa M KOTaHreHca yrja LS
3 Puc. 1

5 Tpuronomerpuueckue hyRrIHH



C a B c a B
Puc. 2 Puc. 3

B nmpaMoyroisHOM TpeyrojbHuKe ¢ yriaom B 30° mpoTmBoseska-
WU eMy KaTeT paBeH NOJIOBHHE T'MIOTeHY3Hl ¢ (puc. 2). Ilyers ¢ =1,

TOrjA:
a=%=%, bzdcz—ai’:?.
IToaromy
O e T e e Fade T
cos o 5 Sing 2 tg3 5 V3, ctg3 5T

Boobmie 3HaueHHs OCHOBHBIX TPUTOHOMETPHYECKHX GYHKIMI

OCTPOro yria o MOTyT OBITH HaljleHBl TaK, KaK 9TO [AeJajJoCh B Kypce
reomerpuu (puc. 3):

b . a a b
cosg =—, sina==, tga==, ctga=-—.
¢’ e’ g b € a

IIpubnukeHHble 3HAYEHHSA CHHYCA, KOCHHYCA, TAHTeHCA U KO-
TaHreHca MPOH3BOJIBHOIO Yyrja HAXOAATCHA € MOMONIBI KAJIBKYIATOPA
unu rabaun. (3geck W ganee HMeIOTCA B BUAY « YeThIpeX3HAUHBIE Ma-
TeMaTH4YecKkHe tabaunei» B. M. Bpanuca.)

3amava HaXOMKJeHHS 3HAUEHHH CHHyca, KOCHHyC4, TaHreHca
M KOTaHTeHCA IIPOM3BOJIBHOIO YIJia NyTeM IIPMMEHEHHA HM3BEeCTHBIX
BaM (opMyJs cBOZWUTCA K HaXOMKASHWI0 3HA4YeHHH sin a, cos a, tg «,

ctg o, e O0<a Q%. Tak, HaopuMep, MoxeT ObITh 3amoJHEeHa Tabiau-
na (cM. c. 5).

2. OcuoBHble dopmyasl TpuroHomerpuu. Ha onpejenennit
CHHyCa, KOCHHYca, TAHTeHCA M KOTAHTeHCA CPA3y CJIEeAYIOT OCHOBHbLE
mpuzoHoMempuyeckue moxdecmea:

sin? o + cos? o = 1;

_sina , _cos o,

We Teoso’ sae sina ’
tgactga=1;
tg?a+1=—L ; ectg?a+1=—L .

cos? o sin? o

6 Tpuronomerpuyeckue QyHKIHH



o | E n b3 n | 2z | 3m | 5m
° 6 4 3 2 3 4 6 r
el lE|E| | B E]| ],
sin o 2 2 2 2 2 2
P 0 0 I S ERP (R O B )
cos o P 2 2 9 2 2 =
= 8 el
tg a 0 3 1 J3 — | /8| < /3 0
1 ke 3
ctga | — J3 1 73 0 B3l 1 |- 3| —
T 5m 4n 3n 5n Tz | 1=z
a 6 4 3 2 3 4 6 2n
. _1 | 2| _J8 8| 2| 1|
sin a P) 2 T -1 2 3 2
I I IO P O I O
GRS 2 2 2 2 2 2
= | 1| 43 V3 -L1| o
tg a /3 3 - = -1 J3
1
ctga | V3 1 w0 | @ml|B| -

OcHOBO# AJA BBIBOJA OCTAJbHBIX (OPMYJ ABIAIOTCA (hopmy.ibl
CRONCEHUA:

cos (o — B) = cos a cos B + sin a sin f3;
cos (o + ) = cos o cos B — sin o sin B;
sin (o — B) = sin a cos B — cos o sin f3;

sin (o + B) = sin a cos P + cos « sin f3;

t i t -t
tg (a+B)=gorEh fg"ﬁ; tg (a-p)=op fg"ﬁ-

7 Tpuronomerpudeckue (PyRKIHHK
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Puc. 4

W3 dopmyn croxkeHns, noiarasa P = %, rge n € Z, monyuaem

opmynv. npusedenusn Njs NpeobpPA30BAHUA BHIPAMKEHMI BHAA
sin(ﬂia]. cos(ﬂl-ia 5 tg(ﬂia], ctg(ﬂia} nelZz.
2 2 2 2

Jna sanoMusaHust 9TUX (POPMYJT YAOOHO MONB30OBATHCA TAKUM
MHEMOHUYECKUM NPABULOM:

a) nepejs NpuUBefeHHOH (PYHKIHeH CTABUTCA TOT 3HAK,
KOTOPBI#H HMeeT HcxoAHas GYHKOuA (puc. 4), ecau

O<a<X;
*5 3

06) dyHKIHA MeHAeTCHA HA «KOQYHKIHIO», eC/U 71 HeverT-
HO; QYHKIHA He MeHAeTcdA, ecau n deTHo. (Kodysk-
OUAMH CHHYyCa, KOCHHYcCA, TAHIeHCA W KOTAHIeHCA Ha-
3BIBAIOTCHA COOTBETCTBEHHO KOCHHYC, CHHYC, KOTAHI'€HC
U TaHTeHC.)

Hanpumep:
sin[l—aj=c05a; cos [Eﬂa]= sin o
\ 2 2
tg(g+a)=-ctgo.; cos [%—aj:—sinu M T. I

Bam u3BeCTHBI TakKe (OPMY.nbL CYMMbL U DA3HOCMU CUHYCOE
(kocunycos):

sincwsinﬁ=2Lv.iuEi—E cos OE_ﬂ;
2 2
.-3i11c:c—xatin[}=2sinc’t—_B cos 23 B,
2 2
+ -_
ct:oscc+(:n:bsﬂ=2cos-:(12‘3 cosagﬁ;
coso —cosp=—2 s‘mmz;ﬂ sin u;B.



Wz (opMyn clOMKeHHS, monarag o =[, BHIBOZATCA @OpMYJblL
deounozo apeymenma:
sin 20 = 2 sin o cos o;
cos 2a = cos? o — sin® o3
cos 20=1-2sin2a; cos 20=2 cos* a—1;
2tga
tg 2a = -
1-tg?a
[lopcraBnas B opMmynsr cos 2t =1—2sin’¢t u cos 2t =
=2 cos? t — 1 3HaueHue t = %, noTy4aeM (QopMyibl NOLOBUHHOZO AP2Y-

MeHma:
2 1-cosu
sin? % e (3)
1+ co
cos? % 5 —22. (4)

[ TIIpuwmep 2. Haiijzem suaueHHWe sin % f6ea momomu TadIHI,

no dopmyae (3):

x 4 V3
12 2 2 4
2-4J8
Tax waxk 0 R o ®  gin-® >0, moaydyaem sin - . Otser
3+ sing yuaem sin ===

MOIKHO ynpoc-m'rh
V2-v38 _4-2V3 _J(JB8-1? _VB-1_+V6-42
2 242 2J2 242 4

Pasgenus moujeHHO paBeHcTBO (3) Ha (4), moaydaem:
2 a _ 1-cosa

t b
g 2 l1+cosa )
VMHOKAA YHCJAUTENb M 3HAMeHATeb [PABOH 4YacTH paBeHCTBA
. o
sin E
tg % = Ha 2 cos &, maxommum:
cos < 2
2

sin% 2sin%cos &
2 2

tg%: = 2. _®ng g g
cos & 2 cos? & L+vone
2 2
o sin o
oo BIRG 6
tg2 1+cos a 6)

9 Mpuroromerpuveckue (PYHIRIHN



AHaNOrMYHO, YMHOXAA YUCIUTETh ¥ 3HAMEHATeb IPAaBOoil YacTu

PO o §
sin —
pasencrea tg £ = — 2 ga 2sin &, npuxoguM K GopMmyie
cos & 2
2
1-cos o

S TN 7
tg 2 sin o @

B TOpuwmep 3. Haitaem smauenme tg %’5 6e3 momoluuM TaGIMIL:

57 2
l-cos == 1+— 2
25?::_ 4 _ "2 V21 (412 _ 5o g

1+cos§T“ - 1_@ B J2-1 2-1
2

tg

3aMeTuM, uTO g < %ﬂ <n. lloatomy tg 5—8"- <0, u, ciexoBaTelbHO,
éSE =—(J2 + 1).
Ilpumep 4. Haiizem sin %, cos g u tg %, ecJM M3BECTHO,
yto cos o = 0,8 u 0<a<%.
Yron % HaXOAUTCA B IIepBOH 4eTBepTH, W, 3HAYHUT, sing >0,

cos % >0, tg ‘2‘ > 0. IToaTomy

cos & = [1+08 _ /59 - 0,9487;
2 2
1-0,8 1
tg 2= == =0,3333.
€ 1+0,8 3 a5
YnpaxHeHun

B xaxaoM myHKTe ynpakHeHHWs pasjeNeHsl Ha ABe 4acTH. 3a-
Jla4dd, NPHBOJHMEIE B IePBOHl 4acTH, XapaKTepH3yIT o0A3aTenbHBIH
YPOBEHb MOATOTOBKH IO JAHHOH TeMe: MoAo0HBIe YyIpaKHeHUA Heobxo-
AUMO YMeTh pellaTh AJA MNOJAYYeHHUS YIOBJIETBOPHUTENBLHON OIEHKH.
B GonpmuHCTBE CciydaeB co crmoco6aMH peIleHHsA 9THX 3afad MOMKHO
03HAKOMHTECH, PACCMOTPEB OpHMEep=®I, paaoﬁpannhre B TeKCTe COOTBeT-
CTBYIOILEr0 IYHKTA.

a) 45°, 36°, 180°; 6) 120°, 310°, 360°;

1.— Belpasure B pagnaHHONR Mepe BeJMYUHBI YIJIOB:
i B) 60%; T2°, 270°% r) 150°, 216°, 90°.

10 Tpuronomerpuueckue QyHRIHH



BripasuTe B I'PagycHOH Mepe BeJIHUYWHBI YIJIOB:

n n 6w, 2r 3= T
8) 5+ 5 6) =—, —/— —2}
) 2* 2" 36’ 57 4 9
3n 5 3n _Tn
B): oy coey Yl — —> x
) ] 5 T 1") 1 2 12
Haiigure umciaoBoe 3HAYeHHE BbIPaXKeHH:
a) sin 0 +cos T + sin? &5 6) 3sin = +2cosn+ctg? *;
2 4 6 6
B) 6sin T —-2cos 0+ tg? =; te ® —gin? & +cos? &,
) 6 cos g3 I‘)3g4s 3 Teost o

CyliecTBYIOT J¥ 4YHCAA O, B ¥ Y, AAA KOTOPBIX:
a) sin a =-0,5, cos B = J3, tgy=-2,5;

6) sin a=§, cos p=-2,2, tgy=0,31;

B) sin a = 1,8, cosﬁzfig, tgy=15,2;

r) sina=—g, cosB=,}2,5, tg y=-1,57

MoryT Ji¥ CHHYC ¥ KOCHHYC OJHOTO M TOTO K€ 4HCNa GBITh Pas-
HBIMH COOTBETCTBEHHO:

. P 5
a) 251425, 6) 0,4 m 0,7;
J6 V5 2 1
B) — B ———; r) —— u ——7?
& Rl P EEYH

MoryT i TAHFeHC W KOTAaHI'eHC OJHOTO M TOrO JKe uucja OBITH
PaBHBIMH COOTBETCTBEHHO!:

a) —2 u -3 6) (V3-2) m (V3 +2);
5)2411——1%' r)"{_ 2‘/_?

Haiigure 3HAYEHUS APYrHX TPeX OCHOBHBIX TPUIOHOMeTpHYE-
CKHX (DYHKIIMii, eClH:

a) sin o =-0,8, n<a<%;

NG
080 =—1—, =<0 <T;
6) cosa T3 o<
s J2 n 15 3=
B) sina="—, O0<a<=; r) cosa = <o <2m.
) Sime=Tg &%y ) eost =1 g
VYipocTuTe BRIpa)KeHUe:
1-2 cos?
a) cos? a — cos* a + sin?* a; 6) —Los_—ﬁ:
cosp + sinf
: ’ sin? t -1
B) (sin? o + tg? a sin? a) ctg a; T) —4—+t,g2t.
cos* t

11 TpuronoMerpHueckne PyHRIHH



9.— Buqncnme'

4n 4 2n 5n

cos — — ———sm——— tg =— —-tg—

2) 008 3§ %9875 —in 15 6) €73 glz :

cos0,3n sin0, 2u+sm0 3:tcoso 2n 1+tg2ﬂ tg

3 12

3n 5n bis 5m

tg —+ t sin =— X _sin T cos 2%
B) 30" g20. 18y 918
tg— g?z—t-)— sm?—g‘ sm?“ cos% cos%

10—— Brruucaure sin 2a, cos 2B, sin (a—B) u cos (o + B), ecan:

% : 4 5 T n
: =¥ =iy e y < Ty
7 a) sina z cosf i3’ 3 <%<® 2<B m
. 6) cos a=0,6, ain[3=-%, %’Lcaﬁmr, n:<[3<%.
Ynpocrure BEIpaskeHue:
2sina cosf —sin(a-f), 6) 1-cosa +cos2a
cos (e —B)-2 sina sinp’ sin2a - sina
v@cosu—2cos(%+u]
B) 3 r) ctg? o (1 - cos 2a) + cos? a

23in[;’5+a]—wf§sina

IlpeobpasyiiTe naHHOEe BBIpAYKEHHE TAKUM obpasom, uYTOORI
4pryMeHT COOTBETCTBYIOIIEeH TpHUroHOMeTpHuYeckoidl GdyHKIuK

IPHHALTEHKAT IPOMEIKYTKY [0; g)
a) sinZBE. cos[ 53“), tg 0,6n, ctg (~1,2n);
0) tg%’—‘, sin(—%’i} cos 1,8n, ctg 0,9m.

Haiigure qncnosoe 3HAUEHHE BHIPAMEHHUA:

a) 8 smE cos 2% tg 43“ ct'.g"z—1rt
3n 51: Tn
6) 10 cth sm—4m cos —=;
P ) y
B) st x—9) -cos(2n—t).

1+ sin[ﬂ+t]
2

BepHo n1u paseHcTBO:

-1 A2 11in s .

sin L& R : == —c08 = =— —

a) 13 —sin 12 3 6) cos 24 8 sin 94
. 11m Tn 2n
gin —= 4+ = = o
B) sin 18 sin - 18 cos g
om 3n

r 2% ycos * =/2cos 2% ?

) cos 8 + 3 co 3

12 Tpuronomerpuaeckue hyHKIHH



15.—

16.

17.

18.—

19.—

20.—

21.—

22—

Haitaure sin %, cos = tg -, eCJIH:

2
12 3n : 8 n
a) cos o= —-= < ox. ina=3, = <m
) cos o 13’“ a<2 6) sina = 2<a L
24 3n 8 3n
0! g = 2mn; =——, <<=
B) cosc = 55" B o<2m; r) sina e

C noMoLIbI0 KaNnbKyJaaTopa Wiau Tabiunm Haijure 3HAYEHUA
sin o, cos o, tg a, ctg a, ecnan:

a) a=0,19; 6) a=1,37; B) «=0,9; 1) a= 1,2;

C moMOIIBI0 KajabKyJasaTopa miau Tabiaun Haigure:

a) pazmaHHble Mepsl yruos 17° 43°24; 83°36'; 72°12';

6) rpaaycasie meprl yrios 0,384; 0,48; 1,11; 1,48.

BoluucanTe AAMHY AYTH, €ClIU M3BeCTHHI ee pajiuaHHAsA Mepa o
u paguayc R copmep:xaieit ee OKPY»XHOCTH:

a) a=2, R=1 cm; 6)&:%,}?:601\1;
8) a=0,1 1 R=1m; r}a:‘%,ﬁ:lom.

BhrupcauTe IJIOMALb CEKTOpa, eCad H3BeCTHBI paauyc R Kpy-
ra ¥ paguaHHas Mepa o IEHTPAJbLHOIO yrja CeKTopa:

a) =01, R=1m; 6) az%", R=3wm.

a) Haiigure pagmaHHyl0 Mepy UEHTDaJNbHOIO yrjia CeKTopa,
eciy AJIMHA COOTBETCTBYIOUIEH JAyrd paBHa JHaMeTrpy Kpyra.
6) JlameEa Ayrd ceKTopa BTPOe MeHbIle ero mepuMmerpa.
Haiigure pagdaHHYI0 Mepy ero IeHTPaJbHOTO yrja.

Haiizure 3HayeHus BeIpamkenuit (21—22).

a) 3sin(2a—-i)+2cos(3u—n), ecam o =

k]

-

(¥

.
3

6) sinz(a—§)+3tg(5“ 32“], eciu o =

4co 3a—£)+ t( +-"—J, cnm o ==
B) s[ A ctg| a T ect 8

i 2 T n
r)cos | a+— |t 20.+—), eCHM O =——.
: ( 3) & ( 2 *=76

1+tga 12 3n
a) ————, eCJAH COSO ==, <a<2
) l+ctga 13" 2 %

sino + cos a 5
6) ———, ecnn tga =3
) s L

cos o+ ctga & 3n
B) —————, €CJIH cosSO =——, <O <——;
) ctg o : i 2

r) sin? o — cos? B, ecam cos? a — sin® B = 0,5.

'3 I'purosnomerpuyeckue (yHIKIHI



23.—

24.—

25.—

26.

27.

rouku P, (1; 0) ma yron B a paguan, HeTpyaHO MOHATE, YTO opAuHATA
TOYKH P, — 3T0 cuHyC yria o, a abernueca 9TOM TOUKHM — KOCHHYC

Hoxaxure, uro mpu 0 < o <g CIIPABEAJIMBO DPABEHCTBO:
a) sina,1+tg?a = —-L—:
cosaq1+tg2a

5) \/l+cosa _Jl—cosu < Biolg b

1-cosa 1+ cos a
J1-sin? ¢ e
B) = = =
sin o 1——(:082 o

1

r) Jsin2u+tg2asin2a= "
cos? a + ctg? o cos? o

Toxaxure Toxpgecra (24—26).

. (= B x_ ). tgo+tgh  tgo-tgp _
B S’“(Z+°‘]‘°°“(4 “)’ D wh  wan

a) (sin® ¢ + 2 sin t cos ¢t — cos? t)2 = 1 — sin 4¢;
6) cosa—2sin3a-cosba
sinS5a -2 cos 3o —sina

=tg 303

1-4 sin?t cos?t
B) ———— =cos 2t;
cos?t—sin?t

sina+2sin2a+ sin 3«

— =tg 2a.
cosa+2cos2a+ cos3a %
1 tg'z% 2tgg
a) cost = =3 6) sinp =
1+ tg? 1+ tg2 B
Beraucaure (6e3 momomu Tabiaun u KaJbKYJIATOPA):
T e <« Tm T - 2n
- i n—-— — |2 £2.
a) sin 15 cos i3 6) (31 I8 sin 18) cos 5
11n b1
2 €08 —— — COS —
B) [sin"" I _cos? E) ; ry — 12 12
8 8 sinig—
1

2. TpuroHomeTpuyeckme yHKLUM
M Ux rpacpmkm

1. ®yBKUMH CHHYC M KocmHyc. OKDYHOCTB paguyca 1
C IEHTPOM B Havaje KOODAWHAT HA3LIBAIOT eFUHUYHOIL 0KPYNCHOCMbIO,
Ilycte ToOuKa P eauHUYHOH OKDPY’KHOCTHM NOJyYeHa NpH IOBOpOTE

yraa o (puc. 5).

14 Tpuronomerpuueckne yHKIHHN



YA YA
P, Py

sina 4 *fzi

3
o Po -\'41 Py .
0 x ) x

2
Puc. 5 Puc. 6

- Ilpumep. Haiizem 3HaYeHusa CHHyca, KOCHHyCa, TAaHIeHCA
M KOTaHTreHca yria % pajguas.

KoopaueaTel Touku P, (puc. 6) HeTpyAHO HaWTH, BOCHOJIbB30-
ES
BABIIMCH CBOMCTBOM paBHOOEAPEHHOTO IIPAMOYTOJBHOIO TPEyroib-

. = V2 _ﬁ . 311:_\/5 3n _ J2
HHAKa: X = ot y—?. IloaTomy smT—z 3 -9

tg 3F=-1, ctg

, COS

L]
8% - 4
4

Jlanee MBI cuuTaeM, YTO BCe YIJIbl M3MEDEHHI B paguaHHON| Me-
pe, u noaromy oboaHaueHWe pad, KaK NpaBUJO, ONYCKAETCH. Horo-
BOPHMBIINCH CYHUTATH ENWHUILY M3MePeHHs YIJIOB (1 paguan) GuKCH-
pOBaHHOH, OmpejejsfeM, HANpPUMep, CUKHYC 4UCAA X KAK CHHYC yIja
B X pajiiaH; KOCUHYC HUCA X KAk KOCHHYC yIjia B X paguaH u T.A.

Onpepenexune. Yucnopsie (QYHKIHH, 3aJaHHBIE
dopmynamu y =sin x M ¥ = c0S X, HA3BIBAIOT COOTBET-
CTBEHHO Cunycom M Kocunycom (um oBosHauaoT sin
Hu cos).

O6snacTs onpeeIeHNs 3THX MYHKIMI — MHOMKECTBO BCEX neucr-
BUTeNbHBIX umces. O6nacTeio sHaueHWH GQYHKIMIE CHHYC W KOCHHYC
aBasgercs orpe3ok [—-1; 1], MOCKOJIBKY ¥ ODAMHATHI, B a0CIMCCHI TOYEK
eIMHHYHON OKPYXHOCTH MPUHUMAKT BCe 3HAYeHus oT —1 10 1. Byaem
oBosravaTk obiaacts onpefenenus GyHkmun f uepes D (f), a obnacTte
suauyenuit uepes E (f). Torpa

D (sin) = D (cos) = R; E (sin) = E (cos) = [-1; 1].

HanoMHEMM CleAVION[Me M3BecTHbIe BAM CBOMcTBAa (QYHKIMN CH-
HYC U KOCHHYC:

Ilnsa moboro x crpaBeJJUBEI DABEHCTBA:

1) sin (—x) = —sin x, cos (-x) = co0s x;

2) sin (x + 27n) = sin x, cos (x + 2nn) = cos x
(n — TIPOM3BOJBHOE 1IEJI0€ YHCIO).

15 TpurosoMerpuueckne (PyHKIHHK



VA
1
—
P,
a 1 T\ 3
o| o = TN\J 3n |/2n =
' _'_ — 2 2
e — S -
Puc. 7

2. Cumycomna. Iloctpoum rpaduk (DYHKIME CHHYC HA OTpesKe
[0; 2n]. Ina aroro ormerum Ha ocm opammar Toukm (0; —1) m (0; 1),
a Ha ocm abenuce TouKy c abeumecodt 2n (o6paTMTe BHEUMAaHHE: [JIMHA
orpeska [0; 2n] npubnusxenno pasna 6,28). Pasnenum orpesox [0; 27]
H eMHUYHYIO OKPY¥HOCTh Ha 16 paBHBIX yacreit (pume. 7). IIna mo-
CTPOEHHUA TOYKH rpaduka ¢ abcouccoil o BOCHONb3yeMesl ONpeseeHH-
eM CHHyCa: OTMEeTHM TOUYKYy P Ha eMHUYHON OKDPYKHOCTH U IIPOBEEM
depes P, npamylo, napanienbHyio ocu abenuce (puc. 7). Touka mepe-
CeYeHH#A HTOU NPAMOH U NPAMOH X = (0 HCKOMAas, TAK KAK ee OpAMHATA
COBHIA/aeT C OPAMHATON TOUKH P, a 1Mo ONpejesIeHUIO sin o paBeH Op-
nuHate P .
Ha pucyrxre 7 mokasano nocrpoerue 16 Touex rpaduxa. Coenu-
HAfA UX IJIABHOH KPHUBOH, IMoJyyaeM ackua rpadmKa cHHyCa Ha OTpe3Ke
[0; 2r]. lnsa mocrpoenusa rpaduka CAHYCA BHE 9TOTO OTpe3Ka 3aMeTHM,
4T0 8in (x + 2nn) = sin x (n — IpoMaBOJABHOE IeJoe yucao). IlosTomy
BO BCeX TOYKax Buja x, + 2nn, rae 0 € x, < 271, 3HAYEHHUA CUHYCA COB-
majgarmT, H, clefoBaTeIbHO, rpadMK CUHYCA HA Beceil mpaAMoOi mosyuaer-
Cf M3 MOCTPOEHHOrO rpa@uKa ¢ MOMOIIBI0 NMAPAJIEIbHEIX TePeHOCOB
ero Bjoxak ocu Ox (BIpaBo u BJeBo) Ha 27, 47, 67 m T. 1. (puc. 8). I'pa-
®uK cuHyca HasmiBaeTcd curycoudoii. Orpesok [-1; 1] ocm opauuar,
C DIOMOINBI0 KOTOPOro MBI HAXOAMJIM 3HAUYEHUSA CHHYCA, HHOTAA HA3hI-
BalOT JUHUEL CUHYCOE.
JIi TOCTPOeHMA rpaKa KOCHHYCA HANOMHHMM, YTO COS X =

= sin x+g . CaenoBarenpHO, 3HAa4YeHHe KOCHHYCA B NIPOM3BOJBHOMN

TO4YKe X, PaBHO 3HAYEHHID CHHYCA B TOYKe Xg + -;—. 9rto O3Ha4aeT, 4TO

rpaduK KOCHHYyca HOJydaeTcs U3 rpaduKa CHHYCA ¢ TOMOIILIO napas-

Lo _3E ..n\_/llo

Y
y=sinx

1 3
3 A

T 2n {)_T{' ;

\/ !

palA

pRIAT

Puc. 8
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JIeIBHOI'O IepeHoca Ha paccToAHHEe -215 B OTpHIATEJBHOM HAalpasJe-

guu ocu Ox. ITosTomy rpadumr ¢yHKnum y = cos x (puc. 9) Taxxe
ABIAETCA CHHYCOMIOM.

3. MYHKIHH TAHTeHC H KOTAHIeHC M HX rpaduku.

Onpepenerne Yncuossle (GyHKIHH, 3aJaHHbIE
dopmynamu y = tg x u y = ctg x, HA3BIBAOT COOTBETCT-
BeHHO MaHzencom W kKomanzencom (u obosHaualoT tg
u ctg).

ObsacThio ompefeeHHs QYHKIUHN TAHIeHC ABIAETCA MHOMECTBO
BCeX YWces X, IJA KOTOpeIX cos x # 0, T. e. Bce umcaa X, He paBHbIe

-g- + ntn (n «upoberaeT» Bce MHOKeCTBO IeJbIX uucen Z). O6iaacts ompe-

JeJleHUs KOTAHreHCa COCTOMT M3 BCEeX YHcel X, JUIA KOTOphIX sin x # 0,

T. e. U3 BCeX uuces, He PaBHEIX 7n, rae n € Z.

IIpoBeseM KacaTenbHyo | K efMHHYHOR OKPYKHOCTH B TOUKe P,
(puc. 10). IIycTe ¢ — DPOM3BOJIbHOE UYHCJIO, AJIA KOTOPOro cos a#0.
Torza Touka P, (cos o; sin 0) He JIeKHUT HA OCH OpAMHAT, H, CJIefio-
paTexbHO, npavMaa OP, nepecekaer | B HexoTopoit Touke T, ¢ abenue-
coit 1. Haliem opamHATY 3TOM TOYKH.

Ilns aroro samerHm, urTo npsmaa OP  mnpoxoauT 4Yepe3 TOY-
ky O0(0;0) u P_(cos a; sin o). IlosroMy oHa uMeer ypaBHEeHHE
y = x tg a. Abcnucca Toukum T, Jekameir Ha 9TOH NpAMOWH, pas-
ga 1. s ypasHenus npamoit OP, HaXoAuM, YTO OPAMHATA TOYKH T,

YA i / YA

P,

T x

Pa a \Cu - 2

m
Pl!

0 o Po—| = '\0'
1 x 0 -

Puc. 10 Pue. 11
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paBHa tg a. Mrak, opAnHATA TOUKY NepeceyeHUs MPAMBIX OP_ u | pas-
Ha TaHrescy o. Ilosromy npsamyio [ U HA3BIBAIOT JAUHUEH MAHZEHCOS.

Herpyznuo rakae noxasars, uro abenucca rouku C, mepeceuenus
npamoii OP, ¢ KacaTelbHON m K €JUHMYHOH OKDY’KHOCTH, IPOBENEH-
HOii 4epes Touxy P, (puc. 11), paBHa ctg o npu sin o 0. IToaromy

2
OPAMYIO m Ha3BIBAIOT JUHUE KOMAaHZeHCO8.

ObnacTe 3HaveHuil TaHreHca (KOTAHIEHCA) — BCS YHCIOBAH nps-
mas. Jlokamem a1o qna pyuxnun tg. Ilyers Yo — LIPOM3BOIBHOE JIeii-
crBuTenbHOe uucao. Pacemorpum rouky T (15 y,). Kak Tompko uto
ObLI0 TOKA3aHo, TaHreHc yraa TOx paseH Yo CnenoBarensno, QpyHK-
nusa tg npuHuMaer awboe NeHCTBUTEeNBEHOE 3HAUEHHE Yy» 4TO 1 Tpebo-
BAJIOCh [JOKAa3aTh.

HamomMHuM criepyionue u3BecTHBIE BAM CBONHCTBA byEEDUN tg
u ctg:

1) tg (-x) = -tg x; ctg (-x) = —ctg x;

2) tg(x+nn)=tg x; ctg(x +mn)=ctg x, n e Z.

TTocTpoerue rpaduka Tanrenca Ha MHTepBaJe (-125; g] (puc. 12)
AHAJOTHYHO IOCTPOEHHIO, OMHCAHHOMY B cJyyae CHHyca. (3HaueHHe
GyEKOMM tg B TOYKE HAXOAUTCA C IIOMOILBIO JHHHH TaHI'eHCOB. )
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¥q y=tgx

®Y

5n =2n 3n - n 3n 2n bn

ba
Lo~
B2l A
nola
(o]
2-]

Puc. 13

Beaepcreue Toxxaecrsa tg (x + nn) = tg x (n € Z) rpadpuk ranresca Ha
Beeil obsnacTu ompenesnenus (puc. 13) monydaerca us rpaduka Ha MH-

TepBaie —g; g napajeNbHBIMEA TepeHocaMu BAOJNb ocu Ox (BIpaBo

u BieBo) Ha ©, 21 U T. A. I'padpur GyHKnum tg HASHIBAIOT MAH2EH-
coudoil.

Ipaduk KoTaHTeHca NpUBeJeH Ha pUCYHKe 14.

Cunyc, KOCHHYC, TAHIeHC ¥ KOTAHI'€HC YaCTO HA3LIBAIOT OCHOBHbL
MU mpuzoHomempuieckumu Gynkyusmu. VHOrAa paccMaTpUBAIOT ere
JBe OCHOBHEIE TPHIOHOMEeTpHUYecKHe (DYHKIUH — CeKAHC U KOCeKaHc
(0603HAUAIOTCA COOTBETCTBEHHO Sec M cosec).

JIlna Toro uTo0Bl MOHATH, IIOYEMY OCHOBHBIX TPHIOHOMeTpHYe-
ckux GyHKIHUH uMenHO 6, 3aMeTHM, YTO TPUTOHOMETpHYeCKHe (QYHK-
MK OCTPOTO YIVIA ¢. MOJKHO ONpeJeNTUTh KAK OTHOIIeHHA CTOPOH IpA-
MOYTOJBHOTO TPEYroJbHHKA ¢ 0cTphIM yriaom o (puc. 3). Takux orHo-
meHuit 6:

sina=%; cosa=
lid

Lz

seca =%. coseca =<,

=

¥1 y=ctgx

-2n 3n \ -«

nolA
|
0o

Puc. 14
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28.—

29.—

= R e

30.

31.
32.

33.

34.—

35.—

uiﬂ

YnpaxHeHus

OrmeTbTe Ha eIMHUYHON OKPYXHOCTM TOUYKy P_, ecam:

T 13 3 14 s
==, =—, === (7] ==, 0=m O0=—=1
a) o o o ) (4] 4 . 5
LS 31'{ b n 57(
=— % __; —___’ P TE, a
B) « a 2 a = 4 r) o= o =2 =—

HaiiguTe KoOpAMHATEI TOYKH P ennEWYHON OKPYKHOCTH, €CJIH
0. paBHO:

T X n 2n
a) —, —, —T; 6 e e
i ) "5 3 2
T 3n n 5n
B 3 E =R = MR-t ]
) ~3 30 3 i T

B kakoil 4YeTBepTH KOODAMHATHOH IJIOCKOCTH pACIOJIOMKEeHa
Touka P, ecnu o paBHO:

3n 81t o .
3 7 -2,7; 0) __, 1,87, -3,2;
Tn _2n 5 _
B) T v L8 1*] 9 » —2,3m, 3,7?
Hai‘mn're 3HAK 4YHCJAa:
a) sin%’—’- ccasg—rr tg2,3n; 6) sin 1 cos 3 tg 5;
B) sinl,3n cos 1% tg2 9; r) sin 8 cos 0,7 tg 6,4.
Haiigure 3HavYeHHs CHMHyca M KOCHHYCA (, €CIH O PaBHO:
a) 4m, -mn; 6) 5?“, -5,5m;
B) m, —2m; r) 9?“, —%E.
ITocTpoitre rpaduk GyHKIUM:
a) y=c03(32—“+x) 6) y =-sin (x + n);
B) yzcos(g—x]; r) y = tg (x + n).

Ha egunnuno#l oKpy»HOCTH OTMeThTE TOYKYy P, (¥; y), KoOp-
JUHATBEl KOTOPOH YAOBJIETBOPAIOT YCIOBHIO:

a) y=0,5, x>0 6)x=—%,y>0;
B)x=J2§,y>0; r)y:—‘—gg,x<0.

Ha wmuanumerpoBoit OyMare mOCTpoOiTe EAMHUYHYID OKDPY3K-
HOCTb, & 3aTeM [eHTPaJbHEIA yroJ o, TaKOH, 4TO:

a) sin o = -0,5; 6) cos a = 0,3;
B) cos o =-0,4; 7) g o=2.
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Haitnure obnacTs ompejeneHus u 00JacTh BHAYEHHH JaHHOM
dyuxnun. Ilocrpoiire ee rpadur (36—37).

36.— a) y =2 + sin x; 6) y=1+tg x;
B) y=cos x — 1; r) y =3 +sin x.

37.— a) y=2sin x; 6) y=—%cosx;
B) y=0,5tg x; r) y=-1,5sin x.

HaiiguTe KOOpHHATE TO4YeK NepeceYyeHHUdA C OCAMH KOODJHHAT
rpaduka ¢pyErouu (38—39).

38.— a) y = sin x; 6) y=1+cos x;
§ B) y=cos x; r) y=sinx-1.
39. IMI a) y=x%-3x; 6) y = sin x — 1,5;

En)y=2,5+cosx; r)y=71c+1.

§ 2.

OcHOBHBIE CBOMCTBa (DYHKIIHN
3. ®OyHKUMKN KU ux rpachukm

1. Yucaosas ¢pyuxuusa. C noaaTreM GyHKIUA BBl IO3HA-
KOMMJIMCh B Kypce aarebpel. IIpu mayueHMH Hayaj] aHaiusa yAOGHO
NPUHATHL CJeAyiolllee ompejiejieHue:

Onpenenedune Yucnosol gynkyued ¢ 06aacTBIO
onpenenenns D HassIBaeTCA COOTBETCTBHE, IIPH KOTO-
pPOM Kaka0OMy YHCIy X M3 MHOkecTBa D conmocraBiaser-
CcA M0 HEKOTOPOMY NPaBHIY YHCIO Y, 3aBHCALIEEe OT X.

®yrrnun o6syHO 0603HAYAIOT JATHHCKUMHU (& MHOTJA IPeYecKH-
mu) 6ykBamu. PaccMorpum nponsBoibpHy0 Gyaknuio f. HesaBncumyio
NMepeMeHHYI0O X HAshIBAIOT TaKKe apzymenmom @yurxyuu. Hucmo y,
COOTBETCTBYIOIlee UMCIY X, HA3hIBAIOT 3HAYeHUeM (yHKyuu [ B TOY-
ke x u obosmHauaioT f (x). O6aacTs ompeneneHus pyakmuu f obosHa-
uyator D (f). MBEOoKecTBO, cocTodmiee U3 Beex uucen f (x), Takux, 4TO X
npHUHAAIEXKHUT obsacTy onpeneneHus QYHKIMH f, HASBIBAIOT 001ACMbBIO
snavenuit gynxyuu f u obosuauawr E (f).

Yame Bcero GYHKIOHMIO 3aJal0T C IIOMOIIBI0 Kakoif-nubo dop-
mynapi. IIpm 3TOM ecauM He JaHO MOIOJHHUTETBHBIX OTPaHUYEHM, TO
obiacTeio ONpefesieHUs (YHKIUM, 3aJaHHON (OpMyHoi, CUHTAIOT
MHOECTBO BCeX 3HAUEHUN NepPeMeHHOMH, NPH KOTOPBIX 3Ta (GOpMYy-

na uMeer cmblca. Hampumep, opmyaa f(x):l MMeeT CMEBICJ IIpH
x
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Beex x # 0, moaromy obiacteio onpenenenus pyHruuu f(x) =i CcuH-

TAIOT MHOMKECTBO BCeX He paBHBIX HYJIK AeHCTBHTENbHbIX YHCeJl.
ObnacTb ee 3HaueHHH coBnajzaer ¢ 06JacTbiO OIpeje/ieHHA U HABJAET-
ca obbenuHEeHENeM MHTepBanoB (—oco; 0) u (0; oo).

»»  Boobme o6zedunenuem muoxnecms A u B HazsBaeTCA MHOMECT-
BO, cOCTOfAIlee M3 BCEX 3JIEMEHTOB, KOTOPhIe NMPHHALJIEXKAT XOTHA OBl
onHOMY M3 MHOsKecTB A uau B. O6benunenue MHOXKecTB A u B o6oaHa-
vaerca Tak: A U B. Hanpumep, o6beanaerneM orpeakos [0; 2] u [1; 3]
aBasercs orpesok [0; 3].

Cumponom U ypoGHO moab30BaThCA 1151 0003HAYEHHS UMCJIOBBEIX
MHOKECTB, KOTOPhIe MOYKHO INPEACTABUTEL B BUAE O0BEeIUMHEHHMS UUCIO-
BBIX NpOMe:KYyTKOB. Tak, aua GQyHKIUH )"(:vc}:l

X
D (f) = E () = (~00; 0) U (0; co).
OGnacte onpejenenus GyHKnum y = tg x — obbeuHEeHNE Bcex

MHTEPBAJOB BHIA —-z-+1m; g+nn ), roe n € Z; obiacTh ee 3Haue-

HUH# — BcA umciaoBas npaMad, T. e. E (tg) = (—oco; o).
@yarnun Bujaa [ (x) = p (x), rae p (x) — MHOTOUYJIEH, HA3LIBAIOT

YeLbLMU PAYUOHANbHBIMU PYHKYUAMU, a GYyHKIHA Buja [ (x) = g:z;,
rae p (x) u g (X) — MHOTOYJIEHBI, HA3LIBAIOT OPOOHO-PAUUOHANLHBLMU

Pynryuamu. Yacruaoe p(x)
q(x)

B HyJIb. Iloaromy obnacTe onpenesnenusa ApoOHO-PAIMOHAIBHON (DYHK-
X

muu f (x) = % — MHOX{eCTBO BCeX JeHCTBHUTE/JbHBIX YHCEJ, U3 KOTO-

PBIX MCKJKOYEHBI KOPDHH MHOro4JieHa ¢ (x).

. IIpumep 1. Haiizem o6GxacTs oupegeneHus IApoGHO-paIMO-

HaJIBHOH (QyHKIHH

omnpejeneHo, ecau ¢ (x) He obpamaercs

x8 —5x0 + 3x2 —4x
x8 -38x2% 4+ 2x

fx)="

Kopuu muorounena x? — 3x2 + 2x — uucna 0, 1 u 2, ITosromy
D (f) = (=o0; 0) U (05 1) U (1; 2) U (2; o0).

2. Tpapux dysxkuuu. I'padurom Gyrkyuu [ HA3EIBAIOT MHO-
JKEeCTBO BceX To4yek (x; y) KOOpPAMHATHOH IockocTH, rge y = f (x),
a x «upoberaer» Bci0 o6jacTh olpeneneHusa GyHKIuUHU f.

IlogMHOMECTBO KOOPAHHATHOW IJIOCKOCTH ABJAETCA rpadurom
Kakoil-nmubo GyHKOHH, ecIn 0OHO HMeeT He Gojee ofHOU obmiedl TOUuKHM
¢ mwoboii mpamoii, nmapannensHoil ocu Oy. Hampumep, MHOMKecTBO,
usobpakeHHoe Ha PUCYHKe 15, He ABAsfercA rpaduKoM GYHKIMH, TaK
KaK OHO COJEp?KHT JBe TOYKH C OJHOH M TO#H ke abcmuccoit a, HO pas-
HBIMH opauHaramu b, u b,. Ecam 661 MBI COYJIM 3TO MHOKECTBO rpadu-

22 Tpuroromerpuueckne (hyHaKImn



YA YA
b2 y=f(x)
/:_\_/
by — Yo 4
/
0 a x 0 X, x
Puc. 15 Puc. 16

KOM (DYHKLIMH, TO IPHILIOCH OBl CUMTATE, YTO T4 QYHKIAA NMEeT HPH '
X = a cpasy jBa 3HaueHHdA b, u b,, UTO NPOTHUBOPEUHUT ONPEJEeJIeHNI0
GYHKIHH.

Yacro yHrnuio 3agaioT rpadgudecku. IIpu atom Ana nwoboro x,
ua obyacTu ornpejesieHHSA JIErKO HailTH COOTBETCTBYIOIee 3HAUEHME

Yo = f (%) dyrrnun (puc. 16).

3. IlpeoGpasosanue rpadukxos. 3anac QyHKNU, rpa@uKa KOTO-
DHIX BBl yMeeTe CTPOWTH, TNOKa HEBEJIMK — 3T0 GyHKOuu y = kx + b,
y=ax2+bx+c,y=-:—‘r,y=sin x, Yy =cos x, y = tg x, y = ctg x. Iloka-

JKeM, uTO, IPHMEeHAA M3BECTHbIe U3 Kypca reOMeTpHU CBeJeHHA O mpe-
obpasoBaHUAX (PHUTYD, STOT CIMCOK MOMKHO CYIIECTBEHHO PACIIHPHTE.
1) PaccMoTpuM CHAuaja napallelbHblili Neperoc Ha 6eKmop
(0; b) sdoaw ocu opdunam. ObosHauad 3/eCh U jjajee Jepes (x'; y') KO-
OpAMHATEI TOUKH, B KOTOPYIO IEPeXOAUT HPOM3BOJbHAA TOUKA (x5 y)
IJIOCKOCTHA TNpPHM AaHHOM NpeobpasoBaHMH, NOJNYYMM HM3BECTHBIE BaM

dopmyisl
wloni M
y =y+b.

Ilyers f — mpousBosbHAs (QYHKOUA ¢ 00J1acTBIO ONpe/leNeHus
D (f). BeisicHuM, B KaKyio QUIypy mepeXoAuT rpadux sToi QyHKIUH
npu paEHOM mepesoce. Ma ¢opmyxn (1) cpasy monydaeM, YTO TPOH3-
posbHas Touka (x; f (x)) rpaduxa nepexomur B Touky (x; f (x) + b).
Dro o3EaYaeT, 4YTo rpaduK [ mepexoJUT B QUIYypPy, COCTOAIIYIO U3 BCEX
Toyek (x; f (x) +b), rae x € D (f).

Ilo onpepenenuio rpadhuka GyHKOHA 2Ta ¢urypa ABJfAeTCHA rpa-
duxom dpyaknum y = f (x) + b. CkasanHOe MO3BOAAET CHOPMYIHPOBATE
MPaBUIO:

Ilns mocrpoenus rpabuka ¢ysxnmm f (x) +b, rae
b — MOCTOSHHOE uYuejo, Hajo nepeHectw rpaduk [ Ha
sexTop (0; b) BHOJB OCH ODIHHAT.

Bl TIpumep 2. Ilocrpoum rpadpukm GyHKuMii: a) y = sin x + 2;
6) y=x2-5.
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VA

Puc. 18

®Y

a) B coorsercTBMM ¢ nDpaBHIOM
nepesocum rpadur QyHKDuUM y = s8in x
Ha BexTOp (0; 2), 7. e. BBepx mo ocu Oy
Ha 2 egmHMUE (puc. 17).

6) IlocTpoeEme oOCyIIecTBIAAETCHA
nepeHocom napafonbl y = x* Ha Bek-
Top (0; -5), T.e. BHMB mo ocm Oy
(puc. 18).

2) HoBmiM ans Bac mpeoGpa3soBa-
HUEeM ABIAETCA pacmaicenue 8001b ocu
Oy ¢ rkoapguyuenmom k, KoTopoe 3aja-
ercd (hopmynamMu

X' =%
(2)
{y’ = Ry.

Ina nocrpoesus Touku M', B Ko-
TODYK IepeXOAUT JgaHHas Touka M
IpH pacTHKeHUM, HANO IOCTPOUTH HA
npsamoit AM, rpe A — npoexuus M Ha
ock Ox (puc. 19, a), Touky, roMoTeTHY-

Hy1I0 M oTHOCHTeJbHO HeHTpa A (K0d()(MHUIHMEHT FOMOTETHH paBeH KO-
apdunuenty k pacraxenusn). Ha pucynke 19, 6 nokasano nocrpoenue
TOYEK, B KOTOpbIe INepeXoiAT JaHHEIE IPH PACTSKEHHAX ¢ Koahdumu-

eHTaMu -;- u -2,

Beisicaum, B kKakyio ¢urypy mepexonut rpadguk dyHknuu f npm
pactaxxenuu. Uz dopmyn (2) cpasy monydaem, 4To MPOU3BOJILHAA TOY-
ka (x; f (x)) rpaduka f nepexogur B Touky (x; kf (x)). Orciona ciaenyer,
yro rpadur [ mepexoguT B (QUIYPY, COCTOSAINYI0 M3 BCeX TOUYEK
(x; kf (x)), rme x € D(f). Dra ¢purypa sipnsiercs rpapuroM GyHKIIHH
y = kf (x). okazano creayiomniee MpaBHIO:

Hus mocrpoenus rpaduka GyExknan y = kf (x) Hajgo pa-
CTAHYTh rpaduk pyHKnum y = f (x) B k pas BEOJb oCH
OpAMHAT.

I Tpuwmep 3. Iocrpoum rpaduxu byHKIMA y=-2x’m y:%cosx.
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yl\

M' (x4; kyg)

M (x4 ¥o)
B
A x
N (x5 yq)
N' (xy; ky;)
a)
UA
: M (xq; o)
E' (x5 —2y,) o 70
F (x5 ys) 1
. T M’ (-To; '2‘9’0)
" x
’ . 1
E (x5 y3) N' (x5 Eylj
N (xq;

F' (xg; ~2y3) (13 91)
6)
Puc. 19

y=-2x

Puc. 20

IlocTpoerne OCYIIECTBISIETCA B II€PBOM clIydae Hu3 rpapuka
Qyarmun y = x? (puc. 20), a Bo BTOPOM clyuae cHauajJa CTPOMM Tpa-
¢$uK QYHKOUH Y = COS X, 3aTeM BOCMOJb3YeMCd pPacTAKeHHeM BHOJb

ocu OpAMHAT ¢ KoadhdHIHeHTOM % (puc. 21).

Bameuanue. Eeam 0 < |k| < 1, To pacrsxenue ¢ Koahhu-
nMeHTOM k 4acTo HaswIBAWOT cicamuem. Hanpumep, pacTsaikeHue ¢ KO-

a(hpuueETOM % HaseIBalOT cikaTHeM B 2 pasa. OTmMeTHM TakiKe, 4TO

eciim k < 0, To ans mocrpoenus rpadpuxa (pysxmun y = kf (x) Hamo
cHauaja pacTAHYTh rpaduk f B |k| pas, a 3aTeM OTPa3HUTh €0 CUMMeT-

PHUYHO OTHOCHTeABHO ocu abemuce (em. pue. 20).

Y ¥
1
A - -
' -2n  3n 0
B

r
2

oA

y=Ccosx
Puc. 21
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bA 3) ITapannenvHuiit nepeHoc 8donb
4),_/4.1 ocu abcyucc Ha eexmop (a; 0) saga-
/ eTcss hopMyIaMu

1 Az x'=x+a,

d { , (3)
M'/é M v =y.

- Kaxxkmaa Touka rpaduxa (QyHk-
=1 @ 1 X nuM [ NepeXoJHT COIJIACHO (opMy-

nam (3) B Toury (x + a; f (x)). Iloaro-
My C IIOMOINbIO IepeMeHHBIX X', y'
MOJKHO 3ammcaTh, 4To rpaduk f mepe-
XoxuT B urypy @, cocrosuiyio us rouex (x'; f (x' — a)), rae x' npuHA-
MaeT Bce 3HAYeHMA BHAA X + a (x «upoberaers D (f)).

HMeHHO NpM BTHX 3HAYEHMAX X' YHCIO X' — a4 NPUHALIEIKUT
D (f) n f (' — a) onpeneneno. Cregosarensno, durypa @ ecrs rpahuk
dyernum y = f (x — a). Urak, MOXKHO caenaTh BHIBOI:

Pue. 22

i I'padux dpysrumum y = f (x — a) nmoaydaercsa us rpagu-
ka [ nepenocom (Bgoub ocu abemucec) Ha BekTop (a; 0).

O6parnre BHuMMaHue: ecam a > 0, To Bexrop (a; 0) Hanpasien
B NOJIO’KHATEJILHOM HamnpaBJjieHuu ocu abemuce, a npu ¢ < 0 — B oTpu-
LATEeJIBHOM,

! Tpumep 4. Ilocrpoenne rpaduxoB Gyskuuit y=+x+1 u
Y =cos (x—i—) IIOKa3aHO Ha pucyHKax 22 u 23,

4) Pacmaxenue sdoav ocu Ox ¢ koapuyuenmon k samaercs
hopmynaMu
{x’ = kx,

, (4)
¥y =Y.

IIpoussonpHad TOuka rpadguka GyHKOHH [ [EepexXoAuT NpH Ta-
KOM pacTAeHuu B TOUKY (kx; [ (x)). Ilepexoga k nepemenssiM x', Y,
MOXKHO 3ammcaTh, 4T0 rpaguk y = f (x) mepexonur B purypy, cocros-

Y0 H3 TOYeK [x': f(%)), rge x' NPUHUMAET BCe 3HAYEHUA BHIA

x'=kx, a x € D(f).

4
Ll AN
y=cos x -1 2 4

Puc. 23
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YA

ANWAWZINNYAWZ4

y=cosx

®Y

Puc. 24
9ra Qurypa ecth rpaduk GyEknuu y=f (i) Hraxk:

IIna nocrpoenus rpaduKa GQYHKIHU yzf[’;f) HaJ0

NOABEPrHYTH Tpaduk (GyHKIUY [ PACTAMEHHIO ¢ KO3(-
¢unuerTomMm k BHoab ocm abemuce.

B TOpuwmep 5. Iocrpoerne rpadguxos (yHKHMHA Y= cos 2x u
y =sin 3 % TOKASAHO HA PHCYHKAX 24 u 25,

b 4, Orobpamenne. @yHKUUO ¢ 00MacThi0 onpenenenus D u o06-
nacThio sHaueHuil E HA3BIBAIOT Takke omolbpaixceruem muoxcecmea D
na mHoxcecmao E. MoxHO ckasaTh, HanpuMep, uto dopmyna y = sin x
sajaer orobpakeHne MHOKecTBa R JelicTBHTEJBLHBIX YUCEJ HA OTPe30K
[-1; 1]. CnoBa «pyHKIHsA» M <oTOOpAKEeHHEe» — CHHOHHMBEL.

Hepeaxo paccmarpusator ¢yHknuu (orobpaxenus), obiacts
onpefeNeHus MaM 00JaCTh 3HAUEHHA KOTOPHIX (a4 BO3MOMKHO, M 00a
9THX MHOKECTBa) He ABJAIOTCH YUCIOBBIMH MHOMecTBaMu. C TakmMu
npUMepaMH, IO CYLIECTBY, BBl Y»Ke BCTpeUajHMCh B Kypce reOMeTpPHH.
Hanpumep, obnacTeio onpeenesud Gyaknun «Iloomans MEHOrOyromib-
HUKa» Npu QUKCUPOBAHHON eNMHUIe M3MEePeHHUA IUIOL[aeil ABIAeTCH
MHOKECTBO MHOTOYIOJBHUKOB IrockocTu. Obiacrh 3HaYeHMH 3Toi
OYHKIMY — MHOMKECTBO HEOTPUIATeNBHBIX unces (miromans 0 umeroT
«BBIPOYK/IGHHEIE» MHOTOYIOJbHUKH, HAIpUMep OTPE3OK).

Ismxenue (Tax e kak W npeobpasoBaHMe NoA00MA), TepeBoas-
miee ¢urypy F B durypy F', Takke siBasercs oTobpaskeHnem, ero ob-
nacTh ompefenenus F u obnacre sHayeHHMH F' coCTOAT M3 TOYEK.

ITonarue oToOpaKeHUA YACTO OTHOCAT K YHCJIY OCHOBHBIX IOHS-
THit Bceil mareMaTuku. C ero momoInso MOXMKHO ZaTh Takoe ompeeJie-

Pue. 25
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HHe QYHKINH: QyHKIHelH ¢ obracTeio onpeaenenus D u obiacTeio 3Ha-
yeauit E HasweiBaetcs orofpaykenme MHOMecTBa D Ha MHOMecTBO E,
IpH KOTOPOM KajKAOMY dJeMeHTYy MHokecTBa ) COOTBETCTBYeT OAMH
BIIOJIHE ONpEeJeJeHHLIA JJeMeHT MHoMecTBa E W KaKABId 3JeMeHT
MHOecTBa FE mocTasjieH B COOTBETCTBHE HEKOTOPOMY (XO0Tsa OB OmHO-
MY) 8JeMeHTY MHo:KecTBa D.

YnpaxHeHUn

40.— Haiinure 3HaYeHUS QYHKIHU:

a) f(x)=x +% B Toukax —1, %, 10;
. 6) f(x}=3cos[x—§] B TOYKAX —E, 0, m

B) f(x)=+v5x-x? B Toukax 0, 1, 2;

r x)=2-sin 2 ~x o, 5=,
) (%) X B TOYKaX 1 12
41.-8 3anumuTe 3HAYEHUA QYHKIHH:
a) f (x) = x® + 2x B TOUKAX Xy, t + 1;
6) f(x)=tg 2x B Toukax a, b-1;
B) f(x):)—lc+1 B TOYKaX X, a + 2;
r) f(x)=2cos -’35 B TOUKax 2, h + .
YA
YA b
a o =
y 0 b x 0 x
a) )
YA
yA
0 :x 0 x
B) r)
Puc. 26
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42.—

43.—

44.

45.

47.

fAsnserca nau rpadbuxom GyHKOHUH Gurypa, usobpaxkeHHas
Ha pucyHkKe 26, a—=z?

HaiianTe o61acTh onpefeeHus Kasm a0l us Gyarnmit (43—44).

8) f (%)= s 6) 7 (x) =2 -9
x“-4x+3
. B) f(x)=.‘,5_7:2; r) f(x)=+v86-x2.
x°“+2x-8
a) f(x]=;1§-; 6) f(x)=2tg x;
B) f(x)=1+ctg x; r) f(x}:-lT.
X

Haitgure o6acTh onpejefieHus u 0BJACTH SHAYEHHH KasKIOM
u3 QYHKIOHAK:

= _E . — _--4 =
a) y—2cos(x 3], 6) y=2+_—3;
B = i i
B) g 1; r) y=3+0,5 sin (x+4).

Haiigure obnacTh onpefieeHus U 06aacTh 3HAYEHUN QPYHKIUAHA,
rpadHuk KoTopoil msobpaxeH Ha pucynke 27, a—z.

Haueprure rpaduk Kakoi-mubyas GysHxmuum f, maas KOTOPOii:
a) D (f)=[-2; 41, E () =[-3; 3);
6) D (f) = (-5; 3), E (f)=1[2; 6].

=y
|
o
'.Q 3
b
"
=y
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48. —

51.—

52.—

B opHO# W TOH Ke cHCTeMe KOODAHMHAT IOCTPOMTe rpaduku
byHERIM:

6) y=cosx, y=cos x — 3, y=cos(x+§):

B) y=-x%, y=4-2x%, y=-(x - 2)%

r) y=sin x, y = sin x + 2, y=sin(x+§).

IMocrpoiite rpaduxu pyrxmuit (49—50).

. = 2 _ A
a)y—-_x_a, 6) y=(x-2)°-4;
B) y=1-(x+2)% r}y=2+i.

a) y=1+ 2 sin x; 6) y=vx+1-1;
B) y=0,5cos x - 1; ry y=2++Jx-1.

Haligure 3HaYeHUs QyHKIHH:

, €cC 20,
a) f(x) ={x ki B Toukax -2; —1; 0; 5;

-x, ecan x <0, 3

2 —_ =
6) f(x)= £ =1, ecny -l B Toukax -2; —1; 0; 4;
1-x, ecitu x < -1,

sinx, ecim x >0,
B) f(x) ={ B TOYKAX —%; -

T 1L
cosx -1, eciu x <0, 3

0; .
6

a) Ocnosanue AC rtpeyronbEuka ABC paBHO b, BhicoTa BD
paBaa h. Yepes rouxky K Beicorst BD mnposejeHa mnpsaMas,
napannenssas AC. Beipasure miomaznu GUryp, Ha KOTOpHIE
AeJUT 3Ta NPAMAA JaHHBIH TPEYroJbHHK, KaK (QYHKOIHH OT
paccroaHusa BK = x.

6) PagmanHas Mepa LEHTPAJLHOrO yIJia PaBHA X, PagHyC Kpy-
ra paseH R. Bripasure miomajnb COOTBETCTBYIOLIETO CerMeHTa
KaK (YHKIHIO OT X.

B) Pagnannas Mepa IeHTPAJBLHOrO yrja CeKTopa paBHAa «, pa-
auyc paBeH r. BrlpasuTe nepuMeTp CeKTOpa Kak (DYHKIHIO
OT yria d.

r) llpamas, mapanjienpHas IUATOHANM KBAJpaTa, AENHUT €ro
Ha ase Gurypsl. 3ajgaiiTe GOpMyI0i 3aBHCHMOCTE MEKAY IJIO-

| Maapio Kaxjaol Gurypsl U QIHHOH X MEHBIIEro OTpesKa, oTce-
| KaeMmoro JaHHOH NpAMOM OT AMAroHAM, €CIH CTOPOHA KBajpa-
. Ta paBHa a.
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53.—

54.—

56.

Haiigure obnacTs onpejgeneHuns QyHKIUM:

J3x-2 vyx?-8x-2
= T B D |

a) y= 3 6) y=
4 x%-x-2" )y 16 - x2
5) _Jx+2_ Ja-x2
V=g %" D Y=gz "
Haiigure obnacTs onpeseneHusa U 061acTs 3HaYeHUH QYHKIIUK:
= 2 x-1
a) y=1+sin® x; 6)y=—x—:

B) y=+2% +4; r) y=1,5-0,5 cos? x.

ITocrpoiite rpaduru Gyrruui (55—56).
x2 -4, ecniu x> 2,
) y= {

a) y=|x-1};
R | 2-x, eciu x < 2;

el
B}y=ﬂ'2x—2; P)y: 3 x*, ecIHn x>1,

x-2, ecrm x < 1.
a) y =sin 3x - 1; 5)y=%x3+2;

B) y =1+ cos 2x; r}y=1+%\f;.

4. YeTHble U HeYeTHbie (PYHKUUWU.
MepuoanHHOCTh TPUTOHOMETPUYECKMX (PYHKUMA

1. Yernsie u HeueTHbIe pyHrumuH. PacemorpuM QYHKIHH,

obylacTH omnpefeNeHus KOTOPBHIX CHMMMETPUYHBLI OTHOCHTEJbHO Haudala
KOODAMHAT, T. . AN Joboro x u3 obaacTu onpelejeHUs UUCIO (-x)
TaK)ke NMpUHANIEKUT obiactu onpefenenus. Cpeau Takux byEEOHH
BEIIENIAIOT YeTHHIE U HedYeTHHIE.

Onpepenedve dyakuusa [ HaspiBaeTcs wemuou,
ecau aas Joboro x W3 ee o6jacTH ompeneeHHHA

f (-x) =1 () (puc. 28).

VA
Yp
f(=x)=1(x)
f(x)
o —
-a —x 0 _
-a —-x 0 x a :x L SASSO
\! f(-x)
Puc. 28 Puc. 29
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Onpepnenenne Dyaknus [ Ha3bIBaeTCa Hewem-
H.Oﬁ, ecau aasa gioboro x u3 ee obiacTH onpenejJeHHA
[ (%) =—f (x) (puc. 29).

@ DOpuwmep 1. Oyaxknua f(x)=x' vuermas, a OyEKOuS
g (x) = x* meuernas. JleficTBUTENBHO, OGJACTE ONpENENeHUS KaXAOH
M3 HUX (9TO BCA YMCIIOBAA MPAMAA) CAMMETPHYHA OTHOCUTEIBLHO TOUKM
O m nna mo6oro x BHIIOXHEHH! paBeHcTBa f (—x) = (-x)* = x* = f (x),
g (-x) = (-x)* = ~x% = —g (x). T'paduxu dbyEKUMH M306parkeHs HA DH-
cyakax 30 u 31.

Tlpn nocrpoeHuu rpadHuKOB YETHBIX M HEYETHHIX (DYHKUUH Oy-
[ieM [OJIb30BATBCH CJEAYVIOIIMMY M3BECTHEIMU U3 Kypca ajireGpsl CBOI-
CTBAMM:

1°. I'padbuk werHoit (GyHKIUH CHMMETPHYEH OTHOCH-
TeJBHO OCH OpJAMHAT.

2°, T'padux HeueTHOH QYHKIUU CMMMETPHUYEeH OTHOCH-
TeJbHO HAYajla KOODAHHAT.

M3 aTuX ABYX HpaBHJ BEITEKAET CJEAylollee: MPH TOCTPOSHHH
rpauka 4eTHOH WM HeYeTHOH (PYHKIUU JOCTATOUYHO IOCTPOUTH €TI0
YacThk A HEOTPHIATENbHBIX X, & 3aTeM OTPA3HUTh IOJYYEHHBIH rpa-
(UK OTHOCHTENBHO OCH OpPAHMHAT (B ciaydae YeTHOH MYHKIMH) HIX Ha-
yajga KOOpAMHAT (B cIy4yae HeEYeTHOI).

B Opuwmep 2. Oynknus f(x)=x+ . Heuernas (ZoKaKuTe HTO
X

camMocToATenbHO). Ee rpaduk cHMMeTpuYeH OTHOCHTEJIbHO HAaYala KO-
opaunHat (puc. 32).

OcHoBHBIE TPUrOHOMeTpUYECKUE (PYHKIMH CHHYC, TAHT€HC M KOTAH-
TeHC ABJAIOTCA HEYeTHBIMM, & KOCHMHYC — YeTHOH (yHKumeir (cm. m. 2).

YA YA
y=x°
y=x!
1
17 |0 1 x
-1
1
-2 =1 90 1 x
Pue. 30 Puc. 31
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yi VA
1
y=x+ ;
2
1
-1 o 1 x 1 0 1 %
-1
-2
Puc. 32 Puc. 33

IMosromy rpadmky; cueyca, TaHreHca M KoraHreHca (puc. 8, 13, 14)
CHMMETPHYHBI OTHOCHTEIbHO Hayajla KOODAWHAT, & IPaQuUK KOCHHYCa
(puc. 9) cuMMeTpUYeH OTHOCHTEJIBHO OCH OpAHMHAT.

3
X+

B IIpuwmep 3. ®ysknus f(x)= * germas, Tak Kak ee 00-
X

8 _
JIacTh OIpefesIeHUsA CHMMEeTPHIHA OTHOCHTENBHO TOUKH X = 0 (ona co-

CTOMT M3 BCEeX uuces, oTHHuHbBIX oT —1, 0 u 1) u xua Bcex x € D (N
BBINIOJIHEHO PABEHCTBO

£ (=2) _(xP (%) _-2-x _ B+x

=f(x).

T (~xP-(-x) =x-28 xP-x >

Tpadur 3TOH (YHKIMHM CHMMETPHYEH OTHOCHTENBHO OCH Oy
(puc. 33).

IMpumep 4. Pyuxnua f (x) = x? + x He ABIAeTCA HU YETHOH,
HE HeueTHoii. Ee 00JacTh ompejesleHHA CHMMeTPHYHA OTHOCHTEJIBHO
rouku 0, HO, Hampumep, Opu x = 1 He BBHIIOJHEHO HU PABEHCTBO
f(1)=f(-1), sm pasescrBo [ (1)=-f(-1), TOCKOIBKY f(=2,
af(1)=0.

2. Ilepuoauueckue pyEruuu. OUeHsr MHOTHE ITPOLECCHL U ABJE-
HHSA, C KOTOPBIMM MBI BCTpeuaeMcfd Ha IPAKTHKE, MMEIOT MOBTOPSIO-
muitca xapakrep. Tax, BaamMmuoe pacrmonoxenue CoaHna M Semiu
HoBTOpsieTcs yepesd rof. IlonoiKeHHA MaATHUKA B MOMEHTHl BDEeMEHH,
oTJHYaIMeca Ha IMepuoj KojebaHMA MaATHHKA, OJAHMHAKOBBIL.

Takoro poja TPOUECChl HABLIBAIOT NEPUOAMYECKHMH, & (PYHK-
oMM, UX OMHUCHIBAIOIIME, — IMepPHOANYEeCKUMH (PYHKIUAMH.
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H3BecTHEIE BAM OCHOBHBIE TPUTOHOMETPHUECKHEe (MYHKIHH —
nepuogudeckue. Tak, ngna moboro umena x U Jw06oro nenoro k BBITION-
HEHO paBeHCTBO sin (x + 2nk) = sin x. Orcooxa caeayer, uro 2nk — me-
puoj GyHKnuM cuHyc (k # 0 — IpOM3BONBHOE IeJ0e YMCIIO).

Boobme, rosopa o mepumopuuyHOCTH DYHKIHMH f, MOJAraimT, YTO
nmeerca takoe yucao T # 0, uro obiacts ompenenenus D (f) Bmecre
C KaXKJOM TOUKOH X COAEPIKMT M TOYKH, MOJYYAIOIIHECH W3 X Ia-
palslenbHBEIME NepeHocaMu BAOJb ocH Ox (BIpaBo M BJI€BO) Ha PaceTo-
aaue T. Pynknuio f HasbIBAIOT nepuoduyeckoii ¢ mepmomom T # 0,
eCJIH JUiA 11060T0 X U3 06IacTH ONpeje/IeHUs 3HAUCHUA dTOH (QYHKIUM
B TouKax X, ¥ — T u x+ T papsnl, T.e. f(x+T)=f(x)=f(x-T).

ITockonbKy CHHYC MW KOCHHYC OIpefeneHbl Ha BCeil UMCIOBOH
npAMO# | sin (x + 27) = sin x, cos (x + 271) = cos x mas MO6Oro X, CH-
HYC M KOCHHYC — [epHOAWYecKHe (DYHKIUH C HepuoioM 2.

Tanrenc um KoraHremc — mepuopnMuecKHe (QYHKIHH C IEPHO-
AoMm 7. B camom nerne, obnacTu ompeseseHMA THX (DYHKOHE BMmecTe
C KaXK/JBIM X COJEpIKAT 4YUCJA X+ T M X — T H BepHbl pPaBeHCTBA
tg (x + n) = tg x, ctg (x + 1) = ctg x.

Ouesuznno, uto ecau pyaknua f nepmognueckas ¢ nepuogom T,
TO npu mio6oM nenom n # 0 umenao nT Toxke nmepuox BTOH (PYHKIHUH.
Hanmpumep, npu n = 3, BOCHOJTB3OBABILMCH HECKONBKO pa3 ompejeJie-
HHUEeM Mepuoaudeckoil GpyHKIMM, HaXOXUM:

f(x+3T}=f((x+2T)+’I‘):f(x+2T)=f((x+T)+T)=
=f(x+T)=f(x).

Jokaxem, uro:

a) HAUMEHBINMH IOJOKHUTENbHBIH Nepuox GYHKILH
y=sin x u y = cos x paBeH 2m;

6) HAUMEHBIIMM NOJOXKHTENLHBEIM HEPHOZOM byHKIHH
y=tg x u y = ctg x ABnAeTcA umcao 7.

b a) Kax yxe oTMedasnocs, yucio 21 ABIACTCA IePHOAOM byHRIIIT
sin u cos. ITosToMy ocraercs HOKAs3aTh, UTO TOJOIKUTEIHLHOE YHCJIO,
MeHbIIee 27, He MOXeT ObITh MX mepHofoM. [lokaskeM 2To.

Ecan T — npomsBosibHBI mepmosi KOCHHYCa, TO cOS (a+T)=
=cos o mpu moboMm o. Ilomaras o =0, Haxomum cos T =cos 0 = 1.
Haumensmee nonosxurenssoe uwmecno T, mis KoTOoporo cos x =1,
ecTh 2m.

Ilyere T — npousBONBHBIN TOMOKUTENLHBIN nepuos CcHHYyCA.
Torga sin (o + T) = sin o npu mwodom o. Ilonaras o = %, noayyaem

sin(T+§)=sin-;—=1. Ho sin x = 1 Toabko npu x=§+2rm, nelZ.

Ilostomy T = 2nn. HamMmeHbIIee NOJOKHUTENbHOE UHCJIO BUAA 27n
ecTs 2mw.
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=27 -T 0
Puc. 34

/ﬁ
VYV,

/i

6) Eciu T — mONOMKHTeNbHBIA MEpUoj TaHTeHca, TO tgT=
=tg (0+ T)=tg 0=0. Tak xax Ha maTepsaise (0; m) TaHreHc HyJIe#
me umeer, T = n. PaHee aoKaszaHO, 4YTO T — IEePHOA (PYHKIHUH tg,
W, 3HAUMT, T — 9TO ee HAMMEHbUIHH TOJOKUTENbHbIH MePHOJ. Insa
dyaknuE ctg oKasaTeIBCTBO AHAIOTHIHO.

Kak npaBmio, CJI0Ba ¢«HAMMEHBIIMI MOJOMKHUTENbHBIN IEpHO»
onyckaior. IIpuHaTO, HaNpUMep, FOBOPUTH, YTO MEPUOJ TAHreHca pa-
BEeH T, a TepPHOJ CHHYyCA paBeH 27.

ITeproAMYHOCTHIO OCHOBHEIX TPHIOHOMETPHYECKHUX byHEKROIHHE MBI
yike (pakTHUeCKM IMONB30BAJIUCh paHee, IPH HOCTPOEHHUH rpaguKoB.
CropaBefJIABO CleAyiollee yTBepIKAeHHe:

IOns nocrpoenusa rpaduka nepuogAYecKoill (QYHKIHAH
¢ mepuozom T jocTATOYHO MPOBECTH IMOCTPOEHHE Ha
oTpeske aauHON T M 3aTeM MOJYyYeHHBIH rpagux mapai-
JIeIbHO TepeHecTH HA paccTogHuA nT BIPaBO M BJIEBO
B0k ocu Ox (puc. 34, sgecs n — moboe HATYpaabHOE
YHCIIO0).

JleficTBUTENBHO, HYCTh (X, Y,) — TO4YKa rpaduka nepuopnte-
ckoil yaxmum f. Torma Touka x, + nT npH mioboM 1ejioM 1 MpHHAJ-
neskuT obmactu onpejgeneHua [ (cm. 3aMeuaHHe B Hadaie MyHKTA)
U BCJEJCTBHE NePHOAMYHOCTH [ cnpaBelJIMBO PABEHCTBO f(xy+nT)=
= f (%) = Yo BHAUHT, TOUKA (xo + nT; y,), MONYYeHHAA NpPH Tapai-
JNeTLHOM TepeHoce TOUKH (X, Y,) BAOIBL OCH Ox ua Bextop (nT; 0),
TOMe NpUHAANEKUT rpadukry f.

B Tpuwmep 5. Iocrpoum rpapux byskmun f(x)= 2 cos x + 1.
Jlna mocTpOeHHA BOCTIONB3YeMCH TeM, UTO QYHKIHA f mepuoguvecKas
¢ nepuozom 27. J[leACTBATENBHO, (PYHK-

nus [ ompeAeNeHa Ha Beeill NpAMOI, ya

¥, 3HA4YHUT, BMecTe C MPOM3BOJIBHOMI 3 y=2cosx+1
TOUKOH X, ee 06J1aCTh ONpeAeNeHnd CO-

NEepIKAT TOUKM, MOJYYAION[Hecs M3 X, # y=2cosx
NapajselbHBIMA  TEPeHOCaMu BROML 1 x = y=cosx
ocu Ox Bupaso u Bireso Ha 2n. Kpome 1 P :
TOr0, BCJENCTBHE OepHOAHYHOCTH KO- _2'

cunyea f (x + 2n) = 2 cos (x + 2n) + 1 =

=2cos x+ 1= f(x). Ilonsaysack CBOi- Puc. 35
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Puc. 36

CTBOM rpaMkoB nepuognyecKkux (PyHKUHi, cTpouM rpaduk f cHavana
Ha orpeske [0; 2n] (A715 3TOro B COOTBETCTBMH ¢ M3BECTHBIMH LPABHIIA-
MH npeobpasoBaHus rpadMKOB PACTATMBAEM rpaduK KOCHHYCa BJIO0JIb
ocn Oy B 2 pasa u casuraeM ero Ha 1 BBepx (puc. 35), a 3aTeM ¢ mo-
MOINBIO MapPAJIENBHEIX MEPEHOCOB NPOJOJIKAEM ero Ha BCK YUCIOBYIO
npamyo (puc. 36).

P Ipumep 6. Hoxamem, uro byHKIHA f(x)=tg[2x-f) e-

pHOAMYECKAA M ee HAUMEHBINMH IOJOMUTEeIbLHBIH IepHuoJ paBeH g.

Tanreuc OnpejeJieH IpH BCEeX BHAYEHMAX AapryMeHTa, He paBHBIX

5 +nn, n € Z. Iloaromy o61acTh oupenesieHMA JaHHON QYHKIIMH COCTO-

HT U3 TAKUX X, 9TO 2x-£¢%+ TN, T.e. X # ?8—“+ AL

S RE Z. Orcrona

cnenyer, uro D (f) HApAAy ¢ MPOM3BOJILHEIM Xo co,uép:rm-r H BCE TOYKH

BHAA X+ 0 x,— -’%’ n € Z. O4eBUAHO, UTO UMCIO % ABJIAETCA Te-

2

puomom f, Tak Kak f(x+§)=tg[2(x+12‘_)_£]=tg([2x_%]+ﬁ)=

=tg (2 x —E = f (x). Ocraerca pokasaTe, YTO YHMCIO % — HAWMEHBb-

Uil TOM0XKNTeNBbHEIH nepuon f. Jlonyerum, aTo nepuoaoM f aBiaseTca
Takoe uncao Ty, uro T, < % Torna mus moboro x € D (f) cnpaBexnuso

paBeHcTBO  f(x+Tp) = tg(z (x+Tp) —-f) = [[2.% - Z) + 2TJ f(x)=
=tg (2 x - fj. nockoasky T\, — nepuog f. Ho ato osmauaer, uro 2T, —

nepuoj dyuxnuu tg. Ilo mpeanonoxennio T < 2. T. e. 2T, < 7. IIpo-

THBOpeYHe C NOKA3aHHBIM paHee: HAMMEHBLINUI MOJOMKHUTeIbHEIH IIe-
PHOA TaHTeHca paBeH 7m. CmpaBefJIMBO U 00IIee YTBepKIAEHHE:

Ecin dyermua f nepmonudeckas u mmeer HauMeHbIIH i
nonoxkuTeNbHbIN nepuon T', To hyrkuus Af (kx + b), rae
A, k n b mocrosHHEI, a k # 0, Takke mepHoaMYHa, IpH-
YEeM ee HAMMEeHBIIHH IIOJIOKHTETbHEIH IePHOA PaBeH -~ .
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W3 sroro yreep:KAeHUA cpasy noJiydaeM, 4TO, HalpuMep, INepHO-
noM (yHKIMH sin [3xwg) ABIAETCA YHCJIO0 33—:5, a mepuof, (PYHKIHHA

cos (—% + n] paBeH 4.

YnpaxHeHus
Ilokaxcure, 4To GyHKOUU ABISOTCH YeTHBIMU (57—58).
57.= a) f(x)=38x%+ x% 6) f (x)=x" sin %;
& B) f(x)=2x%cos x; r) [(x) =4x® — 2%
2 - z
sa.f o) (=222 o) (0= 5;
| x| x2-1
2 sin * 3
. 2. _cos X
B) [(x)= a0 r)f{x)~4_x2-

Tlokaskure, 9T0 DYHKIHUM ABJIAITCH HedeTHHIMHA (59—60).
59.8 a) f(x)= x3sin x% 6) f(x)=x2(2x — x%);
6) f (x) = x° cos 3x; r) f(x)=x(5-x?).

2wl __cosz®
608 o) (=75 6) 1A = s
3x . _ x* s
B) f(0)=—g7s W) P =T
T T I !

Puc. 37
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61.—

Ha pucynke 37, a—z nocrpoen rpadhux Gysxknuwm f s Beex x,
yaosaeTBopAlmMux yeaosuio x = 0 (x < 0). Ilocrpoiite rpa-
dux dyuxnum f, ecam maBectHo: 1) f — uernas GYHKIHA;
2) f — meuerHas GyHKUUA.

62.— Jlokaxcure, uro umcno T ABIAeTCA NEPHOAOM byurnun f,
,:5 ecJyId;:
! a) f(x)=sin§, T = 4x; 6) f(x) =2 tg 3x, T:-g;
B)f(x)=3cos4x,T:g; r)f[x)=ctg335,T=3n.
63.& Jloxaxkure, uro GpyHKUuA [ ABisercs NepUOANYIeCcKOH:
a) f(x)=2 - cos x; 6) f(x)=1tg 2x;
B) f(x) =sin x + cos x; r) f(x)=3 +sin? x.
Haijinure HauMeHBIIME NOTOMKHUTEIbHBIN nepuoj Kayaoil ua
byaxnuii (64—65).
64.-8 a) y:ésinf; 6) y=3 tg 1,5x;
B) y = 4 cos 2x; r)y=5tg§.
65. 8 a) y =sin x cos x; 6) y =sin x sin 4x — cos x cos 4x;
B) y = sin? x — cos? x; r) y =sin 3x cos x + cos 3x sin x.
AY er
4 T
Pl 2
. 0 T e % T =
2 2 2 2
a) 6)
AY AY
T T
2 2
i 0 T x T 0 T x
2 Pl 2 2
_T
2
B) r)
Puc. 38
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66.— Ha pucymke 38, a—2z usobpaskeHa uyacTb rpapukra GYHKIHH,

67.—
. rpadpukr QpyHKOMH:

69.

70.

71.

o e E

-
¥

umeromeit nmepuox T. IMocrpoiire rpadur sToil PyHKIMU HA
npomexyrre [-1,6T; 2,5T].
HaiiiuTe HaMMeHbIIHI MOJIOKUTENbHBIN TMEPHOA U IOCTPOiTE

. a) y =sin 2x; 6) y = cos -;—;

B) y=tg§; r) y = sin 1,5x.

Ilna dysknuM f ydeHMK OPOBEPHJI CIPABEIIUBOCTH ABYX pa-
BEHCTB M cenas BhBoj, uto T siBaserca nepuozpom f. IIpa su

YYEHHUK, ecHIu:
; sin[5+2—n]=l, T =22,

- .E
a x) = sin x, sin - =
) f(x)=s ne S

6) f (x) = cos x, c0332‘—=0. cos(—+n)=0, T=nm;
x+1, eciu x <1,

B) f(x)={

3—x, ecoiu x> 1,
f(—%]=o.5, f(—§+3]=0’5' LBy
) fx)=x+|x|, 7(-4)=0, f(-4+8)=0, T=3?

Kakpe M3 YKasaHHBIX HUKe (QYHKNUNA ABJISIOTCA YeTHHIMH,
KAKHEe — HEYETHLIMHM, 4 KaKHe He ABJAKTCA HU YeTHBIMH, HU
seuerHeIME (69—70)?

. [x]
=gin x + = =
8. y=s o~ 6) y sin x cos x
t - et
B) y = x' + tg? x + x sin x; r) ;,r=£’£|xTi
sinx x+ sinx
= — 6 = — ;
a) y 310 ) e
J1-x2 x+tgx
B) U= 1—e: * r)y_xcosx'

Iloka)kuTe, YTO AaHHAA DYHKIUA ABJIACTCS YETHOM MM HEUeT-

HOH, M IOCTpoiiTe ee rpaduk:

a) ¥=—-%; 6) y=-1.
X X

dyarnun [ ¥ g onpeseeHbl HA MHOECTBe BCeX nefcTBUTENb-

HBIX umcen. SIBasercs au GYHKHuA h UeTHOH MIU HEUETHOH,

| ecnm:

a) h(x)=f(x)g%(x), f — yeTHan QyHKUUHA, g — HEUETHASH;
6) h(x)=7(x)—g(x), f m g — yerHble QyHKIHUH;

B) h(x)=1(x)+ g (x), f 1 g — HeueTHbIe QYHKIHH;

r) h(x)=7(x) g(x), [ u g — HeueTHEIe bysrIuA?
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73.— HaiiauTe HaMMEeHBIIMI IOJOKHUTENLHEIN Mepuos GyHKIUM:

a) y =sin? x; 6) y = tg x ctg x;
2
B) y =sint x - cos?* x; r) y:(singﬂxos%) 4
74.— Tlocrpoiite rpaduk GyHKIUM:
a) y=1-cos 1,5x; 0) y=sin(2x—§];
_ iin " _x)
] B)y—2+sm2, r) y tg(Zx 6)

Hoxkasxure, uro ecau GyHKUUA y = [ (x) mepmoawdeckas, To
u GpyHrnus y = kf (x) + b nepuognueckas.

Hokax<uTe, YTO YHCIO 2 HEe SABASETCA NMEPHOAOM (DYHKIMH:
a) y=x2-38; 6) y=cosx; B) y=8x-5; 1) y=|x|

5. Bospactanue v y6biBaHue (YHKLWIA.
JKCTPEMYMbI

1. Bospacrauume m yOhiBaHme Gymkmmii. Bbl yixe 3Ha-
KOMBI C TOHATHEM Bo3pacrawpieil u ybeiBalowmei Gynxmuit. Takx, Ha
pucyake 39 mnzobpaskeH rpaduk (PyHKIUH, onpeneneHHOH Ha oTpeske
[-1; 10]. 9ra dpynknusa Bospacraer Ha orpeakax [-1; 3] u [4; 5], yOBI-
BaeT Ha orpeskax [3; 4] u [5; 10]. UsBecTHO, uTO GyHKIUA § = x° yOBI-
BaeT Ha mpomeskyTke (—co; 0] u Bospacraer Ha mpomeskyTke [0; o).
I'padux aToi QyHKUMHA NPH U3MEHEHUH X OT —0O JI0 00 CHAYANA «omyc-
KaeTca» 10 HynA (3Havenue pyHKuuu B Touke (0 paBHO HYJIO), a 3aTeM
«noflHUMaercsa» 1o GeckoHeuHocTH (cM. puc. 20).

Onpenenenve. ®yaxuns [ 603pacmaem na muo-
xectse P, ecanm nas mo6BIX X; M X, M3 MHOMKECT-
Ba P, TakuX, 4TO X, > X,, BbINOJHEHO HEPABEHCTBO

f(xz) > f(xl)o

Onpepnenedne Oyakuua [ ybveaem na MHO-
mecTBe P, ecnum nas moOBIX X; M X, M3 MHOMECT-
Ba P, Takux, 9TO X, > x,, BHINOJHEHO HEPABEHCTBO

F(x2) <f (xy).

HabiMu cioBamu, GyHKIuMA f HaswlBaeTcs BO3pacrawoieil Ha
MHOecTBe P, ecnu GosiblIeMy 3HAUEHUIO apryMeHTa M3 3TOTO0 MHOMKe-
CTBa COOTBeTCTBYeT Gosblllee 3HaueHue dyHkuun. @yHKLUA [ HaswIBa-
ercsa yOeiBalomedl Ha MHOMecTBe P, ecnu 6oJbIIEMY 3HAYEHHIO apry-
MeHTa COOTBETCTBYeT MeHbllee 3HaueHWe (QYHKIHH.
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Ipumep 1. MHokamem, uwro [ WA [ [ [ [ [T 1T 1
dyaxuna f(x)=x" (n e N) mpu me- | | [ [ | ||
YeTHOM 71 BO3pACTAeT HA Bcel ume- | | i) L O
JIOBOW mnpsiMOi, a IpH YeTHOM 7
¢yrgnus f (x) = x" Bospacraer Ha | | | gl g
npomesxkyTke [0; c0) u yOmiBaer Ha | 1| / Ll R
npomeskyTre (—co; 0]. — S . ' :

Ilokarxkem cHAuATa, 4TO QYHK- | _;1/ FEERIELE S B IL:

—_— ! S S S

nug f (x) = x" BospacTaer Ha mpome- | ™ Tl Tl
xyTke [0; co) mpw sobom Harypame- | | | | | | | | | || 3
gom n. Ilyers x, > x, 2 0. Torza mo Puc. 39
cBoiicTBy cremeHu xj > x{. Temneps

paccMOTpHM  Ccay4alf 4eTHOro n.

IIyers x, < x, < 0. Torma —x; > —-x, 20 u (-x)" > (-x,)" 20, 1. e.
xf > x7. Tem caMbIM JOKa3aHO, 4TO dyuxnua f (x) = x" ybpiBaer Ha
(~oc0; 0] mpu uyersHom n. Ocranocs paccMOTDeTh caydaii HeYeTHOTro n.
Ecou x, < 0 < x,, 10 2] < 0 < xJ. Eenm x; < %, < 0, 10 -x, > -x,2 0
u moromy (-x;)" > (-x,)" >0, T.e. —x>-Xx;, OTKYyAa CIeALyer,
9To Xxj > xg. Wrak, gokasaHo, 4TO [JJIA HEUETHOrO 1 U3 HEPaBeHCT-
BA X, > X; CleAyeT HEPaBeHCTBO x5 > x{. CorsiacHO oOIpefiesIeHnIo
dyuknus f (x) = x" Opu HeYeTHOM 711 BO3pacTaeT Ha BCeil YHCJIOBOM
TPAMOIL.

Ipumep 2. Jokaxem, uro ecin pysxnus y = f (x) Bospacra-
er Ha MHOKectse P, To QyHKuuA y = —f (x) yOsIBaeT Ha MHOMKecTBe P.
Ilyers x, u x, — JrOOBIe ABa 4HClIa M3 MHOMKECTBa P, rTakwue, 4TO
x, > x,. Hago nokasars, uto —f (x;) < —f (%), T. e. f (x;) < f (xp). Ho
3T0 — OUYEBMHOE CJe[CTBAEe YCIOBHA: [ Bo3pacTaeT Ha MHOXKecTBe P.

IMpumep 3. Pysrnua [ (x) =% yOBuIBAET HA KAa3JAO0M H3 IIpO-

MexkyTKOB (—o0; 0) u (0; co) (moramkure caMocToaTebHO). OgHAaKO aTa
(dyHKIMA He sBIAeTcA yObIBaMOIlell Ha ofbeIMHEHNH 3THUX IIPOMEXKYT-
xoB. Hanpuwmep, 1 > -1, wo f (1) > f (-1).

Ilpu nccnegoBaHuu QYHKNOMI HA BO3pacTaHue H yOBIBAHKE TIPH-
HATO YKA3bIBATH NPOMEMKYTKH BO3PACTAHHMA M YObIBAHHA MaKCHMAaJb-
HOI AIWHBI, BKJIKIOYas KOHIHI (eciy, KOHEYHO, OHM BXOAAT B 9TH IIPO-
mesxkyTku). Tak, MOKHO OBLIO CKa3aTh, YTO QYHKIHA f(x) =% yOBI-

paer Ha orpeske [2; 100]. Dro BepHO, HO TAKOWX OTBET HEMOJOH.
Bameuanue. 1A YeTHBIX ¥ HEYETHHIX QYHKNMII 3aza4ya Ha-

XOMJIeHUA IPOMEKYTKOB BO3PACTAHUA M yOLIBAHMA HECKOJBKO YHpO-

miaeTcA: AOCTATOYHO HAWTH 3TH IPOMEKYTKH IPH X = 0 (puc. 40).
ITycts, nanpumep, PyHKOMA [ YeTHA UM BO3pacTaeT HA MpoMe-

wyrke [a; b, rae b > a = 0. [Jokaxem, 4To 9Ta QyHKIAA yOBIBaeT Ha
npomexyTre [-b; —al.
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YA YA

-a 0 a b X

1
>
>
=
o>
wY
|
>

a) 6)
Pue. 40

HeficTBUTENBHO, NIYCTE —a > %, > x; > —b. Torga f (-x,) = f (x,),
f=x)=Ff (x,), mpuuem a < ~X, < —X; < b, ¥ MOCKONBKY f Bospacraer
Ha [a; b], umeem f x)>f(=x), 1.0 f (x;) > f (x,).

2, Bospacramme u yOGmriBamme TPHTOHOMETPHYECKHX (yHKIMIA,
Hoxaxem crawama, 4YTO CHHYC BOapacTaeT Ha MIPOMEKYTKAaX

[—g +2nn; g+ 2rm], n € Z. B culy nepuoMYHOCTH CHHYyCa AOKAa3a-

= b

TEeNTBCTBO AOCTATOYHO NPOBECTH AJA OTpe3Ka { 2' 9 J. HYCTB Xy > X4,

IIpumenss GopMysly pasHOCTH CHHYCOB, HAXOXMM:

s . X1 + X o Xo — X
sinx, —sinx, =2cos =1L — "2 gjn 72 %1 (1)
2 1 2 2

X — X
M3 mepasemctBa -X <x, <X, <™ cieayer, uro 0 < -2 1 o %
2 1 2 9 Iy 2 P)

n_ %1t Xy T
N B Sl SV
2 2 2
X1+ X o et
IToatomy cos% >0, 81n—2-2—1 >0. HUa (1) BeiTekaer, uTO

Pa3HOCTh Sin x, — sin x, mosokuTeNBHA, T. €. sin x, > sin x,. Tem ca-
MBIM J0Ka3aHO, YTO CHHYC BO3PACTAET HA YKA3AHHBEIX IMDOMEKYTKAX.

AHaNOTMYHO NOKA3BIBAETCH, YTO IIPOMENRYTKH [%+2nn; %+21‘:n:’,

n € Z, ABAAIOTCA NPOMEKYTKAMU YOBIBAHMA CHHYCA.
3aMeTHM, YTO IMOJYYEHHLIH Pe3ynbTaT JIerKo IPOHJIIOCTPHPO-
BATE C NMOMOIIBLIO €JUHHUYHON OKPYHOCTH: eclId —% <t <t, ég, TO

TOYKA 1",g uMeeT, ecTeCTBEHHO, OpAMHATY, GOJBIIyIO, 4eM OpAuHAaTa

TOYKH Pf: (puc. 41, a). Ecan % CE €T, & %, TO OpAMHATA TOYKH Prz

MeHbIlle OPAHHATHI TOYKH Ptl (puc. 41, 0).
[IpomexxyTkaMm BO3pACTAHMS KOCHHYCA HBIAIOTCH OTPe3KH
[-7 + 2rn; 2nn], rme n € Z, a npomeskyTKaMH YObHIBAHMA — OTpPE3KH
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va A
Py
¥a ’ Ptl I
151 Py
0 x 0 x
Piz Y2
a) 6)
Puc. 41

[27n; © + 2nn], tae n € Z. Jloka3aTeJbCTBO MOHO NPOBECTH IPUMED-
HO TaK e, KAK ¥ B ciydyae cmHyca. 11poine e BOCIONb30BATECA (POP-

MyJioil IpHBEIEeHHA COS X = sin (x + g) W3 mee cpasdy ciaejyer, HalpH-

Mep, UTO NPOMEKYTKAMHK BO3PAaCTAHMA KOCHHyCa ABJISIOTCA MpoMe-
MKYTKH, NOJIyUYeHHbIe U3 IPOMEXKYTKOB BO3PACTAHMA CHHYCA CABHIOM

Ha g BJIEBO.

JlokasceM, 4TO (DYHKIMA TAHreHC BO3pacTaeT Ha MPOMEKYTKAX

[—g + Tn; ~g~ + n ), rae n € Z. B cuny nmepuoOAMYHOCTH TAHIeHCA JOKA-

3aTeJIbCTBO JOCTATOYHO NPOBECTH AJIA MHTEpBajia [—E' ﬂ].

2’ 2
Ilycts X, ¥ X, — IMPOMIBOJbHEIE UHCJIA U3 ITOr0 MHTEPBAJA,
TaKkme, 4YT0 X, >Xx,. Hajo pokasarh, HUTO tg x, > tg x,. Hmeem
sinx, sinx; sinxp cosx; —sinx; cosxy _ sin(xg —x1)

tgax, —tgx, =
COSX; COS Xy €OS Xy COS X €08 X COS X3

Ilo npeAnoONIOKEeHHIO _% <Xy <Xy < % IlosTomy cos x, > 0,

cos x, > 0. A Tak Kak 0 <x, - x,; <7, TO 4 sin (x, — x,) > 0. Cnepo-
parTesbHO, tg x, —tgx, >0, T. e. tg x, > tg x;, UTO M TpeboBayoCh HO-
KasaTh.

AHAJIOrMYHO NOKAa3biBaeTcs, uTo ctg yObiBaeT HA NPOMENKYTKAX
(nn; ™ + nn), rge n € Z.

3. Oxcrpemymsl. [Ipn uccieI0BaHUN NOBEACHHA QYHKIUH BOIH-
83U HEKOTOpO#l TOUKHM YAOOHO IOJBL30BATHCA IMOHATHEM OKPECTHOCTH.
Oxpecmnocmblo mo¥Ky G HaskIBaeTcs JIOOOH WHTEpPBA, cofep KaInii
aTy Touky. Hanpuwmep, unTepsas (2; 6) — oxna us OoKpecTHOCTeH TOUY-
ku 3, uarepsan (-3,3; —2,7) — OKpPeCTHOCTH TOUKH -3.

Hayuas rpadpux pucyHka 39, MOKHO NpUATH K BBIBOAY, 4YTO
HauboJee «3aMeTHBEIMH» TOUKaM¥u OOJacTH OIpelesSeHHA HABIAOTCH
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TaKHe TOYKM X, B KOTODHIX BO3pacraHue (PyHKIHH cMeHseTcA yObI-
BaHWeM (Touku 3 u 5) mum, HAOGOPOT, yOLIBAHME CMEHAETCA BO3PACTa-
HHeM (Touka 4). ITH TOUKM HA3LIBAIOT COOTBETCTBEHHO MOYKAMU MAK-

cumyma (x,. =3 u x,, =5) u munumyna (x_; =4).

IIpn nocTpoeHMH TIpapHUKOB KOHKDETHHIX (QYHKIUI MONE3HO
IpeJiBADUTENLHO HAaWTH Takue Touku. Hanpuwmep, ana ysHxmuum sin

3TO TOYKH BHIA ig+2fm, n € Z. BospMeM [iA omnpeaeeHHOCTH

g/ 32‘ 9Ta TOYKA ABIAETCH NPABBIM KOHIIOM IPDOMEKYTKA BO3PACTA-

%
2
TOTO, X, =g — JIeBBIH KOHeIl MPOMEeXYTKa yObIBAHUA, U, CIELOBATEIE-

HAA CuHyca, u moaromy 1 =sin x; > sin x, ecan —% < x <—. Kpome

HO, sin x < sin x, npu g <% _3.2£ Hrax, sin—;- > sinx ana moboro x

(x # x;), JIeKAIMEr0 B OKPECTHOCTH (—g; %) TOUKH X, = —, ¥ [I09TOMY

I
2
Xy = g — TOYKA MaKCHMyMa (GYHKIHH CHHYC.

B rouke — =, maobopor, yosiBaHME (GYHKOUM MeHseTcsl HA BO3pa-

na|A

craHue (cjiesa o

=]

—g (ysxnusa ybeiBaeT, a cupasa BospacTaeT). AHAIO-

THYHO AJIA MI000T0 X M3 HEKOTOPOH OKDECTHOCTH TOYKH —% (x # x;)

uMeeM sin x > sin [—g) =-1, u mnoaromy —g — TOYKA MHHHMYMA

GyEkuuu cumyc. Jlaxum TOuHBIE ONIpEXeNeHHS TOYEK IKCTpEMYMa.

Onpenenenne Touka x, Ha3BIBAETCHA MOUKOLU
MURUMYMA PyHKyuu f, ecIM Ias BceX X M3 HEKO-
TOPOH OKDECTHOCTH X, BHINOJHEHO HEePaBeHCTBO

[ (x) 2 f (x,) (puc. 42).

A YA
1 (xq)
f(xu)
0 Xg :x 0 Xy -’;
a) 6)
Puc. 42
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YA
1 (xq)

=Y

0 xg

a)
Puc. 43

YA
f(xu)

6)

=Y

f(x) < f (xo) (pmc. 43).

Onpepenenne Touka X, HA3BIBAGTCA MOUKOU
maxcumyma ¢ynkyuu f, ecim AasA BCeX X M3 HEKO-
TOpOH OKDECTHOCTH X, BBIMOJHEHO HEPaBEHCTBO

ITo onpejenennio 3HaYeHue QYHKIUH f B TOUuKe MaKCHMyMa X,
ABfAeTCHA HAWOOJBIIMM CpeAHW 3HAYEeHHI (QYHKOWH H3 HEeKOTOpO
OKPECTHOCTH 3TOH TOYKHM, II09TOMY Tpaduk (PYHKIMHM B OKPECTHO-
CTH X, KAk NpaBMJIO, HMMeeT BHJ TIJIAAKOro «XOIMa» (puc. 43, a
¥ puc. 44 — TOYKH X, X,, X3) UIH 3A0CTPEHHOTO «IHKAa» (puc. 43, 0).
B okpecTHOCTM TOYKH MHMHMMyMa rpadHuKd, Kak HOPaBHo, usobpa-

JKAITCA B BHAE <«BIAZWHBI», TOXEe
mnu  raagkou  (pme. 42, 6 — TOU-
Ka Xx,, puc. 44 — TOUKH X, x;), AIn
saocTpeHHOM (puc. 42, a — Touka X,
¥ puc. 44 — TOUKA Xg).

Ilpyrue InpuMepbl TOBEJEHNA
rpadMKOB (QYHKIUHE B TOUKAX MaKCH-
MyMa WIX MHHHEMYMAa IPHBEJEHBI Ha
pucyHKax 45 (@ — TOUKAa MaKCHMY-
Ma), 46 (a — rouka MuHHMyMa) H 47

yA

(3meck Kagad TOUKA npomvemy-rrca 0l %, %, %3 X3 %3 % =
(-1; 0) ABnAsieTca KaK TOYKOW MHUHH-
MyMa, TaK ¥ TOYKOW MaKcHMyma). Puc. 44
y y LYY
N o
— - 0 ‘x
/ 0 a x 0 -
Puc. 45 Puc. 46 Puc. 47
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Hns Touek MaKCHMyMa ¥ MUHMUMyMa (QYHKIHU IPUHATO obIiee
HajsBaHMe — MX HA3BIBAIOT MOYKAMU JKCMpemyma. 3HadeHHe (YHK-
OHH B 9THX TOYKAX HASLIBAIOT COOTBETCTBEHHO MAKCUMYMAMU U MUHU-
Mmymamu dynxnuu (obuiee Haspanue — sxcmpemym Pynryuu). Tournu
MaKkcuMyMa O0O3HAYAIT X, ., & TOYKH MHHHMYyMa X, SHaYeHHHA
(QYHKIME B 3THX TOYKAX ODOBHAYAIOTCA COOTBETCTBEHHO A i M

YnpaxHeHus
77.— Jna ¢ymkuwmii, rpa@ukE KOTOPHIX HW300PAKEHBI HA DHCYH-
Ke 48, a—ez, waligure:
&) IPOMEXYTKHM BO3DACTAHMA M YOBIBAHMA (GYHKIINH;
6) TOYKM MakcuMyMa u MHHUMYMa QYVHKIWH;
B) 8KCTPEeMYMBI (QYHKIHH.

Haueprure ackua rpadura dymxnuu f (78—80).

78.-8 a) f Bospacraer Ha mpoMesxyTKe (—co; 2] n y6eIBaeT Ha npome-
HKyTKe [2; o0);
6) [ Bospacraer ma mpomesxyTKax (—oo; 2] m [0; 3], y6riBaer
Ha npomexyTrax [-2; 0] u [3; oo];
B) [ yObiBaeT Ha HpoOMexRyTKAxX (—co; 1] u [4; o0), BO3pacTaeT
Ha npomexxyTtke [1; 4].

Puc. 48
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79.—

80.—

8) X =8 Xpn=4 f(-8)=5, f(4)= -5;
6) 2.0 =-2 Xpn=2 Xy =0
f(=2)=f(@2)=-3, f(0)=2;

B) Lmin = -5, Xmax = 2,

f(=5)=1, f(2)=6;

T) Xy, =4 Xpa =3 Xpin =1
f(-4)=5,fB)=2, f(-1)=-2.

a) f — verHas QyEKmusA, ¥, = -8, X, =0,

L f(-3)=4, f(0)=0;
| 6) f — HeuerTHAs QYHKUUA, X, = 2, X = Oy

8 r2=3 rG)=—4

B) f — uerHas QYHKOUS, X, =4, Xy =0,
f(4)=-2,70)=2;

r) f — HeueTHas QYHKUIMA, X .,
f-4)=-3, f(-1)=1.
IlokaxuTe, 4To GYHKIHUA Y = kx + bt

a) BospacTaer Ha MHokecrse R mpu k > 0;
6) yb6miBaer Ha MHoxkectBe R mpm k < 0.

]
|
>
=
I
|
it

HaiiiuTe npoMesKyTKM BO3pACTAHHA U yOBIBaHHHA, TOYKH MakK-
cHMyMa M TOYKH MHHHUMyMa (QYHKIHUH, ee MAKCHMYMBI U MH-
aumyms (82—85).

a) y=-x?+6x - 8; 6) y=(x+2)*+1;
B) y = x% - 4x; r) y=(x-3)%4L

. sy 5.
a}y—xuz, 0) y=—(x+3)%

e b Bk — (v — 4V
B) g=—p=ui r) y=(x—-4)>.
a) y=8sinx - 1; 6) y=—2cos x + 1;
B) y=2cos x + 1; r) y=0,5sin x - 1,5.
a) y=1+2tg x; 6) y=sin x + 1;
B) y=-tg x; r) y=cos x — 1.
CpaBHHTe 4YHC]IA:

31 2n, . Bm . Tx,
a) cos == " cos?, 6) sin = u sin 5

9n 6m. T L in 3%
B]tg7ntg5, r)smgnslna.

PacnosioskuTe UHcia B NOPAAKe BO3PACTAHHA:
a) sin 3,2, sin 3,8, sin 1,3;

6) cos 0,9, cos 1,9, cos 1,3;

B) tg 0,5, tg 1,4, tg (-0,3);

r) sin 1,2, sin (-1,2), sin 0,8.
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