R i T T e




yrny6nen-|Hb|M Mayqeumem

MaTeMaTMKVI

Flo,u pefakuuemn
H.A. BuneHknHa

PexomeHposaHo
MuHuctepcrsom
o6pa3oBaHua N Hayku
Poccuiickoit Penepaunm

7-e naganue

h; RIS I ‘h s f' a" "4."" 'a . ;f

. e g, nPOCBE]_uEH“E'fE 3
OAO «Mocxoscxue yqesﬂum»
ﬁ Mocha 2006 - ::




F'nasa V]I

OYHKLUMMN

B sToit rimase OyzeT mM3yueHO OZHO M3 OCHOBHBIX IOHATUM MAaTeMATH-
KH — NOHATHE (PpYHKIUOHAJBbHOM 3aBUCHMOCTH.

§ 1. ®YHKIHH.
CIIOCOBBI 3AJJAHUA ®YHKITUN
1. IIEPEMEHHLIE BEJIHWYHUHDbI

Hac oxpy:xaeT MHOKE€CTBO U3MEHAIONTUXCA BeJINYNHE. M3MeHAeTCA CKO-
POCTH ABUMKYIUUXCA aBTOMAIIMH M JIETAINUX CAMOJIETOB, MEHSAETCSA BLICO-
Ta COJIHIIA HaJ TI'OPM30HTOM M IIOJIOXKEHME ILIaHeT Ha MX opburax, u3Me-
HAEeTCA TeMIlepaTypa BO3AyXa, CHJIa BeTpa M BeJUYHHa aTMochepHOro aas-
JIeHUs, U3MeHAeTcA 00beM U ILIOIIAAb IIOBEPXHOCTHU Kyba, eciim MeHsAeTCA
ero pebpo, u T. A. MEOroo6pasme MeHAIONINXCA BEJIHMYUH KpaiiHe BEJIHMKO.
HekoTopble 3 3TUX BEeJINYUH OYEHL TECHO CBA3AHBI MEXAY COOOI.

Tak, ecam MBI 3HaeM, UTO MaTepHaJbHadA TOYKA ABHUIKETCA PaBHOYC-
KOPEeHHO [0 IPAMOHN C HAYAJBHOM CKOPOCTBIO Vy, M/C U YCKOpPEHHEM
a M/c?, TO MeXAY ABYMSA H3MEHAKIINMUCA BEeJHYMHAMH — BpeMeHeM
ABUKEHHA { ¥ NPOMAEHHBIM HOYTEM S — CYIIECTBYeT 3aBUCHMOCTD:

at?
s=v0t+-——2———, t=20, s=20. (1)

JTa 3aBHCHMOCTL IIO3BOJIAET HAM II0 M3BECTHOMY BDEMEHHU [IBH)KEHUSA
HaWTH BeJIUYUHY NPOMIAEHHOI'O 3a 3TO BpeMdA OyTH S. K nmpumepy, ecaum
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vo=20 m/c, a=4 M/c? To 3a t=10 ¢ upoiizen OyTh
. 102 :
s=20-10+ -4—21‘-)-—=400 ().
HApyrue npuMmepsl. Ecim MBI O0yJieM U3MEHATH AJIMHY CTOPOHBLI KBaApa-
Ta @, TO OygeT MeHATHCA M ero miaomiazb S. OgHAKO M3MeHATHCA AJIUHA
CTOPOHBI KBajpaTa M ero mjiomajb OyAyT TaK, YTO MEXJAy HUMH BCerza
Oy/eT BBINOJHATHCA 3aBHCHMOCTD

| S=a? a=>0, S>0. (2)
3akoH Oma
U=IR, 120, R>20, U=>0, (3)
dopMyJsia AJA BHIUUCJIEHHUS KUHETHYECKOH sHeprum
2
E= mzv , v=0, E >0, (4)
nepuos KoJsieOaHUA MasATHUKA AINHOH [
T-—-Zn\/é-;, 1>0, T>O0, (5)
CKOPOCTH PaBHOYCKOPEHHOI'O ABHKEHHUA
v=vy+at, t=20, v>2y, (6)

1 MHOTHE Apyrue 3aKOHBI (pU3MKKU JAIOT MHOTOYHCJEHHbIEC IMIPUMEPHI IIe-
peMeHHbIX BEeJIUYHH, B KOTOPLIX 3HaHHUE OJHUX BEeJUYHUH OJHO3HAYHO OII-
penesisieT BeJHUYHNHY APYIrHUX.

Apyrue usMeHAIINECA BeJUYNHBI He TaK TECHO CBA3AHBI MEXKAY CO-
001, a HEeKOTOphle M BOBCe He cBA3aHBI. TakK, KasKAbIil IIOHMMAaET, YTO
BEC YeJIOBEKa 3aBHCHT OT €ro pocCcTa, HO HHKTO HE CKaeT, KaKOB BeC
4eJIOBEKa, eCJIM M3BEeCTHO, 4TO ero poct cocraBiader 180 cm. Touno Tak
JKe HN3BECTHO, 4YTO ypoxxau Jai000i KYJBTYPHI 3aBHUCHT OT KOJIMUYECTBA
BHECEHHBIX MUHEPAJIBHBIX YAOOPEeHHI, HO BPSAJ JU KTO-JINO0 BO3BMETCHA
npejcKas3aTh, HAIIpUMeDP, BeJIHUYHUHY yporKas KapTodess, ecJad eMy Cc0o00-
AT, 94TO Ha KasKABIM KBagpaTHBIA MeTp BHeceHo 100 rpammos ymoGpe-
auit. Hy, a Takue M3MeHAOINECH BEJHUYHHBI, KAK CPeAHAS TeMIepaTry-
pa B Kakou-n1ubo ToukKe Tuxoro oxkeaHa M eXKeJHeBHas HOOLIUA YIJIA B
KaKou-Iub0 maxTe, MPAKTHUYECKM He CBA3AHBI MeEKIy coboii.

B nanbHeiimem OyzeM H3y4YaTh TOJBKO TaKHUe IepPeMeHHLIe BeJINYU-
HbI, MEXJY KOTOPBIMH CYIECTBYIOT 3aBUCHMOCTH, IIO3BOJSIOINHE OIpe-
AeJINTHh €AHHCTBEHHOE 3HadyeHue OOJHOM H3 HUX, KAK TOJBKO CTAHYT H3-
BECTHBI 3HAYEHUA OCTAJbHBIX. MIMEeHHO TaKHMH CBOHCTBaAMH o00Jagajiu
OonMCaHHBIe BhilIe 3aBucumoctu (1) — (6).

Teno HaxoauTCA B TOUYKE Ha PACCTOAHHHU S, M OT TOUKU $=0 um Hauwm-
HaeT PaBHOMEPHOE IIPAMOJIMHENHOE IBUIKEHHE CO CKOPOCTBIO U, M/C

(puc. 1).
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a) CymiecTByeT JM  3aBHCHUMOCTD F | =
MeXKJIY BpPEeMEeHeM JBHXKeHUs t MH 0 So
OPOMIEHHBIM 38 5TO BpeMs IyTeM S? Puc. 1

Hc‘

Ecan orBeT yTBepANTEJIbHBIN, TO Ha-

IIAIINATE 3Ty 3aBUCHMOCTH M HalauTe

IIyTh, IPOMAERHBII 3a BpeMda t =50 c.

6) 3anmaiiTe s, M — HauaJIbHOE IIOJIOMKEHHE Teja, ero CKOPOCTh U, M/C,
- BpeMsdA ABHXKEHUA f, C ¥ BBIUYUCJUTE IPOUJEHHBIN IIyTh.

. CylecTByeT JIH 3aBUCHMMOCTL MEXKIY IJNHOH a pebpa Kyba u ero obm-
emoM 0? Kakxoit BUJ mMeeT 3Ta 3aBUCHMOCTH?

3. | 3aBucut am ob6beM Kyba OT IJOIAaAH e€ro nosepxHocTu? Kcaum orser
HOJIOKHUTEJBHBI, TO KaKOH BUL MMeeT 3Ta 3aBUCHUMOCTH?

3aBHCUT JHU AJUHA AHArOHAJH KBaApaTa OT ero mjomaau? 3aBHCHUT JU
IJIOINaAbh KBajpaTa OT AJAWHBI ero aumaroHaau? Kakxkoil Bua mMmeror 3TtH
zaBucuMocTi? CaMoCTOATEeILHO 3amaiiTe:

a) AuaroHaJib KBaJpaTa H HaMAuUTEe ero IJOHIaAb,

6) nyomraabk KBagpaTa M HAMJAHUTE ero ATHAroHAajdb.

3aBUCUT JM IJHAHA OKPYKHOCcTH [ oT ee paguyca R? Kakoil Bug ume-
eT 3Ta 3aBUCHUMOCTE? KaxoBa aamHa OKPYXHOCTH, ecau R=5 m?

| BaBucHuT JH IIoniaab Kpyra ot ero paamyca R? Kakoil Bua mMeeT 3Ta
saBUCHMOCTE? Onpeaesure miomiaab Kpyra paamyca BR=10 wm.

Ilpennono:KuM, 4TO INPBHITYH B AJUHY HOPOHU3BOAUT pasddber ¢ IOCTOSH-
HOU CKOPOCTBHIO U, M/C. 3aBHUCUT JIX AJHNHA IOPBIXKKA OT CKOPOCTH Uy?

IIyers cmoprcMeH pasberaerca co cKopocthio 9 mM/c. MokeTre JHM BHI
IIPeACKa3aTh TOYHYIO AJHHY €ro IpPBLIKKAa?

Taxkoil ke BoIIpoc, KaK M B 3ajaue 7, HO AJA NPLI'YHA B BEICOTY H
IIPBITYHA C IIIECTOM.

. IIpu mamenenunm pagmyca Kpyra R mMenserca miomajs S BONCAHHOTO
B Kpyr KBajgpara. Omnpeaesure:

a) CcyHoiecTBYeT JHU 3aBHCHUMOCTh Mexay R u S;

0) uemMy paBHa miaomans S npum paanyce R, paBHOM 2 cM;

B) OpM KakoM paamyce R maomazner S paBHa 18 cm?. |
10. | IIpuBeanTe HECKOJBKO IPUMEPOB H3MEHSAMIOIINXCA BEJUYHH, KOTOPBIE
3aBHCAT APYr OT Apyra, HO TaK, UTO B OJHOM cJiydae 3HaHHWe 3Haye-
HHUA OAHON M3 HUX IOJIHOCTBIO OIIpelesisieT 3HaUeHUHe APYroii, a B ApPYy-
oM cJydae 3TO He TakK.

2. IOHATUE ®YHKIIUA

B mnpeapigymieM HNyHKTE OPOAHAJH3WMPOBAHBI PasJW4YHBIE 3aBUCHMOC-
TH MEXXAY H3MEHAIIIHMHUCA BeJUUYHMHaMu. Ternephb 0000ImuM Ty CHTyAa-
U0, KOrJa 3HAHKE OJHOU U3 MEePEMEHHBIX M MHOXKECTBA, KOTOPOMY OHA
IPUHAAJEKUT, IIOJHOCTBIO ONPEAEIAEeT 3HAYEHHUE APYronl INEePEMEHHOU U
MHOXXECTBO, KOTOPOMY IPHHAAJNEKAT Bce ee 3HaueHHA. IMeHHO Tak ObI-
Jio B cooTHonieHuax (1) — (6) nm B ynpakuenusax 1, 2, 3, 5, 6, 9.

1a Anrebpa 9 xnacc 5



Ilyecre X m Y — 3ajaHHBIe MHOMECTBA.

Onpexenenne. Pyrnryueil [ HABIBAIOT IPABMIO, KOTOPOE
ne eAMHCTBEH-

KaXXJOMYy DJIeMeHTY X € X CTaBHT B COOTBETC

Hampumep, ecan KaXAOMY IIOJOXKHUTEIbHOMY UUCJIY X IIOCTABUTH B CO-
OTBETCTBHE UUCJIO X° — 06BeM Kyba ¢ pe6poM x, TO mOAYIUM PYHKIHIO [,
OJIA KOTOpOoH MHOXecTBa X M Y — MHOXKECTBA TOJIOKUTEILHBIX UMHCEJI.

O6GbIuHO X HA3BIBAIOT apzymeHmom (PYHKYuu (UJIN He3aBUCUMOMH IIe-
PEeMEeHHOH). JJIEeMEHT Y,€Y, COOTBETCTBYIOIINH (PUKCUPOBAHHOMY 3HAUE-
HHUIO apTyMeHTa X,, Ha3bIBAIOT 3HAUCHUeM (PYHKyuu U 0003HAUAIOT Ue-
pes f(xg): yo=1r(x). IIpy usMeHeHun aprymenTa x 3HaueHHA GYHKIUHU
y=[f(x), Kax NmpaBHUJIO, TaKKe H3MEHSIOTCSA, W IIOITOMY Y UYACTO HAa3bI-
BArOT 3aBUCUMOM IIepPEeMEHHOI.

MuoxxecTBo X HasbeIBaloT ob6sacmoelo onpedenenus pyukyuu f 1 o6o-
gHauawT D (f).

MHoecTBO Bcex 3HaueHUil GyHKIHH f, KOTOpBIe OHA IPHUHUMAET Ha
2JIEMEHTaX MHOXKeCcTBa X, Ha3bIBAIOT MHOMECMB0OM 3HAYEHUN (PYHK-
yuu f (mau obaacmovio ee 3Havernuil) u obosuavawtr E (f).

B paccmoTpenHOM BRIIIEe IpUMepe 3HadeHwue f(x) paBHO x3: f(x)=x3.
Obsacteio onpeneneHus D (f) 3Tol QYHKIIUMN ABIAETCA MHOMKECTBO BCEX
IIOJIOJKUTEJIbHBIX YNCEJI. JTO »Ke MHOXKEeCTBO OyJdeT MHOKeCTBOM ee 3Ha-
yenul E (f).

B maTteMatuke naaa (GYyHKUIME MCIOAB3VIOT Pa3jIMuHBIe OGO3HAYEHUS.
Nx 00603HAYalOT OAHUM CHMBOJIOM [ WJIM ¢ W TOBOPAT: «PaccMoTpum
dyHrnuio f» nan «Pacemorpum dyHKnuio ¢». Hapagy ¢ sTuM ucmosn3y-
10T obo3HaueHue f(x) um roeopar: «Paccmorpum dyurnmio f(x)». Hampu-
Mep, eCJaH 3Ha4YeHUSA (PYHKIUU BBIUHCIAIOTCA C IIOMOIILIO BBIPAKEHUSA
x?+1, To MBI GygeM roBoputh: «Paccmorpum dyurmmio x2+1», mim «Pac-
CMOTPUM (yHKIUL f(x) =x*+1», nau «Paccmorpum GpyHKIUIO y=x2+1>».
(O6os3nauenne GpyHKIuM y=f(x) MBI GyJleM HCIIOJIL30BATH OYEHb PEAKO.)

Hapsany ¢ GykBoii x aprymMeHT QyHKIUN 0GO3HAYAIOT MHOTAA U OYK-
BaMu ¢, S, U, v u T. 1. Camy ¢pyHKIUIO, KpoMe OYKB f, ¢, 0603HAUAIOT
nHorga Oyksamu g, v, F, ®, G u T. 1.

IToussiTue QYHKOMU — BTO OYeHb 00IUee IMOHATHE, ¢ KOTODPHIM MBI
BCTpeUaeMCAa Ha KayKJOM IIary, He Bcerja gaxke oTnaBad cebe B 3TOM
otuer. IIpuBeeM mpuUMepHI. |

B kauecTBe MHOMecTBa X M MHOMKeCTBa Y PACCMOTPHUM MHOMKECTBO
IeMCTBUTEJBHEIX umncen R.

IlyeTs kB — (HUKCHPOBaHHOE IOJIOXKUTEJbHOE dncio. Kakaomy x <R
IIOCTAaBAM B COOTBETCTBHE YHCJIO [(x)=kxcR. 3To u3BecTHasd IOpAMad
NPONOPIMOHAJIbHASA 3aBHCUMOCTD.
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IIycrs X — MHOMXKECTBO MHOI'OYI'OJBHHKOB Ha IJIOCKOCTH, Y — MHOMKe-
CTBO TOJIOKUTEJbHBIX AeMCTBUTEJNBHBIX uMces. KaxaomMy MHOTrOyroJbHH-
Ky x€X IIOCTaBUM B COOTBeTCTBHME uuciio f(x)€Y, paBHOEe €ro ILJIOIIaJH.

B kauecTtBe MHOMecTBa X pacCMOTPHM MHOMKECTBO CJIOB PYCCKOIO
A3BIKa, a B KaueCcTBe MHOXecTBa Y — pycckuiyl aadasut. Kaxagomy cio-
BY PYCCKOI'0O A3BIKa X € X IIOCTABHM B COOTBETCTBHE €ro ImepByI0 OYKBY
f(x)eY. UMeHHO Tak HOCTYHAIOT IPU COCTABJIEHHUM CJIOBapei.

Ilycte X — MHOKeECTBO *KHBYIOMX Ha 3eMJe Jioneil, Y — MHOXeCT-
BO, cocrodllee U3 4dYeTbipexX sjgeMeHTOoB: I, II, III m IV — rpymoer Kpo-
Bu. Rakgomy uesoBeky x€X mocraBuM B coorBercTBHEe f(x)€Y — ero
rpynny KpOBH. |

Bceroay B majnpHeNIIeM B KauecTBe MHOMKecTB X K Y OyzaeMm OpaThb uuc-
JIOBBIe MHOXKecTBa. B 3ToM ciaydae (QYHKIIMM Ha3bIBAIOT YUCJLOBbLMU
Pdynrkuyuamu. TakoBa (pyHKIuUA B npumepe 1. B gagbHeiieM cJOBO
«qyucgoBaa» Oyagem onyckarThb. Ecam MHOKecTBo X HJIHM MHOMKECTBO Y
YHUCJIOBBIMHU He ABJIAIOTCA, TO TaKue (PYHKIHNHW B MaTeMaTHKe dallle Ha-
3bIBAIOT OoTOOpakeHUAMHU. TakoBbI PYHKIUHHK B IpuMepax 2, 3 u 4.

IIpuBegeM emie HECKOJIBKO NPHMMepOB DVHKIIUMH.

Ecau onuH KoHelr 0aJKM »KEeCTKO 3aKpeIlJeH, a Ha APYroM KOoHIe OaJi-
KU IIPUKPeEIJeH I'Py3, TO IOk AeNCTBHEM Beca Irpysa OaJka uarubaercs.
Beaunuuna nporuba y 6aJKU B TOUKe, HAXOAAIENCA Ha PACCTOAHUM X OT
ee JIeBOO KOHIIA, BBIpakaeTca popmyJion |

3
L _ 2Pl

a<y<0,
3 ys

y=0cP(%3—lx2), 0<x§

. i
rae | — npawmHa 6anku, P — gencrBylo-

urasd cHJa, o0 — IOCTOSIHHBIN Ko03(hdu- x ]
uueHT (puc. 2). Ira popmyJaa ompene- 0 i
Jder y Kak QYHKIHIO OT apryMeHTa X, |
obJslacTe ompenesieHUsA 3TONH PYHKIIIU — !
orpe3ok [0; I}, mHOXecTBO 3Hade- |

RY

L _2PB . ] | - F
HUI — OTPE30K [ 5% 0]. Puc. 2
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Ecau B OaHK IIOJIO’KeHa CyMMAa B a ThICAY pyOJell m 0aHK HaYUCIASAET Ha
3Ty cymmy P % eKerozHo, TO depes n JIeT BeJIMUYHMHA BKJaAa OyJeT paBHa

n
f(n)=a(1+-1——€—0) n=1, 2, 8, 4, ....
BTa 3ABUCHMOCTB IIOKaA3bIBaeT, 4dTO R&H(.,I[OMY HaTypaJIbHOMy T-IPICJIY n —
KOJNYECTBY JIeT, B TedeHHe KOTOPBIX BKJAJ JIE)KHUT B OaHKe, CTABUTCA
B COOTBETCTBUe UHUCJIO [(n) — BeJMUuHA BKJIaAa, B KOTOPYIO Uepe3 N JieT

IIpeBpaTHTCA IIepBOHAUYaAJbHAasA CyMMa B a py0OJiel.

iR

Bo3pMeM CTPYHY AJHAHON [ B IIOJIOKEHUU PABHOBECHUSA, JICXKAIIYIO BIOJb
ocu Ox M 3akpenyeaHyio B Toukax x=0 u x=I[. [Ina Toro 4robbl OHA Ha-
yajia KojJebaTbCsa M H37aBaTh 3BYKH, €€ HYXXHO BBIBECTH U3 ITOJIOXKEHUS
paBHOBecHudA. 1 3TOro BO3bMEM ee, HAIIDUMeED, 34 CepefuHy U NOAHUMEM
Ha HeOoabmryio BeIcOTY A (puc. 3). CrpyHa npumetr dopmy gomanont OAL.
Ob003HaUYMM uYepe3 y BEJUYUHY OTKJIOHEHHA OT IOJOMKEHUS pPaBHOBECHHA
TOUYKM CTPYHBI, UMeloler abcuuccy x. BeIpasum y Kak QyHKOHIO OT X.

YpaBHeHue npamoir OA mMmeeT BUJ

Yi
A(i s h) Y= 2_hx, a ypaBHeHHe npamou Al — BUJ
h 92’
_ y= 2lh x+ 2h.
y=1(x) TakuM o6pasoM,
(25 l
0 x 1 [ X =%, ecau 0<x<3,
2 f(x)=: _2n ,
x+2h, ecan E<x<l
Puc. 3 \ 1

KaxxpomMy aelicTBHTEJBbHOMY  YHNCJY X IIOCTABHM B COOTBETCTBHE YMC-
JI0 y — npubIMKeHHOe 3HadeHHe X ¢ TouHocThIo A0 0,001 ¢ HemocTar-
KoM. Byzer au y dpyHknueir ot aprymenTa x? Eciau ga, To KakoBBI 00-
JJacTh oIIpelejleHHA M MHOXKeCTBO 3HaueHHUH 3Toil dyHKuUun? Hangure

f0V2), fm, £(105), F(-1213).

B kpyr paguyca R Bmucas npsaMOYTOJbHHK, OJHA M3 CTOPOH KOTOPO-

ro paBHa x. fBaserca jau nJjgomanak NPAMOYTroJbHHKA S QyHKIHEH

or x? Ecaum ma, To Hanjgutre o0JacTh onpelesiecHUA U MHOYKECTBO 3Haue-
R_. 4R

HUH 3ToM QyHKIHH. Halinumre S npu x= E;"; 3
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13.| B kpyr pazumyca R BnmcaH pasHO- Y\
6eipeHHBIA TPeyroJbHUK CO CTOPO-
HOM x. ABnserca JM ero mjaouaigb f(x0) M(x,; f(x0))
S ¢yurknueit or x? Ecam ga, TO 0
gaiinuTe o06JacTh oOIpeAeeHUA R f(x) i

9TOl PYHKIMHK U ee 3HAYEHUA IIpU
x=R; R\/E .

14.| IlapamoTucT OpHIraeT M3 caMmoJe-
Ta, npuueMm [, CeKyHJ OH mnajaer
cBOOOAHO, 3aTeM OH pacKpbIBaeT
IapamoT u ¢, CeKyHA najgaeT C IIOo-
CTOAHHON CKOpPOCTHIO U, M/c. BsI-
pasuTe MOyTh NOApamlTUCTa C MO-
MeHTa IOPBIKKa M3 caMoJieTa Kak
dYHKUIUIO BpeMeHH . Puc. 4

a 0 / XX b x

3. TPA®UK ®YHKIUHA

Nass HaraagHoro nsobpakeHnda QYHKIHUM HCOOJB3YIOT MX I'pPapuKH.
Ecnu sagaHa dyaxnus [ ¢ ob6aacThio onpeneneHus D(f), To Kaxaomy
sHadeHuo aprymeHTa x<D(f) coorBercTByer 3HaueHHe GDYHKIHUU
y=71(x) (puc. 4).

ITo gBYM uuciaM X, U Yo=[(X,) MOKHO IIOCTPOUTL Ha KOOPAMHATHOMU
JI0CKOCTH TOUKY M (xo; [(x,)). COBOKYIHOCTE BCEX TaKUX TOUYEK oOpa-
syeT zpagurx pyrrxyuu [

I'padburoMm bpyHrnuu 2x + 1 ABIdeTca npaMasa, U3obpasKeHHAA Ha pu-
cyHKe 5, a. PaBeHcTBO y=2x+1 ABAderca ypaBHeHHeM 3TOM IIPAMOM.

yi i
y=2x+1
1 1T
1
- 3 | _
0 1 X 0
a) 0) B)
Puec. 5



1
I'padbur pyEKROUM ~ COCTOHT M3 NABYX OT/JEeJbHBIX KPHBBIX M IIOKA3aH

1
Ha PHUCYHKe 5, 6. PaBeHCTBO Yy = ~ ~ YPaBHeHMe runepoOoJIbI.

1 <0,
I'padburx dysKOHHN f(x)={§;+ Fﬁ?ﬂxx>0 IIOKa3aH Ha PHCYHKe 5, 6.

x+1npur x<0, .
PagseHcTBO Y= 3x+1 mpu x>0 SIBJIsIeTCSI YpPABHEeHMEM JIOMaHOM, u3obpa-

JKeHHOM Ha PHCYHKe 95, 8.

OTMeTHM, YTO AaJIeKO He KaXKJasg KpUBasd Ha IJOCKOCTU SABJIAETCSH
rpadukoM HeKoTOopoH pyHKIuu. [as Ttoro urobwl KpuBas I' Ovblaa rpa-
buKoM (PYHKIHH, HEOOXOAHMO M MAOCTATOYHO, UTOOBI KaxKJas BepTH-
KaJbHadA NpaAMasa X =a mepecerkajya Kpunyio I' He 60Jiee ueM B OJHOH TOU-
Ke. IlycTs 3TO yciaoBme BBIIOJHEeHO. Tormga xkpuBaa I' aBiaderca rpadu-
KOM cJjeaymoinein GYyHKIIHH [: eclu IpsaMasa X =a IepeceKaeT KPHBYIO I
B Touke (a; b), To monaraem f(a)=>0; ecoau npamas x=a, He IepeceKa-
eT KpuByio I', To B Touke x=a, ¢pyasknua [ He ompegejeHa. PucyHok 6
HJIJIIOCTPUPYET 3TO COIVIAllleHHE.

Ha pucyHke 7 mpuBejeHBI pa3JUYHBIE KpuBbLle. Kakme M3 HHUX SABJA-
I0TCA rpadmKamMu GyHKIHHA?

Y | i
(a; b) 1 N\
| | |
fa)="b L : .
1 ! |
Ci 0 Eal ; as x
| |
I
I' —zpagur : : I'y — He zpagdux

Puc. 6
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Yy Y 7

\
N

an
NP

6) B)
Y| T v\
! J x ~ 0 x 0 \7
r) _ ) e)
Yy | i
0 x 0 \_/ x
) | | y 3)

Puc. 7

4. CIIOCOBBI 3ATAHUA ®YHEKIINU

B ompemeneHrnn GyHKIOUM I'OBOPHUTCA O TOM, UTO IO 3aJaHHOMY 3HAa-
YEHMI0 apTyYMEHTa X ¢ IIOMOIIbI0 HEKOTOPOro IIpaBHJja HAXOLUTCSA COOT-
BeTCTByOIee 3HadeHHe (QPyHKmuuM f(x). 3agaBaTh 3TO IPABUJIO MOXHO
pas3IMYHBIMM CIIOCODaMM.

HanpuMep, ero MOXXHO 3aJaTh TabJaulieil, rjge IepedyHCHAIIOTCA 3HAa-
YyeHUsA apryMeHTa X M COOTBeTcTBywInue nuM 3HaueHus f(x). Tak, QyHK-
U, KOTOpasd II0 BEJHUUYHHE X — JHAaMeTpa OKPYXKHOCTH OIpefesseT ee
nauny l(x), 3agaerca Tabiumeln:

11



I(x) | 3,042 | 3,456 | 3,770 | 4,084 | 4,399 | 4,713 | 5,027

ITOT crrocob 3agaHuA PYHKIHNHN, Ha3bIBaeMbI mabJuiHbiM, IINTHNPOKO
pacIpocTpaHeH: pe3VJbTaThl HAOJIOAEeHUHN 3a KaKoM-1ub0o XapaKTepuCTH-
KO H3y4YaeMOTro IIpolecca (TeMrnepaTypoil, XaBJeHUEM, BJIAXXHOCTHIO,
o6beMOM U T. [.) IPHUBOAAT K TAOJIHYHOMY 3aZaHUI0 H3ydaeMbIX (PYHK-
nuii. OgaaKko obaacTs onpeseneHusa QYHKIIMH daIlle BCero coaepKuT bec-
KOHEYHOE MHOXKECTBO 3HAYEHHH, M II03TOMY 3a7aTh (QYHKIUIO C IIOMO-
b0 TaGJHUIIEI B 3TOM CJy4dae HEBO3MOJYKHO.

Opyrum cnocoboM 3azaHusa (PYHKUUU SABJIAETCS ee 3aJaHHe C IIOMO-
b0 rpahuka — 2paguueckuit cuocoo.

IIlpuBeaeMm npuMepsl.

Ha pucynke 8 um3obpakeH rpad@uK HN3MeHEHUS YCKOPEHUS CHJIBLI Ts-
JKEeCTH & B 3aBHCHUMOCTH OT PACCTOAHHUA I A0 IeHTpa 3eMJau (3eMada OpH-
HATA 3a OAHOPOAHBIN map panuyca R). Ha pucyHke 9 npeacraBjeHbl ABe
kapauorpamMmbl. IlepBasa u3 HUX HmokKasbIiBaeT paboTy 3JOpPOBOIO cepalia,
BTOpasa — 06oJbHOTO.

I'padugeckuin cmocob 3agaHuA QYHKIHUH IO3BOJAET YBHAETHL (DYHK-
OUI0 IIEeJHKOM BCIO Cpady MW HArJSASHO IPeJCTaBHUTL ee cBo¥McTBa. MHO-
rOYUCJIEHHBIE CEeMCMOrpaMMBbl, KapAHOTPaMMBbl, OCHUJIJOTPAMMEI HIpeJ-
CTaBJAIT NPUMePHl IpaduuecKoro 3aganusa GyHKIIUHA.

Bo MmHOrux ciaydaax (QyHKIHU 3aJal0TCA ¢ IIOMOINBIO GopMys (aHaIH-
THYeCKUX BeIpakenuit). Hanpumep: 2x3+1, f(x)=3-5x2 u r. x. Taxoil coo-
cob 3agaHuA PYHKIIMM HA3BIBAeTCA aHaJaumuieckum. B najnpHelNnieM MBI
B OCHOBHOM OyJeM H3y4YaTh QYHKIINHU, 3aJaHHbIe MMEHHO TaAKHM o0Opas3oM.

Ecnu ¢yEknusa f 3agana ¢ moMoIibio GoOpMyJabl ¥ NPU 3TOM He YKa-
3aHa ee obuactp ompepenenus D (f), To obilacTbiO ompepesleHUS TAKOIL
byHKIUN OyZeM CUUTATH MHOMKECTBO BCeX 3HAUEHHH X, MIPH KOTOPBIX HaH-
HaA ¢popmysa uMmeeT cMmbici. IloaToMmy HaM HeoOXOAMMO yMeTh HAXOAUTD
obsacTu onpeneseHNs U obJjacTy 3HaYyeHUHA PYHKIUIA, 3aZaHHBIX aHAJIH-
TUYECKU, IIPU 9TOM OTMETHUM, UTO HAJA PYHKIIMAMH MOXKHO IIPOM3BOAUTH
apudpMeTnUecKre Oollepaiuy M YMHOMXATh MX HAa JeHCTBUTEJbHEIE YMCJIA.

£)
&o

M(a;g(a))

R 2RI 3R T
a
Puc. 3 Puc. 9
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Ecau 3azaubl ABe QYHKOUM [ M g ¢ obimactaMu onpegeyneHus D(f) u
D(g), To Ha mHOMXecTBe D=D(f)ND(g) onpenenensl cymma f+g, mpo-
ussegenue f - g GyHKIIUHA:

(Ff+8)(x)=f(x)+g(x), (f &) (x)=f(x) g(x), xeD,

¥ YacTHOe PyHKIMNH ( )(x) ( ) AN TeX 3Ha4YeHun X €D, Ajasa KoTo-
peixX g(x)#0.
‘Ecaun a — pgeilicTBHTENBHOE UHCJO, TO Ha MHOXecTBe D (f) onpepnene-

Ha GyHKOUA (a - f)(x)=af(x).

IIBe QyHKIUHN [ U £ CUHUTAIOTCA PAGHLIMU, €CJIH OHHU HMMEIOT OJHY H
Ty 3Ke obJiacTth omnpezgesieHuss D m puda awboro x €D ux 3HAYEHUA COB-

nagamoT: f(x)=g(x).

Paccvorpum dbyrrnum f(x)= \/173 u g(x)=Vd—-=x.
x _—

Ob6snacTn onpeaesieHusd 9THUX (PYHKIUIE DTPEACTABIAIOT MHOXECTBa
D(f)=(3; +o0) 1 D(g)=(~o0; 5].

Ha nepeceuernuum MmHOXKecTB D(f)ND(g)=(3; 5] MoXKHO paccMmarpu-
BaTh HOBEIE (PYHKIIUHN:

(f+g)(x)=f(x)+g(x)=\/xlf3+\/5—~ : (7-8)(x)=1(x) - g(x)="—5

i _I(x) _ 1
n GYHKIOHIO (g)(x) @ Vi sV

ato £(x)#0, T. e. gaa x€(3; 5).

® | O
Il !
R

nna xeD(f)ND(g) nu Tarux,

Haitnem o6nacTs ompefenesua GyHKOHH 4 / 2xx:'13 +Va2—-2.

Pemenue. KBagparable KOPHM MOKHO H3BJIeKaTh TOJbBKO H3 HEOT-
PUIATEJbHBIX YHCeJ, IO3TOMY AaHHAA byHKIUA onpejesieHa AJA TeX
BHAYEHUN X, AJIA KOTOPBIX BBIIOJIHEHO YCJOBHUE

{2x+3>0,

x+1
x2-2>0.

9Ty CHCTEeMY HEepPaBEeHCTB PEIINM METOAOM HMHTepBaoB (cM.: Aiurebpa-8,
ria. VII). Ee pemnenuemM sABJIAETCA MHOMKECTBO

D(f)=(-o0; 2| UIVZ; +oo).
13



Ui | HaxoxxaeHre MHOXKeCTBa 3HAUYECHUH
Ys E(f) dyaxknuu f npu x€D(f) cBasaHo
¢ pelmeEueM YypaBHeHui. JencTBu-
TeIbHO, IJA TOT'0 UTOOBI YHUCJIO Y, AB-
AAJIOCh 3HaUeHHeM (PYHKIHH [, HeoO-
2 XOAXMO M AOCTATOYHO, UTOOBI ypaBHE-
Hue Y,=[(x) umeno xopeHb X €D (f).
JTO0 ypaBHeHHME B 3aBUCHUMOCTH OT
3HA4YEeHUs Y, MOXKEeT HMeTh OJHO pe-
IMeHue, HEeCKOJbKO pelIeHWN HJINU He
UMeTh UX coBceM. PucyHor 10 miiro-
CTPUPYET 3TO YTBep:KAeHHe: 3HaUeHHe
Yo byHKUMA [ IpUHHMAaeET B ABYX TOY-
Kax X, M X,; 3HAUEeHWe YJ; — B OJHOH
Y2 TOUKEe X4, 3HaUeHHE Y, — B OJHOM TOU-
Ke X,; 3HaueHHe Yy; GQyHKIusa [ He IpH-
Puc. 10 HUMAaeT COBCEM.

4x+8

Haitnem MHo)XecTBO E (f) 3HayeHUM (PYyHKIIUH a5

4x + 8 -
Pemenue. PyHKnua —,— ONpeJesieHa NJA BCEX NEMCTBUTENBHBIX
X

+5
3HadYeHWI X, TaK KaK sHaMeHaTesb x2+5# 0 ana Bcex x €(—oo; +oo). Ilo-

3TOMY HaAM JOCTATOUYHO HAWTH MHOYKECTBO TeX 3SHAa4YeHHUH Y,, MPU KOTOPBIX
4x+ 8
_2XTo 1
Yo x2+ 5 ( )
nMmeer perenue X €D (f)=(—oo; + o0).
3anumem ypaBHeHue (1) B BHIE
Yox:—4x+5y,—8=0. (2)

Ecaun y,#0, To ypaBHeHHue (2) — KBaJpaTHOe ypaBHeHHE, HMelOlee
pellleHHe TOTZa M TOJBKO TOTAA, KOTAAa ero ZUCKPUMUHAHT D HeoTpuIa-
TeseH. Vimeem |

D=(-4)2—4y,(5y,—8)=— 20y + 32y, + 16.

Pemas mHepasescTBo —20y%+ 32y,+ 16 20, nmomyuum y, < [— %; 2].

Ho y,#0 mo npeanosioXeHUIO, IIO3TOMY yoe[—-g—; 0) U(0; 2].

Ecau y,=0, To ypaBHeHue (2) mpurumaeT Buj 4x+8=0.

OHo uMeeT perneHue x=—2. TakuMm obpasom, y,=0 ToXXe NpUHALIECIKUT

. 4x+ 8
MHOXXECTBY 3HaUYeHUN (HpyHKIIUU —+-—5— OxoHuaTenbHO nmoayuaeMm E (f)=

14



Nana GyHKOUA f(x)= iﬁjll .

a) Kakoe sHaueHme IpMHHMAET 3Ta PyHKIUSA OpU X=1T7; —g—; —4; %;
2t—-17? ‘

6) CymecTByIOT JH 3HAaUeHUS X, IPH KOTOPHIX f(x)=1; f(x)=2; [(x)=

1+\/g?

2

_ 2
- Nana pysrnusa f(x)= ’;"’1 , x70, x#+V2.
x —2x
a) Kaxoe 3HaueHme sta QYHKIUA NpUHUMaeT npu x=-1; x=0,3?
6) Haiigure f(2x), f(x+1), f(x?), f(2t+3), f*(x).
B) CupaBennuBo Jnu paBeHCTBO f(—x)=-[(x)?

2u+1 2 1

3u_1’ 4" 3"

. PacemoTtpuM QyHEDHIO @ (1)=

a) Uemy pasuo 0(2); ¢(~1); ¢(—4); 9(5u); o(t-3)?

6) IlpuruMaer Jau gaHHaa QyHKOuA 3HaveHue 1; sHadeHue 27

IIna xakux 3HaueHUIl X onpefeseHa QPYHKIUA 1 +V1—x?
Vdx—1

Haitaure obgacTe ompeaedeHUs QyHKOUN:
a) -1 +Vut+1-V5-2u; 6) ——L—+4/2+83 .

frtead)

u®-1 2+ x—2 5—3x
21.! HaiinuTe objsacTh omnpefaeseHUuA PYHKIOUN:
) I3 . 1) (-1; 0U0; +0);  2) [-1; 1U(L; +0);
FoEmEEL gy (-1 U +0) 4) (-1 DU; +o);
4x+ 3 1 .
0 ; e \/ — ;
)\/xz—Zx—S - ) \/4 |x|+.7r:—1
B) V15— 2 x —8x2;
) K) — 1 +Vb—-2x;
r) 1 : x*-3x+2
Vad—6x2+11x—6
3x—4 1
n) V2x®—5x%+4x—1; 3) %-3 T3x-10" x=3.

a) JIna KakuxX 3HAUYEeHUI X ompezesieHa 3Ta QYHKIUA?

6) IIycts o — dpukcupoBaHHOe umuciao. IIpunumaer gu GpyHrnua 3HA-
yenue o? Ecam ga, To mpu KakoMm X 3To mpoucxogut? CymiecTByeT Ju
3HaueHHe o, KoTopoe PpyHKIuA f(x) He IpUHHUMAET?

15



HaiiguTe MHOXXeCTBO 3HaYeHHH (QPYHKIUH:
2x+1 1+ x2 2x+3 x—3
a) —5—-; 6) », x20; B) ———; 1) —; :
x%+6 2+x x—2 x2+x+4
CyiecTByeT JH cpenyn 3HAUeHHN (PYHKIIMU caMoe OOJbIIIOEe H caMoe
maJyioe? Ecam na, TO B KaKMX TOYKaxX (DYHKUHNA NPHHHUMAET 3TH 3Ha-

yeHUuA? , ,
24. | Hycrs f(x)== 2_ L ¢ (x)= x—-zx . Jlokaxmure, 4TO!:
a) fl+x)+o(1-x)=x; B) f(x2+ 1)+ (1-—x2)=x2.

0) f(-x)+¢(1+x)=0;

25.| IIyetp f(x)= i— HoraxxkuTe cnpaBefJHBOCTbh COOTHOIIEHUI:

a) f(x)-f(x+1)=f(x) f(x+1);
6) f(x®+1)—f(x?+2)=Ff(x2+1) - f(x2+2).

26.| Haiiaure f(x), ecamu:
2) f(x2)=—21x-, x>0; 6) f(%) —x+Vi+xZ, x>0; B) f(x®)=3x5—2x3.

5. RYCOYHOE 3ATAHHUE ®YHKIINU

3agats QYHKIMIO C IIOMOHIbIO OJZHOTO aHAJHUTHUYECKOTO BBIPAXKEHUSA
yaaeTrca He Bcerza. MHorma njas ee 3afaHUA NPHUXOAUTCA HCIOJAL3OBATH
He OJHY, a ABe-Tpu, a To U 6osaee dpopmysa. Takasa cuTyanmmsa BCTpedaeT-
CS OOBOJIBHO 4acTo. B 3TOM ciiyuae rOBOPAT O KYCOYHOM 3aTaHUUN (PYHK-
guu. Tak, B npuMepax 7 nm. 2 1 38 . 3 OYHKIUHK ObILIN 3aJaHbl UMEH-
HO TakuM crocoboMm. IIpusBenemM emie HECKOJNBKO IPHUMEDOB.

N3 ¢pu3mku M3IBECTHO, YTO NIPH PABHOMEPHOM IPAMOJJUHENHOM JBH-
MKeHUU cuJjla TpeHuA F nocrosHHA IO BeJIMUMHE M HaIpaBJIeHA B CTOPO-

~h, ecau v>0,

HY, IPOTHBOIIOJOXHYIO CKOPOCTH: F={ h. ecirv<0
, -

IJKCIIEDEMEHTAJIBHO YCTAHOBJIEHO, UTO BETep, AVIOIHUHA CO CKOPOCTHIO
Uy, AeMCTBYeT Ha Iapyc mjaomanbio S c¢ cujaoir F, paBHOII:

’

aS (UO"‘U)2
F=1 2 9
— oS (vogv)

, eCJIH U < Uy,

, ECJIHL U >U,,

\

r7e v — CKOPOCTh HAPYCHHUKA, O — IIOCTOSHHBIM KO3(pPHUIINEHT.

16



27.| IIporn6 Ganxku AauHOMK [, 06a KOHIIAa KOTOPOM CBOOOLHO JIEe’KAT HA OIIO-
pax, IoJ AelCTBHEM Harpysku P, cocpefoTOYeHHOH B I[eHTpe Oaikw,
BBIpaxaerca (popmysamm

{

8x 4x3 ) l
3 *
aPl ( l 5 ) ecan 0sx< 5

s(8(-x) , (1-x)° e,
a.Pl( l 4 3 ), ecan 2<x\l.

f(x)=

\

a) Ybeazurechb, 4uTO HOpPHU x=—l— o06a BBRIpaKE€HUA AAaOT OAMHAKOBBIU

pe3yabTar. 2

6) BeruucauTe BeJIMUHMHY Hnporuba mnpu ::c=i " x=ﬁ. Kakos
_ Gu3uIecKUl CMBICI 3TOr0o pesdyjabTraTta’ 4 4
- OKCIepUMEHTaJbHO YCTAHOBJIEHO, YTO CKOPOCTh (B M/C) aBTOMOOMIIA
- MEeHseTCs IO CJeAYIONEeMY 3aKOHY:

20 0<t<15,
v(t)={ t apu

300 opu t>15.

Onpepenure (B KM/4) CKOpocTh aBTomMoOmuaa mpu t=12 ¢, =30 c.

§ 2. TPAOUKHU NPOCTEHUINIHNX ®YHKIINU
6. IJUHEUHAA ®YHKIINA

HamomMEuUM, u4TO JHUHeMHOM (YHKIHMell Ha3bIBaeTca (PyYHKIUA BHAA
kEx+b, rne B u b — pedicTBuUTeJIbHBIe uMcaa. Ee rpadukomM ABIAeTCA
npamasa y=kx+b (puc. 11, a). Hucao kE=tg ¢ HaA3BIBAeTCHA Y2/708biM
rcoaq)qbuuueumom npAMOI, Yucjao b paBHO opJ.mHaTe TOYKH IIepeceueHuda
npamoint y=kx+b ¢ ocsio Oy.

Y v

Puc. 11
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Ecaiu b=0, Tto rpadpur ¢yHKOum y=~Kkx OPOXOAUT dUepe3 HAUAJIO
KOOpAWHAT.

Ecaun xe k=0, b#0, 1o rpadbukomM QyHKNMHU sBIdAeTCA IpaMad,
napauaeabaasa ocu Ox (puc. 11, 6). |

Ilonoxenne npaAMOH IOJHOCTBIO OIpegeNseTcd 3afaHUeM [IBYX
JI00BIX ee TOUEK, MMO3TOMY JJIsl 3aJaHUSA JUHeHHON (GYHKIINY TOCTATOUYHO
3HATh €€ 3HAYEeHHSA TOJBKO [JJdA JABYX 3HAYCHUH apryMeHTa,— 3TO
IIO3BOJIUT HAM HAWTHU BEJUUUHEI kK u b.

JduneiiHas GyHKIuUA OpH Xx=-—3 OPUHHUMAET 3HaYEeHHE y=2, a NpHU
x=-2 — sunavenue — 5. Haiigem 51y pyrKIUIO.
Pemenwne. [Ina HaxoxIeHUs 3HAYeHU# k M b mosydaeM cucCTeMy

aBHeHUN
yp {— 3k+b=2,
—2k+b=-5.
Ee pemenme: k=-7, b=-19. CiuemosaTejlbHO, HCKOMAas JuHelHas

byuxkua mmeer Bug — 7x —19.
V3 MHOrOYMCII€HHBIX IIPUMEHEHUH JWHENHON (QYHKIUM PACCMOTPHUM
€€ HCIOJIb30BaHHe MPU DEHIeHUU JNHEMHBIX HepaBeHCTB.

7. JUHEUHBIE HEPABEHCTBA C IBYMSA
IIEPEMEHHBIMU

W3 paccyxaeHuii, IpoBeAeHHBIX B MyHKTe 5 ryuasel VII, caexyer, uro
npaMaa y=kx+b, umm y—kx—-b=0, gequT TOYKHU ILJIOCKOCTH Ha TPH
MHOKeCcTBa:

I. Toukn niaockocrtu, Jexxalque Ha IpPAMoi y—kx—b=0.

II. Toukn MMJIOCKOCTH, Jexxamnime BBIIIIE TOUEK oOpaMoOn
Y—kx—b=0(BepxHAA MOJYIJIOCKOCTE).

III. Touyky IJIOCKOCTH, JIeKallfue HUYKE TOUYEK NpAMoil y—kx—b=0
(HUXKHAA TOJYILJIOCKOCTD).

Hig TOoro 4robbl y3HATh, KAKWM HEPABEHCTBAM YAOBJIETBOPSIOT KO-
OPAWHATBI TOUEK, JeKalllUX B TOU WJIHW HUHON HOJYILIOCKOCTH, MCHOJIL-
3yeM MeTOA npolHbix mouekx. BosbMeM nmpobHyI0 Touky M (x,; Y,) ¥ mox-
CTaBMM €€ KOOPAUMHATHI B BhIpaskeHUue y—kx—b. Ecau npu sTom oraxker-
CA, UTO Yo— kXo—b>0, To Touka M NeXUT B BepxHEH MIOJYIJIOCKOCTH;
ecinu xe Yo,—kx,—b<0 — TO B HUXHeII.

N300pasuM Ha IJIOCKOCTH MHOXKECTBO TOYEK, KOODAMHATHI KOTPODBIX
VAOBJIETBOPAIOT HepaBeHCTBY Y —2x+ 3 > 0.

Pemernue. Paccmorpum npamyio y—2x+3=0. Bossmem Toury O (0; 0).
ITocne moAcTaHOBKH €e KOOPAMHAT B ypaBHEHHE NPAMOIl IOJy4aeMm Bep-
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Hoe HepaBeHcTBO 32>0. 9TO 03HaAYaeT, UTO v
HCKOMOM IOJIYILJIOCKOCTBIO OyJeT Ta, KoTopasda
COAEPKUT HavaJI0 KOOPAMHAT, T. €. BepXHAA .
nmoayiiockocTb. (Ha pucyHke 12 sTa obaacth
oTMedeHa crpeaxkamu.) Takum oOpaszom, uc-
KOMBIM MHOKECTBOM SABJAETCA MHOXKECTBO
BCEX TOUEK ILJIOCKOCTH, JIE’KAIUX BBIIIE MPs-

Mol y—2x+3=0 m Ha caMO¥l IpAMOM. 0 3 o
2
HN3006pa3uM Ha NJOCKOCTH MHOMKECTBO TO- —3
YyeK, KOOPAMHATHEI KOTODPBIX YIOBJETBOPAIOT
cucTeMe HepaBEeHCTB
2y—-3x—-7<0,
x+3y—-520. Puc. 12

Pemenue. Paccmorpum npameie 2y —-3x—7=0u x+3y—5=0. Hasa
HaXOXJEeHUA TOUYKM UX NepecedeHUus PeIIuM CHCTeMY

2y—-3x—-7=0,
x+3y—5=0.

ITlonyuum x=-1, y=2. 3T0 3HAYHUT, UTO HNpPAMBIE II€PECEKAIOTCA B
TouKe A(—1; 2). dna HaxoXIeHHsA HNCKOMOI'o MHOXKECTBA CTPOMM IIPs-
Mmble 2y —3x—7=0 u x+3y—5=0 (puc. 13). Tenepr onpeaerum, B Ka-
KO¥ H3 MHOJYIJOCKOCTEH BBIIIOJHEHO HepaBeHCTBO 2y —3x—-7<0. Ilox-
ctaBuUM ciloga kKoopauHaThl TouKM O(0; 0) u moayuum — 7<0. 310 Bep-
HO€ HEePaBEHCTBO, CJIeAOBATEJbHO, NCKOMOH IIOJYIJOCKOCTHIO OyZeT Ta,

Puc. 13
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KOTOopas COAEPXHUT HA4YaJ0 KOOPAUHAT, T. €. HHMXHAA MNOJYILJIOCKOCTDH
(oHa momeueHa cTpeJKaMu BHH3). K IIOJyUYeHHOMY MHOXKECTBY CJeLyeT
n7o06aBHTHL U TOYKHU, JeKalue Ha npamoit 2y—3x-7=0.

Anajnorndso, nmoacTaBaaa KoopAuHATHI Touku O(0; 0) B HepaBeHCTBO
x+3y—9520, nonyuaem —52>0. 3T0 yTBepKAcHNE HEBEPHO, IIO3TOMY HC-
KOMOM NOJYNJIOCKOCTBIO Oyzer Ta, KoTopad ToukKy O(0; 0) He comepxur,
T. €. BePXHAA MNOJYIJIOCKOCTH (OHA IMOMEUEeHa CTpedKaMy BBepx). K Heilt
ciaexyeT NOOABUTH W TOUKH IpaAMOl x+ 3y—5=0. UckoMoe MHOXeCTBO
3aKpallleHO Ha pucyHKe 13 (BKJIOUasg TOUKH, Jie)XKalllle Ha CTOPOHAaX
3aKpameHHOTO yrJja).

IlocTpoiiTe NpsiMy:o, IPOXOAAINYIO dYeped TOUKY A(2; 1) m umeromiyio
yIJIOBOH Ko3hpHuIueHT k, paBHBIA:

a) 1; 6) —2; B) 0; ) -;,;; n) 4.

Hanumurte ypaBHeHHS 3THX IPAMBIX.

IlonbepuTte 3HaYeHWE yryioBoro Koagpodunmenta k takuMm o6pasom, 4To-
6bI npaMaa y=kx+ 6 npomaa uepes TOUKY:

a) A(2; -1); 6) B(4; 1); 3) C(=8; 3 ); ) D(33 - ).

- Onmpepnenure sHadeHue b Takum obpasom, 4To6El npaMas y = 3x + b mpo-
II1JIa 4epe3 TOUKY:

a) A(~2; 1); 6) B(—%; 1); 8) C(-3; - 1).
IIpym Kakmx 3HaueHuUAXx k um b upamasa y==kx+b NpoxXoguT depes TOU-
KH:

A(2; 1) m B(—-1; 2);

6) C(1; —2) u B(3; 1)?
33.| JIuneninaa QyHKIUA y=kx+b npu x=-—3 npuauMaer 3HaueHMe —1, a

upu X = — 3HaUeHUe 2. Hajigure 5Ty QYHKIHIO K 3aINTPUXYHTE IIO-

JYILJIOCKOCTh, B KOTOPOH BBINOJIHSAETCA HEpaBEHCTBO y—kx—b>0.
34.| Ha nmockocTn BEIGpaHO IATH TOUEK A;, A,, A;, A, U A;, KOODAWHATHI
KOTOPBIX IpUBEAEHBI B TabJuuie:

Amyp | A | A A M s
x 0 2 -1 1 2
y 1 6 2 | 5 4
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9%,

38.

9*,

40.

41%,

a) Haiigure nuHelHYIO (QyHKNUO, rpaduk KOTOpPOH IPOXOLHUT uepes
TOYKHN A, U A;.

6) IIposeprTe, JekaT J¥ Ha NOCTPOEHHOM IpAMOI TOUKuU A,, A,, A..
Ecau HeT, TO B KAKON N3 IOJYILJIOCKOCTEH OHH PACIOJIOKEHBI?

Hokaxure, 4T0 PYHKIOUS V3x+1 me NIPUHNMAET LeJbIX 3HAaYeHWH HU
IIPA OAHOM II€JIOYHCJIEHHOM 3HAYEeHHUH X.

HN300pasuTe Ha IJIOCKOCTH MHOMXECTBO TOYEK, KOOPAMHATHI KOTOPBIX
VAOBJIETBOPAIOT HEPABEHCTBY C JABYMS IE€PEMEHHBIMH:

a) 2x+3y—-6=>0; B) 3y—x—120;
6) y—4x+6<0; 1) -2x-3y—9=20.

N306pasuTe Ha MJIOCKOCTH MHOXKECTBO TOYEK, KOOPAHHATHI KOTOPBIX
VIOBJIETBOPAIOT CHUCTEME HEpPaBEHCTB: |

a) : 3x+2y—8=20, B) : x-y+2=20,
| 2x-y-3<0; | 2x-y+320;
0) 4( x-2y—5<0, r) : 3x+2y-10<0,
| 2x-3y—-7<0; | —x+3y+8=>0.

CocTaBbTe CAMOCTOATEJNBHO CHCTEMY JABYX JIMHEHHBIX HEPaBEeHCTB U
n300pa3uTe Ha IIOCKOCTH MHOMKECTBO ee peIlleHUi.

IIBe mepeceKamwmiueca OIPAMBIE AEJAT OJOCKOCTh HA 4YeThIpe YacTH.
1) OnpepennrTe, B KaKOH H3 HUX HAXOAATCA TOUYKH, KOOPAMHATHEI KO-
TOPBIX YAOBJIETBOPAIOT CUCTeMe HepaBeHCTB:

a) |3y—2x—-4=>0, 0) |ly—3x—-4<0,
y+x—3<0; 2y+x-1<0.

2) Kakme HepaBeHCTBa COpPaBeAJIMBEI OJs KOOPAHHAT TOUEK, JEXXKaIlluX
B OCTABIIHNXCH YAaCTAX IIJIOCKOCTH?

Tpu npaMbIe, IMOIAPHO IIEepeceKalomiuecsa B Pa3JIMYHBIX TOYKAX, AEJIAT
IIJJOCKOCTHL Ha ceMb YacCTei. |
1) OnpenennTe, B KAKOM M3 HMX HaAXOAATCA TOUKM, KOOPAMHATHI KO-
TOPBIX YAOBJIETBOPAIOT CHUCTeMe HepaBeHCTB:

a) [3y—-5x+17=>0, 6) [3y—8x-28<0,
S5y+3x—-1720, 4y-3x+120,
4y— x—17<0; Sy+2x—-16>0.

2) Kakue HepaBeHCTBA CIIpaBeAJHBHL IJA KOOPAHHAT TOYEK, JeXXKalux
B OCTABIIUXCA YACTAX ILJIOCKOCTH?

3amaiiTe cCAaMOCTOSATENABHO CHUCTEMY TpPeX JHHEHMHBIX HEPAaBEeHCTB C ABY-
Ms IepeMEeHHBIMH M HaljuTe Ha HJIOCKOCTH MHOXKECTBO, ABJIAIOIEecCH
ee peHieHueM. ' -

CymecTByer Ju JuHeiiHaa GpyHKuma y=~Fkx+b, Koropaa TOYKH 2; 5;
8; 11; 29; 32 mepeBoauT B Touku 4; 9; 14; 19; 44; 49?

- Haiigure auHelnyo (PYHKIOHIO, KOTOpasd Npu X=X, IPHHUMaeT 3Hade-

 HMe y=Y,, a IpA X=X, — 3HAYeHHEe Y =V,.
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8. ®YHKIINA | x|

HanmoMHMM, 4YTO B MaTeMaTHKe uepe3d |x| of6o3HauaioT abCOJIIOTHYIO
BEJIMYMHY, UJIN MOAYJL YHcaa x. AOCOJNIOTHAA BeJWYHHA YKCJIA X PAaB-
HAa 3TOMY 4YHCAY X, ecaH x>0, paBHa IIPOTHBOMOJOMXHOMY YHCAY — X,
ecin x <0, u paBHa HYyJI0, ecau x=0. Takum obpasom, pyHKOUS | x| omI-
peneneHa AJsL BceX X €(—oo; +co). MHOXKECTBO ee 3HAUEeHUII COBIIAZaeT
C MHOXXECTBOM HEOTPHUIATEJBHBIX YUCEeJI.

HUraxk,

{ x, ecau x =0,
|| = —x, ecau x<0,

Haupuwmep, |5,2|=5,2; |-3,4|=—-(-3,4)=3,4; |-3|=83; |0|=0.

ITocTpoum rpadpur byHKIUH |X|. |

Ecau x>0, T0 |x|{=x u rpadukoM 5TOi PYyHKIUU ABIAETCA OHCCEK-
tpuca I KoopamuraTrHOoro yria (puc. 14, a). Ecan xe x<0, 10 |x|=—x u
rpapukoM aTou (PyHKIMU aBIAgeTcsa Ouccexrtpuca II koopaumaTHOro yr-
aa (puc. 14, 6). O6benuHaA cayuau «a» u «0», noayauM rpadux GyHK-
nuu x| (puc. 14, 8) nna x€(—oo; + oo).

IMoctpoum rpadbukr byurmum |2x—1].

Penieunue. Breiparkenue 2x -1 obpaimgaercd B HYJIb DU X =—;- M Ha HUH-

1 1 .
TepBaJjax (—oo; E) U (E; +oo) COXPaHseT IIOCTOSHHBIM 3HAK. OTO 3aMeua-

HHe IO3BOJIUT HAM OCBOOOAUTHCA OT 3HAKa AGCOJIOTHOHM BeJIHYHHBI. PaccMo-
TPUM xé-:]é‘-. Torpa 2x-1<0wu |2x—-1|=1-2x, u mosTomMy Iasa xQ-;— rpa-
dbuK qaHHOW GyHKIUM coBnagaeT ¢ rpaburom pyuxknuu 1-2x (puc. 15, a).
Ecau xe x>l, TO 2x—-120, a 3Haunur |2x-1|=2x-1, u nosrtomMy g

2
y) y)
0] 1 x 0] =%
a) y=|x|, x>0 6) y=|x|, x<0

Puc. 14
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1 11
y=1-2x y=2x-1
o 1, * 0 A g
2 ° | ' 2
\ ]
a) 6) B)

Puc. 15

x>% rpaduK JaHHON (PYHKIOMH coBIazaeT ¢ rpapmroM PyHKIuM 2x—1
(puc. 15, 6). Urak,

1-2x, ecin x <

?

12x—1|=

DN DO

2x—-1, ecau x>

I'paduk 3TOoM KycOuHO 3aZaHHON (PYHKIMM H300pa’keH Ha pPHUCYHKe 105, 6.

IToctpoum rpadux dpyHrouu f(x)=|1-2x|—|x-—2|.
Pemenue. HaltgeM TOuKH, B KOTOPBIX oOpaIimaeTrca B HYJb KaxKJoe
caaraemoe: 1-2x=0 npu x= 1 , Xx—2=0 opu x=2. 9™y TOUYKH pa3du-

2 17 /1
BAIOT YHCJIOBYIO OCh Ha TPHU HOPOMEXKYTKa: (—oo; 5 b (E; 21, (2; + o0).
HUccnenyem ux.

2
1-2x20 u |1-2x|=1-2x;
x—2<0, u nosaromy |x—-2|=2-x,

;|
Ha npomexxyTke (—oo; = |

f(x)=1-2x—(2—x)=—x-1.
Ha npomMexyTKe (%, 2]:-

1-2x<0n|l1-2x|=2x-1;
x—2<0, u noatomy |x-2|=2—-x,
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f(x)=2x-1-(2-x)=3x-3.
Ha mpomexytke (2; + o0):
1-2x<0 u|l1-2x|=2x-1;
x—2>0, 1 moaTomy |x—2|=x-2,

T. €.
f(x)=2x-1—-(x—-2)=x+1.
9 X OKOHYATEJBbHO IOJIYYaeM
( . l
—x—1, ecan xé(-—oo, 2],
f(x)=/« 3x—3, ecau xe(l; 2],
2
Puec. 16 | L x+1, ecau x€(2; + o).

Tenmepp NOHATHO, 4TO rpaduK (PYHKIUHU COCTOHUT U3 YacTeH Tpex Ipd-
MbBIX M MMeeT BHUJ, M300pa’KeHHBIN Ha pucyHKe 16.

44*,

46*,

47*,

Iokasknre HepaBeHCTBO |x+y|<|x|+]|y].

3anuINuTe BhIpa)KeHUe 0e3 3HAKA MOAYJSA M MocTpoiiTe rpapukr GyHK-
IAH:

a) |[x—4]i; o |1+x|-|1-2x|+]|3—x|;
6) [x—2|4+(2x-1]|; e) [1-jx|[;

B) |1-2x|+|2x+3]|; x) 12—-|x—-1]|.

r) |2x-3|+|1—-x];

3anumuTe BhIpa)KeHHe 0e3 3HAKA MOAYJA U IIOCTpoiiTe rpaduk QyHK-

muu f(x)=|1+2x|-]x-3].

OTBeThTE Ha CJHEAYIOIHE BOIPOCHI:

a) CymecTByIOoT i1 3HaYEeHUA X, IPU KOTOPEIX [(x)=07?

6) Umeer nm ToOukM nepecedeHUdA rpaduk GyHKIUN [ ¢ npaMOH y-—-—5‘?
=—3,5? y=4?

B) Han,rmrre IIPOMEXKYTKH, Ha KOTOPBIX f(x)>0; f(x)<O.

r) dna kakux 3HadYeHUH o IpAMad Y= HAMeeT XOTA Obl OQHY TOYKY
IepecedeHus ¢ rpadpuKoOM ZaHHOM (GyHKIHM?

OTBeThTEe Ha BONPOCH yOpaXHeHus 46 nnsa dyHKOUMU:
a) f(x)=|2-3x|-|3-2x]; 6) f(x)=|2x-3|+|x-2]|-|x|.
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VAOBJIETBOPAIOT YCJIOBHIO:

- U306pasuTe Ha IJIOCKOCTH MHOXXECTBO TOYEK, KOODPAHHATHI KOTOPBHIX

a) y—-3|x-1|-2<0; B) y—V(x+4)’<0; o) 2|x|+|y|<2
0) ly+1|=4x-2; M) ly+1|-2|x-3[|>0;

MOe MaJIeHbKOe 3Hadyedaume m?

49.| CymecTtsyeT Jqu cpefu 3HaueHui f(x) camoe 6osabiroe 3HaueHue M? ca-

a) f(x)=x+|x+2]+]|2x-1]; B) f(x)=|3x+1]|-{2-x]|;
0) f(x)=—-11-2x|+|x—-1]; r) f(x)=|1-3x|+|3-2x]|.

9. ®YHKIIUI [x]

51 11060r0 NefCTBUTEJILHOTO YHCJHa X CUMBOJOM [x] ofo3mauaroT yeayio
yacmbv wucaa x, T. €. HauboOJIbINIee IeJI0e UMCJIO, He IIPEBOCXOAAIIEEe X.

Boiuucaum [x], ecau x mpuHHMaeT
3HaueHusa: 2,3; 0,15; 4; 10,9; -0,3;
—-2,9; —5; —8,01.

Pemenune. U3 onpezenenus [x]
cJaenyeT, 4UTo

[2,3]=2; [0,15]=0;
[4]=4; [10,9]=10;
[-0,3]=-1; [-2,5]=-3;
[-5]=-5; [-8,01]=—09.

Ecau n — nenoe umcio, to [n]=n.
PDYHKINIO, CTABAINYIO Ka)XIOMYy X
B COOTBeTCTBHEe umcyo [x], HassiBawoT
IIeJIOM YacThI0 UUCJa X ¥ 0003HAUAIOT
cumBojioM [x]. OHa ompegneseHa aJja
BCEX xe(—oo + c0). MHOKecTBOM 3HAa-

Y\
3+ —
94 —
1..-
3 2 -1 I _
Of 1 2 3 4 *
u----———-—l
Ll 19
o —-—3
Prec. 17

YeHHM 5TOM PYHKIHU SABJIAETCA MHOMKECTBO IeJbIX uuces. I'padux byHK-
nuu [x] nzobpasked Ha pucyHke 17. CTpesiKH 03HAUAOT, UTO IpPaBble KOH-
OBl 3THUX OTPE3KOB He IIPHMHAIJIEXKAT rpauKy, a JieBhle KOHILI IIPUHAIJE-

JKAT — OHW BBIAEJI€EHBI TOUYKAaMMH.

8-_ . __
—-4—9—, 7; —12,04.
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Y\ y)
1

L gl

3 -2-10 1 2 3 4 * 0 x
N — _1
Puc. 18 | | Puc. 19

10. ®YHKIIAA {x)

His1 m1060T0 qefiCTBUTEIBHOTO YHCIa X CUMBOJIOM {X} 0603HAYAIOT Jpos-
HYyw wacmb yucaa x. Ecau [x] — nesmas 9acTh UMcIa X, TO IIOJIATAIOT:

{x}=x-[x].

Beraucaum {x}, ecaum x OpUHMMaeT 3HAYCHUS:
5,47: 4 %; 0,23; 5; —7,29; —3 —1111—; _6.
Pemenue. U3 onpegenennsa {x} creayer, uTo

(5,47} =0,47; {4 %} =-$-; {0,23)=0,23; {5)=0;

{-—7,29}=—7,2_9—[—~7,29]=—7,29+8-——0,71;
4 4 4 4 T . 4 e
{‘3 H}‘_3 _ﬁ_[_3 H]“S 11 t4= 173 -61=0.

Ecin n — nesoe yucao, to {n}=0.

Takum o6pasoMm, mMeeM (PYHKIUIO, KOTOPAsA CTABHUT B COOTBETCTBIE
KaXaAoMy X €(—o0; +0c0) APOOHYIO YACTh 3TOTO UMCJA.

DOyHKIHA {X} oIpejeseHa AJA BCEX X €(—o00; +00), a MHOMECTBOM ee
BHaYeHHM dABJAeTcA npomexkyToK [0; 1). Ee rpaduxk m3obparken Ha pu-
cyHKe 18. CMBICI CTPEJIOK U BhIZEJEHHBIX TOYEK TAKOII JKe, KaK Ha rpa-

bure dpyaxmum [x]V.

Ha#pure {x}, ectu x npunmmMaer 3Hauenud: 0,39; —0,43; —4 %; 5 %;

-3; 7; 1,41; —2,97.
D BenmomunM Jgerenay o mape Cusude, KOTOPHIN 3a o6maH Oora cmepru TaHarta u Bja-
CTUTENA Aym yMepmux Auja GBI OCY’KJeH BKATHIBATH IPOMAAHBLIN KaMeHb Ha BBICOKYIO

KpyTyi0 ropy. Kax Tonbko oH jgo6Gupalics A0 BepUIMHEI I'OPbI, KAMEHb CPHIBAJICA M CHOBA
OKasnBaJICA BHU3Y. I'Daduk Ha pucynke 18 oueHs mHamoMuHaeT rpadux paGoThi Cnsudal
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11. DYHEKIHUA sgn x

CumMBOJ sgn x 4MTaeTCA: CUTHYM HMKC, 0003HaYaeT 3HAK 4Hcaa X (OT
JATHHCKOTO CJIOBa Signum — 3HaK). 9THM CHMBOJIOM o00O3HauaeTcs M
GPYHKIIUA, KOTOPad KaKAOMY UHCIY X €(—00; +00) CTABUT B COOTBETCTBUE
uncao 1, ecau x>0, upmcao —1, ecau x<0, u yucao 0, eciim x=0, T. e.

-1, ecim x <0,
sgn x= 0, ecim x=0,
1, ecaim x>0.

Takum ob6pasom, GYHKIOUA Sgn X oIpejeseHa AJA BCexX X €(— oo; + co).
MHOXeCTBO ee 3HAUYEHUHM COCTOMT M3 Tpex ugmcea: —1, 0, 1.

Hampumep: sgn(1000)=1, sgn(-3451)=—-1, sgn 0=0.

I'paduk sToil MyHKIMM HpeacTaBjeH Ha PUCYHKe 19.

Beraucaum sgn(x?—4x+ 3).

Pemenune. ®yaknua x2—4x+ 3 npuHUMaeT IIOJOXKHUTEJIbHBIE 3HAUE-
HUA Opu X€(—oo; 1)U(3; + o), orpunarensusie — mpu x€(1; 3) u obpa-
IaeTcsa B HyJb Ipu x=1 u x=3. IloaTomy

" -1, ecnau x€(1; 3),
sgn (x2—4x+3)={ 0, ecau x=1 nau x=3,
1, ecau x€(—o0; 1)U(3; + o).

52. | Beluucaure:

2x-1 . 3 _ 9.2 .
a) sgn( P ), X #2; B) sgn(x’®—-2x*—x+2);
6) sgn(15x2—-13x+ 2); r) sgn(2x3+15x2+ 36x + 27).

§ 3. BYHKIINHA x2, -kl- -ﬁ- U UX TPAGHEH

12. ®YHKIIUS x?

O6sacTri0 ompenesieHNA (PYHKIUU X2 ABIAETCA BCA UYHCJIOBAA OCH
x €(—oo; +00). IIocKOJIBLKY BCe 3HaAUEHUSA PYHKIHU x? — HeOTpHUIIATE]b-
HbIe 4YHcJa, T. €. npuHaaiaexxar jayay [0; +o0), To Bce TouKH rpaduKa
byHrnun x?, AaA KOTOPBHIX X # 0, HAXOAATCA B BepXHeH MOJIYILJIOCKOC-
TA. Ecau ke x=0, To x2=0 u nostomy rpadpuk QPyYHKIUNA DPOXOLHUT Ue-
pe3 Havano xoopaueat O(0; 0). Ilanee, us pasencTBa x?=(—x)? BuITeKa-
€T, YTO 3Ha4eHUsaA QYHKIOUHM X2 B TOUKAX X M —X OJAMHAKOBBI, CJIefOBa-
TeJIbHO, TOUKHM A(x; x°) um B(-x; (-x)?) rpapuxa pacmooOKeHBI
CHMMETPHUYHO OTHOCUTEJBHO ocHu Oy, a O3TOMY U Bech rpaux 6yaeT cuM-

27



1
Mg

!

“AM

M,/

M]_,, _M;
o -~ X
a) 0)
Puec. 20 Purc. 21

MeTpUYEeH OTHOCHUTEJIbHO 3TOM ocHu. Orcioma ciaeayer, 4To rpadur (PyHK-

IUU X° JKOCTATOYHO IOCTPOHUTEL TOJBKO IJIs HEOTPUIATEJLHBIX 3HAUCHHH

x. Jlna oTpunaTesbHBIX 3HAUEHUH X rpadumK IOCTPOMM C IOMOIIBIO CHIM-

MEeTPHU OTHOCHUTEJNIbHO ocu Oy. Ilna 6ojiee TOYHOrO BLIACHEHUS BUIA MCKOMO-

ro rpa¢puKa HaWAeM KOODJAMHATHI HECKOJBKHUX TOYEK, IPUHAMJIEIKAIIUX eMYy.
CocraBuMm Tabauny sHavenuit GpyHKIUuU x2:

2 | 0,25 | 1 | 2,25

M=u1 moayuyuan touku O (0; 0), M, (0,5; 0,25), M,(1; 1), M,(1,5; 2,25),
M,(2; 4), xoTophle IDPHHALJEKAT MCKOMOMY rpadbuxy. HameceM 3Tu
TOYKM Ha KOODAMHATHYIO IJIOCKOCTh U COEJMHUM HX NJAaBHOH KpHBOH
(puc. 20, a). C mOMOIIBIO CHMMETPHUH OTHOCHTEJBbHO ocu Oy MBI MOJdY-
YUM KPHBYIO, H300paxeHHYI0 Ha pucyHke 20, 6. OTra KpuBad U ABJISET-
ca rpadukoM QYHKIUH X2,

paduk ¢pyHxknum x> HassIBaeTca napabonoii, Touxa O (0; 0) — eep-
wuHol mnapabosabi, ock Oy — ocvr mapabojibl, a PABEHCTBO y=2x%—
ypasernenuem napaboibl.

Hepes Touxku O, M,, M,, M; u M, (puc. 21) MoxXHO IIpoBecTH Gec-
KOHEYHOe MHOYKeCTBO KPHBLIX (HAa pUcyHKe 21 m306pa’keHBI TPU M3 HUX).
3apaHee CKa3aTh, KaKad M3 5TUX KPUBBIX ABJIAETCH rpadUKOM 3aIaHHON
(GYHKIHHA, MBI HEe MOYKEM, OJHAKO HHXXe C IOMOMBIO AOTOJHUTEILHOTO
HCCAEeOBAHUA yOeaAuMCs, 4YTO MBI HPaBUJIBHO «yrajaju» BHA rpadura
(puc. 20, 6). 910 3aMeUaHHe OTHOCUTCSA K JIIOOOMY ADYromMy rpaduiy, Ko-
TOPBIA CTPOHUTCS IO OTAEJbHBIM TOYKAM, €My IPHHAaLIEKAIHM.
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ITapabosa o0OjgazmaerT pAZOM 3aMedaTeJIbHBIX

cBoicTB. Touka F(O; %) (cm. puc. 20, 6) HasLIBaerT-

ca ¢orxycom (or jmaTuHCKoro cjoBa focus — ouar).
IIpu Bpamienum napabGoJbl BOKPYI' OCH CHMMETpPHHU
IOJIYYaeTCHA IIOBEePXHOCTH, Ha3biBaeMas napaboou-
dom epawerHus (puc. 22). Ecau B GoKyc Takoro sep-
KaJbHOTO mapabosomga IOMECTHUTh HCTOYHHK CBeTa,
TO JYYHU CBeTa, OTPa3WBINMCHL OT napaboJjionga, IIOM-
OAYT IIYYKOM, IIapajlJIeJJbHBIM €ro OCH CHMMETPHH
(puc. 23). 9TUM CBOMCTBOM IMIHMPOKO NOJB3YIOTCA IIPHU
M3TOTOBJIEHUM PasJHUYHBIX IIPOKEKTOPOB. AHAJOTHUY-
HBIM o0Opa3oM mapaboJsnmuecKue 3epKaJja IPUMEHSIOT
B 3€PKAaJbHBIX TeJIeCKONaX:. CBEeT JaJieKOoH 3Be3lbl,
UAYVIIUNA DapaJjjleJbHBIM ITY4YKOM, yIaB Ha 3€pKaJjo
TeJiecKkona, cobupaerca B ¢doryce F (puc. 24).

ITapa6osia y=x? AeJHUT TOYKHM ILIOCKOCTH HA TPHU
MHOSK€eCTBA.

I. Touk® WOJIOCKOCTH, Jie)Kalmume Ha mapaboae y=x2. KoopauHATHI
(x; y) 3TUX TOYEK YAOBJIETBOPAIOT YPABHEHUIO Y = X2,

II. Touku IJIOCKOCTH, JieyKalllle BBIIIIE COOTBETCTBYIOIIIUX TOUEK IIa-
pabosabi. KoopauHarbl (xX; y) 5THX TOYEK YAOBJIETBOPAIOT Hepa-
BEHCTBY Y >x2.

III. Touku niIoOCKOCTH, JIeXKAIIIUE HUMKE COOTBETCTBYIOINMMX TOYEK Ia-
pabosnl. KoopaumHaTel (x; y) 3TUX TOUYEK YAOBJIETBOPAIOT Hepa-
BEHCTBY Yy < x2.

Puc. 22

BrIsicHUM, KaK PacHoJIOKEHbl HA IIJIOCKOCTHM OTHOCHTEJbHO mapabo-

b y=x* rouxm A(2; 4), B(-1; 2), C(1; %)
Pemenue. [IlogcraBiaseM KoopauHATEI TOYeK A, B u C B BRIpa*KeHUE

2 _
y_x .
Il KOOpAMHAT TOYKH A BEINOJHAETCA paBeHCTBO y—x%2=0, T. e.
TOYKa JICXKNT Ha 3aJaHHOM mapaboue.

Pmec. 23 Puc. 24
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A1 KoopAuHAT TOYKM B moaydaem
y—x:=1>0, crezosaTesbHO, TOUKa B
JIKHUT BBIIIIE COOTBETCTBYIONIEH TOUYKMU
napaboJIbl. -

Haa xoopauEar Touku C mHMeeM

1
Y—x2=— E<O — ToukKa C JIeKUT HUXKe

COOTBETCTBYIOIIEM TOUYKM napaboJibl
(puc. 25).

PaccMoTpuM B3amMHOE pacmosioxe-
HHue mnapaboasl y=x2? U Opamoi
Yy=kx+b. B sgaBuCcHMOCTH OT 3HAUECHUI
k u b oHM MOryT MMeTh JU6O IBe TOU-
KU IepecedyeHusa, aubo oxHy, ambo He
MMeTs UX coBceM. KoopamHarsl Todek
IIepeCeUYeHUsd ABJAIOTCA PelleHUEeM CHU-
CTEMbI YpaBHEHUM Puc. 25

y=x2’
~{y=kx+b. (1)

Haiinem Touku nepecedeHus mapaGonsl y =x2 u npaMdﬁ: a) y=4x—3;
6) y=x—-2; B) y=4x—4. |

Pemenue. [Ina pemenus npumMepa Heo6GaA3aTeIbHO cTpouTth mnapabo-
Ay U OpAMYI0. IlOCTaTOYHO pemuTh cucTeMy ypaBHeHmil (1).

" =x29

a) PemiuMm cucremy ypaBHeHuii {g=4x-—3. HNMmeem x2—4x+3=_0.
Orciona x,=1, x,=3. Teneps y,=1, y,=9. Takum 06pa3oM, B 5TOM cJIy-
dae eCTb ABe TOYKM mepecedenus: A(l; 1) m B(3; 9) (puc. 26, a).

. [Y=x2,

6) Cucrema ypaBHeHUii {Zz x—2 CBOIHUTCA K ypaBHeHUIO Xx°—x+2=0,
KOoTopoe He uMeeT pemreHud. CienoBaTelbHO, B 9TOM cjayudae mnapaboJia
A IIpsAMasa He mepecekarorcsa (puc. 26, 6).

2
. =X
B) CucremMa ypaBHeHUII {Z=4x’_4 MMeeT E€AUHCTBEHHOE peIlleHUe

X =2, ¥ Io3TOMYy napaboJja ¥ OpAMaA HMEIOT €eIHHCTBEHHYIO OOIYIO TOY-
Ky A(2; 4) (puc. 26, s).

1 1 1

_ Kaxue u3 Ttouek A(2; 1), B(—l; E)’ C(E; Z)’ D(2; 4) nexar Ha ma-
pabojse y=x%*? Kak pacnoyo:XeHHI IO OTHOIIEHHUIO K TOUKAM napab6o-
JBI T€ W3 3aJaHHBIX TOUYEK, KOTOPHIe HA HeH He JexarT?
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0) B)

1+ /

35.

56.

S37.

59.

O/i 3 % 0/ x 0

Puc. 26

Ilepecekarorcsa ysu mapaGona y=x2 u opamas:

a) y=2x+8; 6) y=2x-3; B) y=—x-0,25; r) y=—x+4?

Ecnm nmepecekarorcsa, TO HalifuTe KOOPAMHATHI TOYEK IepeceYeHHA.
Ilpn Kakux sHaueHUAX k npamas y=kx—6 u napabona y=x?:

a) UMeIOT JABe TOYKHU IIepeceyeHUs;

6) UMeIOT OLHY TOYKY IlepeCceyeHUs;
B) HEe UMEIOT TOUKM IepeceyeHUssa?

Ha napabosie y=x? BoiGpana Touka M (2; 4) u depe3 Hee IIpPOBeIeHA
CeKyInas ¢ yrJaoBbIM Koaddunuentom k. Belpasure uepes k abcruccy
BTOPOM TOYKU IepeceueHus napabosibl u cexyinmeii. IIpu kakoM 3Haue-
HUU k ob6e TOUKH mepecedyeHUs COJBIOTCH, T. €. IpAMasd KOCHETCH Ia-
pabosabi?

BpibepuTe caMOCTOATENIBHO TOYKY, JICHKAIIVIO Ha mapabone y=x2, u
OTBETHTE Ha BOHPOCHI YIPaXHEeHHA 56.

IIpn Kakux 3HadeHuAx k mapabosia y=x2 m npsamada y=£kx—3 uMeOT
obmiyio TOYKy, abcimcca X KOTOpPOM paBHA:

a) x=4; 6) x=-1; B) x=3; 1) x=V8?
CyimecTBYIOT JIM ellie U APYTHE TOUKM IlepecedeHUsA?

IIpu KakoM cooTHoOIIeHUM MeXAYy k um b npamas y=Ekx+b u mapabo-
jJa y=x? UMeIT eJUHCTBEHHYIO TOUKY IepecedeHmA?

1) B2 +b=0; 2) k2-b=0; 3) k2+4b=0; 4) k2-4b=0.
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1
13. ®YHKIUHA - H

B 8 kjacce m3ydaJjsiach oOpaTHasi HIPONOPHHOHAJILHAA 3aBHCHMOCTD
MEXXJy BeJHUYHMHAMHU X M U, 3ajlaBaeMad COOTHOIIEHHEeM

k
y=_;, x#0.

TaMm ke OblI mocTpoeH rpadux oOpPaATHOM HPOHOPIIMOHAJBHOM 3aBHUCHMOC-
TH, T. €. TpadpuK QYHKIIUHU ——ﬁ-, KOTOphIX 1Ipu k=1 u k=-—1 umeeT BHJ, N30-
Opa’keHHBIH Ha pucyHKe 27, a, 6.

HanomuenM, uyTto rpaduk QPyHKIIUH % Ha3bIBalOT zunepbo.aoit, a Tod-
Ky O(0; 0) — yeumpom zunepboavt. Ock Oy HA3BIBAIOT 8ePMUKAIbHOIL
acumnmomoii. K Helt HeorpanHudeHHO npubamxaercsa rpadhur GyHKIINH %,

KOrJZa X HeOrpaHUYEHHO IpubJguKaerca K sHaueHUio x=0. Ocy Ox Ha3aul-
BaIOT 20pU30HMANbHOU acumnmomoii. K 3Toil npsaMoil nmpudamxaercs

HeOoTpaHUYEeHHO rpadux QyHKIUU %, KOr'ZJa 3HAUYeHUsA X CTAHOBATCHA He-
OrPAaHMYEHHO OOJBIIUMHU 110 aOCOJIOTHOH BeJIHMYMHE.

YpaBHeHHe y=% Ha3bIBaeTCA YypasHeHuem zunepboavt. 'padpurn pyHK-
UM % IIPM Pa3jIMYHBIX 3HAYEHUAX R>1 mpeiacTaBjieHBI HA PHCYHKe 28.
DyHKIIUA —z- 3aBHMCHUT OT napamerpa k. Ias Ttoro 4yrobbl ompenejHUTh €ro

3Ha4YeHMne, JOCTATOYHO 3HATH KOOPAHUHATHI OJHOI TOUYKM, Jiekalllell Ha ee
rpajpuke.

yi 7y

a) Pue. 27 0)
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k
OmnpenennMm, Ipu KakoM 3HadeHHMH k rumepboiia y=-_ TPOXOAHT dUe-

pe3 TOUYKY A(—2; -;-)
Pemenue. IlogcraBiaseM KoopaAWHATEI TOYKU A B ypaBHeHHe THmep-
6osbI M moNyUYaem —%= — —;5 Orcrona k=-— —g— u runepboJsia y=— -3% IPOXO-

OUAT depe3 TOUKY A .
PaccMOTpUM Ha IJIOCKOCTH THIIEP6OITY yz—z— U npamyio y=ax+b. B

3aBUCHMOCTH OT BeJWYHMH B, a U b yuciao ux obmux Touyek OyaeT mame-
HATHCA OT HYJAA N0 ABYX. I8 MX HaXOMAEHUS NOCTATOYHO PEIIUTH CHU-

cTeMy ypaBHeHU {° «x’ ¥

BriscHUM, IpH KaK#AX 3HAYEHUAX

a runepbosa y=% A OpaMaa Y=

=ax—1, a#0:
a) UMEIOT ABE TOYKM IlIepeCeueHUsd;
6) uMeoT OJAHY TOYKY Iepeceude-
HUA; E>1
B) He HMEIOT TOUYKH IIePeCeueHHs.

Pemenue. Pemum cucremMy ypas-

2
. JYy=—,
HeHU x
y=ax—1. . Puc. 28
Orcoga ax?—x—2=0. IuckpumuaaatT D=1+ 8a.
a) Ecan D>0, T. e. ae(——l-; O)U(O; + 00), TO x1=1—_—@, x2=l—_—|'—-@.
8 2a 2a
4a 4

' 2 a
Tenepp us BHEHH = — HaXOJIuM U Yo Y= —=— =,
€ep yYpPaBH 1 Y= on Y | Yoo Y L VD’ Y2 1-VD
B sTOM ciayuae McxoAHas CHCTeMa HMeeT JBa PEHIeHUs M, CIeZOBATEJIh-
HO, 3ajaHHBIe runepbosa n npamasa (puc. 29, a) uMerOT JABe TOUKM IIe-
peceuenus: A(x;; y;) u B(xs; y,).
60) EquHcTBeHHOE pelleHUe CUCTEMBI, a CIeAOBATEIbLHO, U €AWHCTBEH-
Had TOYKa mnmepeced4eHUdA TuinepOboJisl m npamoi (puc. 29, 6), 6yaer B ToM

ciaydae, Korma D=0, T. e. azm%. Torpa x;,=x,=-—4, y1=y2=—% n

TOUKA C(——4; — -;—) HCKOMAasd.
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=
RY

0) B)
Puc. 29

1
B) B Tom cayuae, xorga D<0, T. e. a<—§, CHCTEMA He HMeeT pe-

IIeHus, CJAeA0BaTEeJbHO, 3aJaHHbIie runepbojia U nIpaAMas He mepeceKaroT-
ca (puc. 29, 8).

ITocTpoiiTe Ha OZHOM 4YepTeKe rpaduKy QPYHKOUM ¥ CPAaBHHUTE UX B3a-

HMHOE pacHoJIOXKeHue: a) 112, 6) 21 1 _3
| b ' x’ 3x’ x’ x’ 2x° x’

" k
Haiinure 3Hauenue k, eCJH M3BEeCTHO, 4TO rumnepbosa y= — MIPOXOAHUT
x

yepes TOUKY: a) A(—;; 2); 0) B(-—;—; —1); B) C(2; 4); 1) D(3; ~—i)
62.| CyimecTByIOT JH OOIIMEe TOYKU Y NPAMOHU Y = kx+b M runepGoIBL Y = E‘?
Ecau cyHiecTBYIOT, TO HaMAUTEe UX KOOPAUHATHI:

a) k=1, b=1; r) k=-95, b=295;
6) k=3,5, b=6; n) k=-1, b=4;
B) k=2,5, b=4; e) k, b (3HaueHns k u b BpIOepUTE CAMOCTOATEILHO).

63.| Paccmorpure mapabosy y=x*, runepboiay y=% N OpamMyo y=~kx+b.

IIna Kakux 3HadYeHU# k u b npsamasa y=kx+b nmMeeT POBHO IO OJHOH
TOUKe IIepecedeHnsI KakK ¢ rumepboJioi, Tak M ¢ nmapadoaoii?

1) k=—4, b=1; 2) k=-3, b=4; 3) k=b=-4; 4) k=b=4.

§ 4. IPEOBPA3OBAHHUE I'PA®HUKOB

B maTeMaTHKe CYIIECTBYIOT pasJHYHbIe CHOCOObI HOCTPOEHUA IpadHKOB
dbyarnuii. Huke MBI HO3HAKOMUMCA ¢ HEKOTOPLIME U3 HUX. OAUH U3 CIO-
cOo00B ITOCTpPOeHUus rpadMUKOB COCTOUT B TOM, UTO €CJIH HN3BECTeH rpadux
byHKIMH f, TO ¢ IOMONILIO I'eOMETPHYECKHUX NpeoOpasoBaHUM MOMKHO IIO-
CTPOUTH Irpad@UKM MHOI'MX APYrux (YHKIMI, CBA3aHHBIX ¢ (yHKIUEH f.
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14. IIAPAJIJIEJBHBIN ITEPEHOC
(CABHAT TPAD®UKA)

O6osnauum 6ykBoii I' maBectHbIl HaM rpaduk ¢pynknouu f. Torga co-
oTHOWIeHue Yy =f(x) 6ymer ypaBHeHHMeM KpuBoii I'. Bygem nmpexamnoJsarars,

yto ecau x€D(f), To x+a<€D(f). Carenaem napajjieIbHBIM IePEeHOC I'pa-
dbura I' Ha BeKTOp a@ =(a; b), T. e. KaAXKAYI0 TOUKY A(x; y), rae y=f(x),
rpadpura I' nmepeBenem B TOouky A,(x+a; y+b) (puc. 30, a). IIpu sTom

npeobpasoBanuu rpadux I' dyuxkmuu f nepeiizer B mHOxKecTBO I';. BhI-
SCHUM, I'PapUKOM KakKoil PyHKIUu OyzeT 3TO MHOKECTBO. PaccMoTpuM
TouKky B, (x; y), npuRagieskaniyro MHOecTBy I';.

OtIeBH,u;Ho, YTO IPHM PacCMaTPMBAEMOM IIapaJlIeJIbHOM IEPEHOCE B 3TY
TOYKY Ieperzer Touka B(x—a; y—b), nexxamaa Ha rpaduxe I' dpyHkK-
nuu [ (puc. 30, 6). Ho Torma ee Roop,u;HHaTLI CBABAHBI COOTHOINEHUEM

(y—-b)=f(x—a), nan
y=f(x—a)+b. - | (1)

TaxkuMm o0pasoM, KOOPDAMHATEI TOUKH B; yZOBJeTBOPAIOT ypaBHeHHUIo (1),
a 3TO O3Ha4YaeT, 4TO MHOXXecTBO I', aBisaerca rpadburom dyurmum (1).
Hrak, rpadpur pysrnuu f(x—a)+b monyugaerca u3 rpaduka GyHKIHU

f(x) ¢ moMouIbI0 HmapalIeJbHOIO IIepeHoca Ha BeKTop a =(a; b). Ipyru-
MU cJjJoBaMu, rpadpumr Pysruum f[(x—a)+b moayuaerca u3 rpadHkKa
dbyaknun f(x) caBuromMm BAOJE ocHM Ox Ha 4@ eJUHUII U CABUIOM BIOJb
ocu Oy Ha b epgunun (puc. 30, 6). IIpu sTom:

ecau a>0, caur no ocu Ox BIpaBo, a npu a <0 — BJeBO;

ecau b>0, To caBur nmo ocu Oy IPOUCXOAUT BBepX, ecau xe b<0 —
BHH3; J

¥ v) y=f(x—a)+b
y+b
y
0 0 x—a x x
a) 0)

Puc. 30
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ecau a=0, To caBur mo ocu Ox OT- YA
cyrerByer n npu b#0 rpadbux PyHK- y=f(x+2)
IINK CABHUraeTcA TOJBKO IIo ocu Oy;
ecaun xe b=0, HO a#0, TO cABHUI
IIPOHUCXOAUT TOJBKO mo ocm Ox.

3agan rpaduk dpysxmun [(x). 1llo-
crpouMm rpadurk pyHrmum f(x+2)-—3.

Pemesune. B HameMm cayuae
a=—2, b=-3. IlosaroMmy ana moJayde-
Husa rpadmka dysroun f(x+2)-3
caenyetr rpaburk obysxomun f[(x) nepe- Puc. 31
HEeCTH BJIeBO Ha 2 eguHUNbI M0 ocu Ox
u Ha 3 egununsl BHU3 1o Oy (puc. 31).

y=Ff(x+2)-3

Hcxonss u3 rpaduka QyHKOHH X2, nmocTpoiite rpaduk GyHKIMH:
a) (x—2)2+3; 6) (x+1)>-2; B) (x-3)’-1; 1) (x+2)*+4.

Hcexona us rpacbmca- GYHKIIUU —;‘,‘:—, nmocTpounTe rpadpux QPyHKIUHA:

2
+3 +4

Hcxona u3 rpahmka GyHKOUHU | x|, mocTpoiite rpapuxk byHKOUM:
a) lx-2|-1; 6)|x+1|-2; B)|x+3|+1; 1) |x-2]|+1.

6) B) —--—-3 r) +2.

15. PACTSI;JKEHUE M CJKATHE I'PA®UKA
BIOJIb OCH Oy

IIycrs 3azaH rpabur dyukmuu f, x €D (f). lloctpouMm rpapux PyHK-
nuu k-f, k=1. YpaBHenue y=/(x) aABIsgeTca ypaBHeHUeM Trpaduxa
dbyuxknun f, a ypasHeHue y==~kf(x) — ypaBHeHueM rpadnxa QyHKIUH
k-f. CHagyana OyameM cuHTaTbh, uTo B> 0. Torma opamHaTa KaXJAOU TOY-
KM, Jexamneil Ha rpaduke dyHKIuu kf, mosydaeTrcd YMHOXXEHUEM Ha k
OPAMHATEL COOTBETCTBYIOIIEH TOYKM, JiesKalleil Ha rpadbuke QpyHKOuu f.
Takoe npeoOpasoBaHue HasbIBaeTCA pacmaiceHuem 60oav ocu Oy ¢ Ko-
adbdunueaToMm k. UHorpa rakoe npeobpasoBaHue HA3BIBAIOT PACMANCEHU-
em om ocu Ox ¢ KoapdpunmentTom k. Ilpu srom ecau B> 1, To peus uger
NeMCTBUTEABHO O pactsaXeHuu B kB pasd. Ecaum xe 0<k<1, TO BMecTO

1
pPacTaAXeHNnA PDEedb NAET O C:KaThuH B ; pas3s.
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<
. o

y=3f(x) Y

y=|~5|
/
P = bz
a 0 | 1 a 0
y=3fx) 3
= f(x) | y=-35Ix) |
y | | y = f(x)
a) y=3f(x) 6)
Puc. 32 |

Ecanm E<0, Tto Bf=—|k|-f u mosaTomy mo rpadpury GyHKOuUH [ HYX-
HO CHavaJja mojJyuyuTsh rpaduk QyHKIHNH |(k|-f, a 3aTeM npon3BeCTH CUM-
MEeTpPHIO OTHOCUTEJbHO ocu Ox.

Ha pucynke 32, a, 6 uzobpaxken rpadux Gyaxrumuun f (x), <x<b (qep-

HbIM 11BeTOM). [locTpoumMm rpaduk ¢pyuxmuu: a) 3f(x); 6) -——f(x), B) ——f(x).
Pemenue. 2
a) OpauHaThl TOouek rpadura PyHKmunm f(x) ymMHOXaeM Ha 3 U IIO-
aygyaeMm rpadbur pyaxnnm 3f(x) (puc. 32, a).

6) OpauuaTel ToueK rpadpuka GyHKmuM f(x) yMHOKaeM Ha :—;— U 110-

gydaeM rpaduk QyHKIHH %f(x) (cm. puc. 32, a).
B) CHauasa opaumHaThl ToueK rpadpura dyHKmuu f(x) aeaum Ha 2 u

nosyyaeM rpadbux GyHKOUH —%| f(x), a 3areM NMPOHU3IBOAUM CHUMMET-

puio orHocureJgbHO ocu Ox (puc. 32, 0).

Paccmorpure rpadbmk GyHKRmuuM x2, —2<x<2, U mocTpoite rpadux
dyHKIIHN:

a) ——;-xz; 0) —2x%; B) 1,5x%; 1) %xz.
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PaccmoTpuTte rpaduk GyHKOuH |x| U moctpoiite rpadpuk pyHKIum:

a) 3|lx|; ©0) -—%—le; B) w—;—le; r) —-2|x|.

16. PACTSIZKEHUE H CJKATHE TPAGHKA
BIOJb OCH Ox

I[IycTe mo-mpeyxkHeMy m3BecTeH rpadpumk GyHKOUH f(xX) ¥ HYXKHO IO-
crpouth rpabuxk pyExnmum f(ox), a=1l. Ilpm s3Tom npepanosaraeM, 4TO
ecau x<€D(f), To axecD(f).

ITyers o >0. CpaBEHMM MeXAy co00HM 3HaUYEHHUSA Q)ymcmm f(x) u
f(ox) mpu x=x,. OueBUAHO, UTO 3HaUeHHEe PYHKOUHU [(ax) B TOUYKe X,
f(ax,) — coBmagaer co 3HadeHneM ¢GysKnuu f(x), HO B TOUKE OX,, KO-
TOpoe Taksxke paBHO f(ax,).

- Takum obpasom, opamHaTa TOuKH rpaduxka pyHknuu f(ox) B TOUKe
X COBIIaJaeT ¢ OpAMHATOM TOUuKM rpadmxa ¢pyHKODuM f(xX) B TOUYKe OX.
ITOo 3HAUHUT, UTOo rpadmk dyHKmuu f(ox) moaydaerca us rpadpuxa QyHK-
muu f(x) cmamuem ¢ Koapppuyuenmom o 8doav ocu Ox. NHOrZa Takxoe
npeodpasoBaHue HaA3bIBAIOT pacmadceHuem om ocu QOy. Ilpu stom eciam
oa>1, TO peub HAET O CKATHHU B o pa3, a npu 0<oa <1 peus uUaeT O pac-

TAXEHHUN B "}i pa3. IIpu a <0 umeem f(ax)=7f(—|a|x). Orcroga cnepyer,

yTo rpaduk GyHKODUHU f(ox) B 3TOM cjgydae MOMKeT ObITh NOJIYUEH U3
rpaduxa pyHrmuu f(x) ckarmem BIoJb ocu Ox ¢ KoadpdumueHTOM |A
U IOCJEeAYIONIell cuMMeTpHed oTHocHuTeJlbHO ocu Oy.

Ha pucynkax 33 u 34 mzobpakeHbl rpadburu pyHKIHH [,(x) 1 f(x)
(uepEBIM nBeTOoM). IlocTpoumm rpadpmk QPyHKIHNH:

2) f1(5x); 6) F(22); B) f(-2%).

yi
y = f1(x)

Puc. 34

38



PemeHnue. a) PacraruBaem rpa- v
bux dysxknum f;(x) B 3 pasa BHOJb
ocu Ox, T. e. 3HAYEHUHA, KOTOPHIE 1 y = f(x)
¢dbyHKOUA [,(x) UpMmHHUMaeT B TOUYKe

X9, (DYHKIUSA fl(%-x) OyJeT NIpPHHMU-

MAaTh B TOuKe 3x, (puc. 33). _9 _1 0 1 2l x
6) CoxmmaemM rpadumk GYyHKIOIHUN
f(x) B 2 paza Bgoas ocu Ox, T. €. 3Ha-

yeHHusI, KoTopble PyHKDuAa [(x) npmu- -1
HHUMAaeT B TOUKe X,, PyHKIuA [(2x) 6y-
IeT UPUHNMATH B TOUKE -0 (puc. 34).

Z | Puc. 35

B) I'padur pyaxknuu f(—2x) moay-
yaeTca u3 rpapmra GyEKmum f(2x)
C IOMOINbI0 CUMMETPHHN OTHOCHUTEJHHO
ocu Oy (cMm. puc. 34).

Ha pucynke 35 umsobpakeH rpadpuk ¢pyernun f(x). ].'Ioc'rpom'e rpapuk
- QYHKIIUH:

2) [ +2; 1) [(2x) e) f(2x—1);
6) f(x-3); &) f(- E") x) 1+2f(3x—6).
B) - 2f (x);

17. TPA®GUKA ®YHKIHI,
CONEPIKANINX 3HAK MOIYJIS

B mpeanIayImmux pasfgesax yoke BCTpedalnch KOHKpeTHble (PpyHKIHU,
copepskalmue 3Hak mMoayada. IlokaskeM, KaKk C IMOMOIIBLIO CHMMETPHM IIO
M3BECTHOMY rpadpury dysxrnuu f(x) moctpouth rpapuru GyHruui |f(x)|
u f(x|).

1. IIyeTes usBecteH rpadux obyaxmum f, x€D(f). Aaa mocrpoeHnsa
rpapuxa pyHKINH |f| Bocmosb3yeMca onpeAeseHueM abCOJIOTHON BeU-

yuHBI. Torga

| f | = f(x) nna Tex x, Ajaa Kotopeix f(x)=0
(x) _{ —f(x) naa Tex x, AAA KOTOopmxX f(x)<O0.

IToaTromy rpadurk dyHkiuu |f| copnagaer ¢ rpadbunxkom GpyHKIuU [ Ha TExX
OpoMeXKyTKax, Ha KoTopbelx f(x)20, a Ha Tex npoMexXyTkKax, rje
f(x)<0, rpadbur |f| moayuaerca u3 rpapuxka QyHKOuUM [ C IIOMOIIBIO
CHMMeETpHUHu OTHOCHTeJBbHO ocHu Ox.

Ha pucynke 36, a uzobpaken rpadur pyHxuuu x3—3x, a Ha pUCYH-
ke 36, 6 — rpadur PpyHKDum |x3-3x|. '
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Puc. 36

2. Iloctpoum Tenepp mo rpadburky pyaxoum f(x) rpaduk GyHKIUN

f(lx]).
IIpu x>0 |x|=x, mosTOMYy
f(x])=71(x),
T. e. rpaduku byuxnuii f((x|) 1 f(x) coBmazarT MexIy COOOI.
IHocKOABKY |
f(=x)=F(xl),

To rpadux PyHKIMH f(|x|) Ana x<0 moaydaeTcsa C IOMOIIBIO CHMMET-
PHMH OTHOCHUTEJbHO ocu O

Ha pucyHKe 387 mokaszaHo, KaKk u3 rpadbmka PyHKIHEHE x2-6x+5
(puc. 37, a) noayueH rpadpux pysxnun |x|?—-6|x|{+5 (puc. 37, 6).

Yy Yy
5 5
3 _ '
Of 1 3} X -5 -1/ 0] 1 5 X
—4 41
a 0
) Puc. 37 )
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71.

72.

a) [4x-T7|;
2x—-3 |,
6) 4x+5

B) |2x+3|+2]|x|;

r) ||x|+4];

ITocrpoiiTe rpaduK DYHKIUM:
a) |lx+1|-2|x-2];
6) |lx—-1|-2|x|+3]x+2];

B) [3|x+1]|-2];

a) |x|+|y|<4;
6) 2|x|+3ly|<2;
B) 3|x|-4|y|>3;

IlocTpoiiTe rpaduk GbyHKIUH:

)

3x+5 l

) |
e

1

|3x+1|+|x|
1

Ix—-—2|+|x|—3.

r) 3(xl+1)+|x—5];
n) |lx—1|-2|x|+3|x+2]};

e) ||lx+1]-2|x-2]|.

C nmomomspio rpadKa yCTaHOBUTE, OJA KAKMX 3HAYEeHUH a4 ypaBHeEHUe
f(x)=a uMeeT pemeHVEe, U YKAXKHUTE HUX UHUCJO.

IIpuaumaeTr au GyHKIUA cBoe HaumOoJblllee 3HaueHue M u cBOe HaH-
MEeHbIIIlee 3HayeHue m?
Onuniure MHOMKECTBO 3HA4YEeHUH (PYHKIIWH.

IlocTpoiiTe Ha NJIOCKOCTH MHOXKeCTBO ToueK M (x; y), AJIA KOOpPAHHAT
KOTOPBIX BBLINOJIHAETCA COOTHOIICHME:

r) 2x+|x|<y+2
m) lx-1]+|2y-38
e) |2x+3|+|y—1

yls
=2,

IlpuHazgdeXUT AU HAYAJO0 KOOPAMHAT IOCTPOEHHOMY MHOXMXECTBY?

§ 5. KBATPATHYHAS GYHKIIHA

H EE T'PAOURK
18. KBAIPATHYHAS ®YHKIIHUSA

OyuKnuio axi+bx+c HasbIBAIOT K8adpamuuHoii, ecam a, b, ¢ —

NeMCTBUTEJbHBIe Uncia U a#=0. Breipaxenue ax?+ bx + ¢ Ha3pIBAIOT Ké4-
OpamHbim mpexyunrenom. KBaaparuuHasa QyHKIIUA U4acTO BCTPeYaeTcs B pas-
JUYHBIX 3ajadyax. Hanmpumep, ecau Tejio moAOPOINIEHO BEPTHKAJIBHO BBEPX
C HaYaJIbHOM CKOPOCTBIO Uy ¥ B HAYAJBHBIN MOMEHT HAXOJHJIOCH HA PACCTO-
SSHUU S, A0 IIOBEPXHOCTU 3eMJIM, TO B MOMEHT BpeME€HHU { ero paccToAHUe
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Y\ s(t) KO MOBEePXHOCTH 3eMJH OIIpeleJAEeTCA IO
| dopmyiie ,
y=x* s(t)=—E- +vot +s,.
gt?
Bripaxxenue ——7+vot+s0 ABJAETCA KBaapa-
o . g 4 _
THYHONU (PYHKIMEeH, Irae a——E, b=v,, c=s,
a BMeCTO IepeMeHHo# x ynorpebiieHa IepeMeH-
Hag t. 'padpux PyHKmum x? GBI IIOCTPOEH B
n. 12. B no. 15 MBI pDokaszagm, 4TO rpauk
GyEKOUHA ax? nonydaerca um3 rpadpuxka pyHK-
nuu x? ¢ MOMOIIBIO PACTAXXKEHUA BAOJbL OCH
Oy ¢ xoadbdpunuentom a. Ecau a<0, To K pac-
TAXKEeHUI0 B |a| pa3 mobOasiserca mnpeobOpaso-
Puc. 38 BaHMe CHUMMETPHUHU OTHOocuTeabHO ocu Ox. Ha
pucyHKkax 38—40 wusobpaxkeHsl rpaukmu
GYHKIUNA ax? npu pasJHUYHBIX 3HAYEHHUAX 4.
ITocse sTOro 3aMedaHudA IepeijieM K IIOCTPOEHHUIO rpadhuka KBaapa-
TuyHON GyHKIuUU. aa sTOoro ms3 TpexuieHa ax®+bx+c BBIJEJIUM IIOJI-
HBIM KBajapar:
ax2+bx+c=a'(x2+% x)+c=

kY

y=—x°

b . b p2 ) ( b )2 dac—b?
=alx*+2 =-x — c=alx+ -2 .
( + 2a + 4a?2 4a° + + 2a + 4a
OTclofa CJIeAyeT, UYTO AJs IOCTPOEHUS rpaduKa KBaJPATUUYHON QYHKIUH

ax?+bx+c ciaeayer oCYIIEeCTBUTL MapajljieJIbHBINA mepeHoc rpadpuka QyHK-

B2
MM X2 Ha BEKTOP C KOODIMHATAMU (— zba; 4“(;“ b ) ¥ caeJaTh 3aTeM DAaCTs-
y = 2x* Y ’
y=x*
y=x? L~
M(x; ax?)
N(x; x?)
x x
P(x; —ax?)
= —2x? = —ax?
Puc. 39 | Puc. 40
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Yi 77 Yﬁ 77

4ac - b2 dac — b?
4a 0, 4a

0, X ! X

' — ¢ -~

_b 0 x | / _b \ 0 X

2a | 2a
a>0 Y = aX? a<0
a) y=ax’t+bx+c 6)
Puc. 41

JKeHUe BIoJab ocu Oy ¢ xkosddunmumentom a. IIpakTuuecKku Aas mocTpoe-
HUuA rpadumka GyHKOUM ax?+bx+c¢ HOCTYIAOT CJIEXYIOIIHM 00pa3oM:
4 __h2
yepes Touky O, | — 2b ; az b IIPOBOAAT BCIOMOraTeJIbHBIE OCH KOODAH-
a a
HaT O;X n 0O,Y, napajjeilbHble HCXOAHBIM OCAM M OJAHUHAKOBO C HUMH
HallpaBJeHHbIe. B 3THUX HOBBIX OCAX CTPOAT CHadyaJja rpa(pHR byHKIUHN
X?, a sareMm rpabur obyHxuuu aX?. I'padpux (byHRu;I/m aX? B HOBBIX
OCAX KOoopAuUHAT U OyaeT rpadHMKoM (PYHKIHNU ax?+bx+c¢ B UCXOTHBIX

ocax KoopauHat (puc. 41).

Ipadpur dysxnuu ax?+bx+ c HasplBaeTca napabonoil, TouKka rpadu-

—p2 5
ka O, | — EQ—; 4“2 b 8epuiuroil napaboynl, a npAMasd x=-—~_§%, mapaJji-
a a _ A
JenbHasa ocu Oy,— ocvio cummempuu napaboasi. IIpu a>0 BeTBUM mapa-
0osbl HampaBJieHBI BBepx (puc. 41, a), npu a<0 — BHU3 (puc. 41, 6).
Besununna |a| nokaseiBaeT «KpyTU3HY» Iapaboabl — dem GoJabiue |al,
TeM KpydYe NOXHUMAIOTCA BBepxX (OOycKalTcsaA BHU3) ee BeTBHU. ¥Ypas-

HeHue y=ax’+bx+c HasbIBaeTCcaA ypaBHEHUEM NapaboJIbl.

ITocTtpoum rpadpur pysxmum 3x2+6x+5.
Pemerue. BeigeauM HOJHBIN KBaIApar:

3x2+6x+5=3(x*+2x+1)+2=3(x+1)2+2.

Teneps sicHo, uTo BepinmHA mapabosbl HaxozuTca B Touke O,(—1; 2).
IIpoBoguM uepes 3Ty TOYKY BCIOMOraTejJbHBIe ocH Koopaumar O, X u
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Yy
0 2 x
-3 O,
1 0 x
Puc. 42 Puc. 43

O,Y 1 B 3THX ocaAxX cTpouM rpadux ¢pyurnum 3X?% TI'padpux sToi QpyHK-
nuu OyaeT MCKOMBIM (puc. 42).

IToctpoum rpadpux pyHxmmum —2x2+8x—11.

Pemeunune. B Hamem caydae a=—2, b=8, c=-11. ITosTromy —%’5:2,
4ac - b? - ®
g =—3 u BepmuHa napabossl HaxoauTca B Touke O;(2; —3), a ee
BEeTBHU HAaIlIpaBJeHBI BHH3, Tak KakK a <(. IIpoBogum uepes Tourky O, mep-
IMIeHAUKYJISAPHLIe OPAMBIE U CTPOMM B 3THX HOBBIX OCAX rpad®ux (QpyHK-
nun —2X2. O u 6ygeT ucKOoMBIM (puc. 43).

ITocTponiTe rpaduk GyHKIHN:

a) x?—8x+ 20; r) 6x-—1-3x?; K) -2x%2+6x+1;
0) 2x?2-10x+5; o) 6—x?; 3) x2—4x+4;

B) 4x— x?; e) 4x2+5; n) —4x?2-12x-9.
| ITocTponTe rpadpmk QyHKINAU:

a) |x2+6x+5|; r) |[-3x2-5x—-18]|;

0) |—-x2+5x-6|; I |—4x?2—4x-1]|.

B) |x?+4x+5];

75.| Ilapabona y=ax?+bx+1 mpoxoautr ueped Toukum A(l; 6) u B(-1; 0).
ITocTpoiiTe aTy mapaboiay.




19. KOPHU KBAJIPATHYHOU ®YHKIIUHU.
OBIIHUE TOYKHU IIAPABOJIBEI U IIPIMOM
Hucao x€D(f), Trakoe, uro f(x)=0, HaswIBaOT Hyaem Qynkyuu f.
Hynu xkBazpaTnuHON (GYHKIOMH HAXOLATCA H3 YPaBHEHUA
ax’+bx+c=0,
T. €. OHH COBIaJalOT ¢ KOPHAMHM KBaJAPaTHOIO TpexXuJieHa
| ax:+bx+c.

IlosToMy HyJM KBaApaTH4YHON (GPYyHKONH HA3LIBAIOT €€ KOPHAMU.

IIpu D=>5b%—4ac>0 kBagpaTuuyHasad QDYHKIUA HUMeeT JBa KOPHA X; # X,
U ee rpaduK MMeeT ABe o0ImHe TOUYKH ¢ ochkio Ox.

IIpu D=0 KopHM KBaApaTHYHOH (GyHKIMH coBmagamoT (X;=Xx,) U ee
rpaux MMeeT €AUHCTBEHHYIO O0IyIo TOUKY ¢ ochio Ox.

v\ | Y\
b
11—55;0)
0 b x 0 x
2a
a>0 D=0 a>0 D<0
6) | B)
i 7%
0 0 x
a<0 D=0 a<0 D<O0

r) | ) e)
Puc. 44
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IIpu D<0 kBaagpaTUdYHaA (PYHKIUA KODHEHl He MMeeT H €€ Irpapuk

He nepecekaeT ock Ox.
CxeMarnuyeckn 0030p BO3MOMKHBIX c.uyqaeB B 3aBHCHUMOCTH OT 3HaKa

a u Beamuuusl D mpeacTaBJeH Ha pPHUCYyHKe 44,

He HaxogA KOpHell KBaJpaTHOro TpexujeHa 2x%+ 5x+p, moabepem
3HaYeHUsA IlapaMeTpa p TaK, 4YTOOBI €ro KOPHH X; U X, YZOBJIETBOPAJIH

HepaBeHCTBY X2+ 3x,X;+ x5<6.
Pemenue. Ilo Teopeme Buera

54 D
X1t Xy=—75, X1°X=75. (1)

MzuorouneH x?2+ 3x,X,+ X% BHIpAa3HUM Uepe3d Gy =X+ Xy U Oy=X; " X,.

Nmeem

X2+ 3x,x,+ x2=(x,+x,)%> + x,x5 =024 0,.

HUcnoawszyem (1): o;=— %, Oy = % — U moJgydaeM X3+ 3x;X,+ xi= 245 %

PeniuMm Tenmeppr HEpaBEHCTBO 215 + %< 6. Ilonyuum p<— é N3 ycaoBusa
D >0 umeem 25—8p 20 miau p< 285 . TakuM_oO6pa3oM, UCKOMBIE 3HAYEHUA P
YOBJIETBOPAIOT YCJIOBHUAM P < 28-5-" U p<— % B nrTore mmeem p<-— —%— .

OrMeTHM, UTO KBajpaTU4YHad QYHKIUA ax’+bx+c 3aBHCHT OT TpexX
nmapamMeTpos a, b, c. [lina ux onmpeneseHUdA NOCTATOYHO yKas3aThb TPHU TOUY-
ku A(xy; y,), B(x,; yo), C(x3; y3), nexamue Ha napabonae y=ax’*+bx+c.
Torma aas ompenesieHHA BeJUYHMH a, b, ¢ MBI IOJyUYUM CHCTEMY Tpex
YPaBHEHUM C TpeMA HEHU3BeCTHEIMU.

Haiizem ypaBHeHHMe mnapaboJbl, npoxoxadamein uepe3 Touku A(0; 1),
B(1; 0) u C(2; 1), u mocTpouM ee rpadpuk.

Pemeunune. IlloacraBnsaem xoopauHaTe ToueKk A, B u C B ypaBHeHUe
napaboasl y=ax?+bx+c. UmeeMm

c=1,
a+b+c=0,
4a+2b+c=1.

Penraa cucremy, moaydaeMm a=1, b=-2, ¢=1, u ypaBHeHnue mnapabo-
JaBl UMeeT BUA y=x2—2x+1, uan y=(x—1)% ee rpadmk msobpakeH Ha
pHUCYHEKe 45.
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Ecan BHa mniaockoctu paccmarpu- yi
BAIOTCHA OJHOBPEMEHHO napaboJa
y=ax*+bx+c u npamast y=kx+p, TO
KOJIUYECTBO TOUEK MX IIepeceueHUs 3a-
BHCHUT OT 3HA4YeHMul a, b, ¢, R u p n
orpeseyiieTcsa U3 CUCTEMBI YPaBHEHWIA

y=ax’+bx+c,
y=Fkx+p. (2)

A C
HccaenyeM, CKOJABKO OOIIUX TOYEK
B 3aBHCHUMOCTH OT 3HAYEHMH mapamer- : -
pa a umeetr napabona y=ax2+6x+7 u 0 B 2 o
upamad y=4x+ 2. Haigem Koopamuaa-
TBI 3THX TOUYEK. |
Puc. 45

Pemenune. CocraBum cucremy ypaBHenui (2):
y=ax’>+6x+17,
y=4x+ 2.

Orcoma ax?+2x+5=0.

Ecnu D>0, . e. 4-20a>0, a< —é—, TO IIOJIYUEeHHOE ypaBHeHUe OyaeT
MMETh [Ba PA3JINYHBIX KOPHSA: X;= — 1- a 1-6a Xog= — 1+ 7 1-5a  Goormerer-

BylOIllue 3HaAYEeHUA Y, U Y, HAXOZHM 10 ¢opMmyJgam y,=4x;+2 ¥

Taxum oOpasom, IIpH a<%, a #0, numeerca aBe obiue Touku A (x,; y,),
B(x,; y,). Ecan az—é—, TO D=0, x;=x,=-—5, mosTtomMy y,=y,=—18 mu

eAUHCTBEHHOM 06I1eit Toukoit 6yzger Touxa C(—5; —18). Ecau xe a> ?1)-, TO

JEeACTBUTEJIbHBIE KOPHU OTCYTCTBYIOT, 3HAUUT, OOIIMX TOYEK He Oymer —
napabosia ¥ OpsaMas He IepeceKaloTcsd.

76.| IlocTpoiiTe mapabony, OpPOXOAANIVIO Yepe3 TOUKU:

a) A(1; 2), B(-1; 2), C(0; 1); B) A(1; 1), B(-1; 0), C(-2; —3);
6) A(0; 0), B(1; 0), C(—4; 1); 1) A, B, C (koOpAMHATEI TOYEK BBI-
6epuTe CaAaMOCTOATEJIBLHO).

IIpu xakom B3HayeHMu a Touka M (2; —5) xaexur Ha mnapaboJe
y=ax’>+x+ 2?7 Jlexxar nu Ha sTOM mapabose Touku N (1; 2) u M (0; 2)?
78.| Haiizure TOUKU mnepecedeHUA (€CJM OHU CYIIECTBYIOT) HapaboJIbl Y=
=ax?+bx+c c ocrio Ox. Ha KaKuX NpoMeXyTKax (DYHKHUA ax?-+
+bx + ¢ coxpaHdeT NMOCTOAHHBIA 3HAK?
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a) y=2x%2-5x+2; r) y=3x2+x+5;

6) y=—3x2—4x+1; o) y=—x%—4x-8;
B) y=—4x2+12x-9; e) y=%x2+3x+1.
'\ ' HafiguTe TOYKH HepeceveHus napaboJbl U OIPAMOM:
a) y=x2-5x+17, y=2x-35; n) y=4x?+x-3, y=—-3x—4;
6) y=2x2-6x+2, y=—3x+4; e) napabony U OpAMYyIO0 BbIGepUTE
B) y=x2-38x+1, y=—x+3; CaMOCTOATEJILHO.

1) y=x2+4x+1, y=2x-6;
B zaBucumocTH oT 3HaueHH# p(p#(0) ompenesuTe YUCIO TOUEK Iepece-
" yenusa mapabossl y=px? u npamoit y=2x+3. HailiuTe KOOpPAUMHATEI
3THX TOYEK.
81.| Haiiiure 3Hauenuss p Tak, uTob6sl mapabosa y—-—-——4x2 U OpAMaa Y=
=—2x+p uUMean eIMHCTBEHHYIO 00IIIYIO TOUKY.
IMoxGepuTe HECKOJNBKO 3HAUYEHWHA &, B U b Tak, 4TOOBl IIPU 3THX 3HA-
' yeHHAx napabona y=ax? m npamaa y=~kx+b:
a) MMeJM JBe Pa3JHUYHBIe TOYKM IepecedeHus; 0) mMenu eJUHCTBEH-
HyI0 OOIIYIO TOYKY; B) HE MMEJH TOUKHU IlepeceueHHdd.
- Uccnenyiite, CKOJBKO OOIMIYX TOYEK B 3aBUCHMOCTH OT 3HAYEHUHU P
- uMeloT mapaboJia ¥ mpsaMad:

a) y=2x"-8x+95, y=4x+p; I) mapaboJsiy ¥ IpAMYIO, YPaBHE-
6) y=—3x?2-12x+6, y=-2x+p; HUe KOTOPOi 3aBHCHUT OT D, BBI-
B) y=4x2+4x+1, x+y=p; OepHUTE CaMOCTOATEJBHO.

r) y=9x*-6x-1, 2x+3y=p;

|84*. He Haxonsd KOpHe# KBaIpaTHOrO TpexujieHa, HaUJWUTe 3HaYeHHEe P TaK,
yTOOLI KOPHM X; U X, 3aJaHHOIO KBaAPATHOI'O TpeXuJleHa yAOBJIETBO-
pAJHN YKA3aHHOMY HepaBE€HCTBY.

a) 3x2+6x+p; x3+x,x,+x5<10;

6) 2x2+4x—-4p-1; x3+4x,x,+x5>2-12;
B) 4x2-12x+2p+1; x3+x,%,+x523;
)| 3x2-15x+p+5; x}+x3<50;

D10, 2] 2155 8 [10, 8] o[- 10; - 2 |.

20*, 3BABACUMOCTH CBOMCTB
KBAJIPATHYHOU ®YHKIINH x2+px+q
OT KO9®PHUITUEHTOB p H ¢

ITo cux mop KBaApaTuuHasd (QYHKOUA x?+px+q paccMaTpuBaach
IPH YCJIOBHH, UTO €€ KO3(PPHUUIMEHTHI p U ¢ ABJAKTCA NOCTOAHHBIMH
ypucaamMu. OgHAKO ecJii U3MEHATH 3HAUEHUA P U ¢, TO MBI IIOJIYYUM MHO-
JKeCTBO KBaZpaTHUUYHBIX GYHKIHI, NMMEONUX pa3JHuYHbBIe CBOMCTBa. Tak,
HanopuMep, €cJU IOJOXKHUTh p=-—6, ¢g=95, TO HmOoay4YuTcad QPYHKIUA

48



x?2—6x+5, kopau koropoir 1 u 5. Ecian
Ke BeIOpaTh p=1, ¢=3, TO KBagparuy-
Hasgd QYHKIHUA x2+x+3 B HYyJb HUKOI-
na He oOpammaerca. Ilapy uucen (p; q)
MOKHO pPaccMaTpMBaTh KaK KOOpPAHHA-
Thl TOUKM HA KOOPAMHATHOH IIJIOCKOCTH
pOq. B cBA3H ¢ 5THUM U3YUUM MHOXKECT-
BO TeX ToueK mjaocKoctu pOq, Aas Ko-
TOPBIX KBAaAPATHBIN TpexXdJieH X2+px+q
UMeeT OBa JAeMCTBUTEJNBbHBIX KOPHA, JIH-
00 OH MMeeT OOUH AeNCTBUTEJIBHBIN KO-
peHb, JTU00 AeHUCTBUTEJbHBIX KODHEN HeT.

IIna penieEUA 3TOM 3a/ladyll PaAcCMO-
TPUM AUcCKpHUMHHAHT D =p?—4q.

Haunem paccmorpedue co ciayuas D=0. Torga p?—4q=0, uu q=-i— pZ.

Puc. 46

MuI y3Ke 3HaeM, 4TO TOYKH ILIOCKOCTH pOg, KOODAWHATHEI KOTOPBHIX CBA3A-

Hbl COOTHOIIeHHUEM q=%p2, pacooJsaralTcsa Ha mnapabojie ¢ BepIIn-

Hoit O(0; 0), ocbio cuMMeTpuH — OCBIO Jg¢ U BEeTBAMH, HallPDaBJIE€HHBIMU
BBepx (puc. 46).

Ucnonp3yda pe3yasTaThl . 12 § 3, MBI Tenneps MOXKeM YTBEPXKAATD, UTO

IJIA BCeX TOUEK, JeKalluX BHIIIIE TOUeK rnapabosbl g = % P?, BBINIOJIHAET-

ca HepaBeHCcTBO D=p?—-49g<0, a gna Bcex TOUYEK, JEXAIHUX HUMKE TO-
yeK napabonasl,— HepaBeHcTBO D>0. IlocTaBieHHasa 3ajada pernieHa: ec-
Ju TOuYKa (p; q) JeXUT Ha napabose g= i— p?, To D=0 u KopHHN KBajpa-
THUHON (GYHKIINU X2+4pX+¢g COBIAAAIOT MEXAY coboit; eciu ke Todka (p; q)
JeXUT B 00JacTH, rjie BBINMOJHAETCA HEPaBEHCTBO q>—i— p? (Ha pucynke 46

OHA 3aKpalneHa cBetJee), To D<0 u xkBaapaTuuHasa PyHKIUA B HYJIb HE
of0pamiaercda; ecau e Touka (p; q) JexuT B 06JjlacTH, I'Je CIpaBenUBO

HepaBEeHCTBO ¢ < -}1— p? (oHa 3akpanieHa TeMHee), To D>0 u KBajgpaTn4iHAaA
GYHKIHA UMeeT ABa JeHCTBHUTEJbHBLIX KODHHA.

Ha miockocty pOg BBIAEIAM MHOYKECTBO TOYEK (p; ¢), AN KOTODHIX
KBaApaTHHIH TpexudeH x2+(p+4)x+qg—1 uMeeT: a) eAUHCTBEHHBIN KO-
peHb; 0) UMeeT ABAa KOpHs; B) He MMeeT KOPHEIi.

Pemenue. PacemorpuMm guckpumMuHaHT D=(p+4)*-4(¢g—1) u mHO-
KEeCTBO ToueK Ha miaockocTtu pOg, B KOTOPHIX OH obOpamjaercda B HYJb.

Vimeem (p+4)*—4(g—1)=0, nma g=7 (p+4)*+1.

Dro0 — ypaBHeHMe ImapaboJbl C BepIIMHON B Touke (—4; 1), BeTBAMMH,
HAaIpaBJIeHHBIMHE BBepX, X OCbI0 CUMMETDHM p=—4, IapajjeJbHOH OcH
Oq (puc. 47). Tenepsr nmoJydeH OTBET Ha BONIPOC 3aJadvum:
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Puc. 47 Puec. 48

a) AJA BCeX TOYEK, JexKallluxX Ha napaboJe q=%— (p+4)+1, guckpu-

MHUHaHT D=0 u KOpHH KBaAapaTHOro TpexuyieHa x2+(p+4)x+qg-1 cos-
IajaloT MeXAy coO0Oif;

6) B oGmacTu, rae q<% (p+4)*+1, puckpumunaaT D> 0 u xBagpar-
HBIM TPEeX4YJIeH MMeeT ABa AeHCTBUTEIbHBLIX KODHA;

B) B'_oﬁ.nac'rn, rae q>% (p+4)°+1, nuckpumunautr D <0 um mosromy
AeCTBUTEJbHBIE KOPHU OTCYTCTBYIOT.

Omnpenenum, CKOTBKO KOPHEH MMeeT KBAAPATHBIH TpexuwieH x2 -+ px+gq,
ecIy KO3(PUIMEHTHI p U ¢ YIAOBJIETBOPAIOT HEPABEHCTBY 2q—p+2<0.
Pemenue. MHOMecTBO Touek (p; ¢) mimockoctu pOg, KOODPAMHATEI
KOTOPBIX YAOBJIETBODPAIOT HEPaBeHCTBY 2g—p+2<0, Jjgexar B HUKHEH
IIOJIYIIJIOCKOCTH, OIIpeAessseMor mpAMoi 29 —p+2=0, u Ha camMoif nNpaMoii
(puc. 48). IlpupaBHsieM HYJII0 AUCKPUMHHAHT D = pP?—4q u BBIACHUM, ITe-

pecekarorca su mapaGoJsia ¢= 7} p® n mpamasa 2¢—p+2=0. Ina sToro

pelllMM CHUCTEMY YpPaBHEHUH

q=%p29
29-p+2=0.

YpaBHenue p°—2p +4=0 pefiCTBUTENTBLHBIX KOpHEH He WMeeT, napaboJja
U mpsMas He IepecexarTcsa. CiefoBaTelbHO, BCe TOUYKH (p; q), Jiexa-
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II[Me B YKa3aHHOH IOJYILJIOCKOCTH, OYyAYT JeXXaTh HH)Ke TOodeK mapabo-
1

Abl g =7 p?, HO, KakK MbLI 3HaeM, AJA BceX Takux Touek D>0, u, cie-

IOBaTEJbHO, TpexujeH O6ygeT MMeTh ABa PA3JIHMYHBIX KOPHHA.

Ilpu paccmoTpeHMU npuMepoB 1 1 2 MBI BBISICHHJIU, KAKYI0 BaXXHYIO
pOJIL UTpaeT HCCJAeLOBaHUE AUCKPHMMHAHTa KBaJApPaTHOI'O TpexXdYJeHA.
IIpounaocTpupyeM 3TO ellle HA OZHOM IpuMepe.

Paccmorpum cemeilicTBo mapaboJj, 3aBHCANIMX OT mapaMeTrpa o:
y=x*+ax+0a* a€(—oo; + o).

a) Halizem MHOKecTBO TOoueK Ha mjockKocTH xQy, depes KOTOpbIE HE
npoWaeT HU OgHa mapaboJsia 3aJaHHOIO ceMeicTBa.

6) Onpepenum, mepeceKaloTcs Ju napaboJbl ceMecTBa ¢ KPHBOM, Or-
pPaHUYMBAIOIIEel YKas3aHHOEe BLIIIIe MHOMXECTBO.

B) Hangem KpuBy0, Ha KOTOpPOM JIeKAT BEPUIMHBI Bcex mapaboJ ce-
MeHNCTBA.

Pemenue.

a) PacecMorpuM GHKCHPOBAHHYIO TOYKY ILJIOCKOCTH A(x; y). Ecau uepes
Hee He NPOXOAMT HU OfHa mapaboJsa ceMmeiicTBa y=x2+oax+0?, TO HH
IPpH KAaKOM 3HAUYEeHHH o€ (— oco; + 00) paBeHCTBO

x2+oax+ai-y=0 (1)

He BbInmoaHsgercsa. Ho (1) — KBajgpaTHOe ypaBHEHHE OTHOCUTEJIBHO O, U
ecJII OHO He MMeeT KOpHeH HM IpHM KaKOM 3HadYeHHH O, TO 3TO O3HAaUa-

eT, 4TO ero AHCKPHMHWHAHT (3aBUCAIIHUN OT X ¥ Y) OTPHUIlATEJIeH, T. €.
D=x*-4(x?-y)<0, unn
—3x2+4y<0. (2)

TaxunM oOpasom, KOOPAUHATHI T€X TOUYEK ILJIOCKOCTH, Uepe3 KOTOPhIe He
IIPOXOAUT HH OAHa mapabojia 3aIlaHHOTO CEMENCTBA, YAOBJIETBOPAIOT Hepa-
BeHCTBY (2). Ho MBI 3HaeM, 4TO TaKHe TOYKU DACIOJOKEHBI HH}KE TOUEK

rmapaboJibl y=-2—x2 (puc. 49).

OrTMeTUM naJjiee, UTO TOYKHU I11apa-

00JILI y=~2—- x?2 B HallleHHOE MHOMKECTBO

He BKJIIOUAIOTCA U HTa mapabojsa aABIA-
eTCcA ero rpaHulleu.

Nrak, HU yepe3 OOHY TOUYKY A (X; V),
KOTOpAada JIeKUT HHUKe TodeK mapabo-

JIBI yzg x2, He mpoiAeT HY OAHA U3 IIa-

paboJI 3aJaHHOTO CEeMEMCTBA.
6) Haiinem KoopaumHaTHI TOYEK IIe-
peceueHUs KaKkJoil mapabosel 3ajaH- Puc. 49
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HOT'0 CeMenCTBa U HalAeHHON napabossl
3

y=3 x?. JInsa 3TOro pemHM CHCTEMY
YPaBHEHH
3
Yy= Z x2’

y=x%+ax+a?.

Orcroga momyuaem x2+4ox+402=0,
umm (x+2a0)°=0, 1. e. x=—-2a. Ipn
9TOM Yy =30°. 3HAUUT, Kaxgas napabo-
Jla ceMeMCTBa MMeeT eAUHCTBEHHYIO 00-
Iy To4kKy B(-2a; 3a?) ¢ nmapabosoit

=-2—x2, T. €. napabosa y=x2+ ax + o2

KacaeTca mnapa6oisl y=%x2 B TOUKe
B(—2a; 30?).

HUrax, Bce mapaGosapl 3aZaHHOrO CeMeHCTBA JIEIKAT B He3aKpalleHHOM’

obnacTn Ha pucyHke 50 M KaKaasg U3 HUX KACAETCSH napaboJIkI y=%x2.

B) U3BecTHO, uTO fepmm{a napaboissl y=ax?+bx+c umeeT Koopau-

b . 4ac-b>

BepmuHa napabonsl y=x?+ax+o? HaxoguTca B Touke O, (_%; g-ocz).
o

HanigeMm 3aBUCHMOCTH Mexay abcouccoit x=——2— BepmiuHbl O, U ee

Puc. 50

). B mamem cayuae a=1, b=a, c=a?. IToaTomy

OpAVHATOH y=%a2. HNMmeeMm o=-2x, u ToTHa
y=3a2=3 (- 2x)?=3x2.
4 4 -
ITO 03HAYAeT, YTO BEPIIMHBI BCEX napabos cemeiicTBa JiedKaT Ha Iapa-

6ose y=3x2%, KOoTOpas PACIOJIOMKeHa B He3akpaumeHHOM obOaactu. Ha pu-
cyHke 50 m3o0paskeHBI Bce DUTYyPHUPYIOIIHE B pelleHuu 1apaboJIbI.

85.| BrizennTe Ha miockocTH pOqQ MHOMKECTBO TOUYEK (»; @), BAA KOTOpPBIX
KBaJPaATHBIN TPEX4JIeH: | : |

a) x*+(p-1)x+qg+2; B) x*+(2-p)x+1-2¢

6) x*+(2p+3)x+qg-4;

1) HMEET Da3JNYHbIe KODHU; 2) MMeeT paBHbIe KODHH; 3) He HMeeT

KOPDHeEH.

86.| Kaxkoe 3aKiiouYeHMe MOKHO CHEJATH O KOJIMUECTBE KOPHeH KBaJpaTHO-

Io TpexuleHa x*+px+q, ecam ero KO3 GHUIMEHTEI p U ¢ YIOBIETBO-
PAIOT HEPABEHCTBY:

92



a) 2¢—-p+1<0; B) q—2p-4<0;

6) 2¢+p+6<0; r) 2p—-49+320?

87.| 3agaHo ceMeHCcTBO ImapaboJ:
a) y=x2+ax+(a?+1); B) y=x*+(a+1)x+(a®+1);
6) y=2x2+20x+o®-2; r) y=x2+(2a+1)x— ol

1) HaiiznTe MHOMXeCTBO TOYeK Ha mJjockocTu xOy, depe3 KOTOpble He
npoiifleT HM OJHA napabojia 3aJaHHOTO ceMeMcTBa.

2) Ompepenure, nepeceKaloTCcsa Ji napadbojbl ceMeiicTBa C KPUBOI, orpa-
HHYUBAIOOIeN YKa3aHHOE BHIIIIE MHOXKECTBO.

3) Haiigure KpHUBYIO, Ha KOTOPOH Jie)XaT BepIIMHBI Bcex Iapaboi ce-
MeHCTBA. |

BrinnosiHHNTE YepTexu.

88.| PaccmoTpuTe Ha IOJOCKOCTH MHOXXECTBO TOUEK, KOOPAHMHATHI KOTOPBIX

yAOBJIETBOPAIOT HepaBeHCTBaM y—x2+4x-720 u y—x-3<0. Ipn
KaKUX 3HAYEHUAX a IpaMasa y=-—2x+a ¢ 3TUM MHOXKECTBOM: a) HMeeT
OZHY 00HIyI0 TOUKY; 0) mMMeeT GeCKOHEUHOe MHOXKECTBO OOIIMX TOYEK;
B) He HMMeeT OOIMHUX TOYEeK?

21. IPUMEPHI 3ABUCHMOCTEH,
BBIPAKAIOINNXCA KBAAPATHYHON ®YHKIIUEA

B npupoze u TeXxHHKe MHOrve IepeMeHHble CBA3AHBI MeXAYy co00H ¢
IIOMONIIBIO KBagpaTnuuHoM (GpyHKOUN. PacCMOTPHM HEKOTOpHBIE M3 HUX.

1. KosmuuecTBO TenJja, BBIZEIAEMOIo 3a 1 ¢ nIpu OpOXOXACHUHU TOKA B
IIPOBOJHHKE C MOCTOAHHBLIM comporuBieHueM R Om m cunoir Toxka I am-
mep, BBIpa)kaeTcs KBaJpaTuuHoil GyHKoHed Q=0,24RI? (xamopuii).
I'padpurom 3TOoll QYHKIIMH ABJAETCA IpaBas BeTBb mapaboJibl ¢ BeplIiu-
HOH B HauaJye kKoopauHart (puc. 51, a).

2. I'py3s, cOpOIIIEHHBIN ¢ caMoJieTa Ha BbICOTe i ¢ HAYAJIBHOM CKOPOCTHIO
vy, IPH CBOEM IIaficHUHU ONHCHLIBAET IPAaBYI0 BeTBbL mapaboasl (puc. o1, 6):

gx?

=h- ==, | 1
y 202 (1)
Q\ 77 e Y\
5 ,“
i ’
; !
i ;' h
“ : vo
' 1
' '
‘\ : (04
0 T 0 x 0 x
a) Puec. 51 0)

Prc. 52
53



Tak, nanpumep, npu h=3000 M, v,=280 Mm/c, g=10 M/c2, x=5600 M mo-

. 2
ayaum y = 3000 — lggggg =1000 M. Takum oGpasoM, nposieTeB B rOPU30H-

TAJIbLHOM IIOJIOXKEeHUH 9,6 KM, rpys OyAer elle ocTaBaThbCs HA BEICOTEe 1 KM.
3. Teio, 6porreHHOE ITOA YIJIOM 0. K TOPH30HTY C HAYAJbHOM CKOPOCTBIO
Vo M/c (0e3 y4ueTa CONpPOTHBJIEHHS BO3JAyXa), JIETUT IO KPHUBOIl (pHC. 52):

2
y=x-tg a— —5% (2)

2v3 cos®a

Hanpumep, mycts o =30°, v,=100 m/c, g=10 m/c2. Ha Kakoi BbI-
coTe OyJeT HAXOAUTBLCA TeJO, €CAM OHO yAANMJIOCH OT HAYasla KOODIU-
HaT Ha pacctoaHue x =600 m?

Ilo dopmyae (2) nmeem

10-6002
=600-tg 30° - ~106 m.
y £ 2-100% - cos? 30° M

' Ha xaKoM pacCTOAHHMH OT OCH Oy ynager rpys, majamoiiuii o 3aKOHY

Eras

 (1)?
- KaxkoBBI KOOPAMHATEL BEPHIMHBI IHapaboyiel (2)?

Kaxosa Hambonblrad BhICOTA MOAbeMa I'Dy3a, GPOILICHHOTO IIOZ YIJIOM O
K TOPH30HTY C HAYaJBbHOM CKODPOCTBIO U,?

KaxoBa majapHOCTH HoOJeTa CHAPAJA, BBIOYIIEHHOTO U3 IIYOIKK C HAa-
YaJbHOH CKOPOCTBIO U, IIOA YyIJaoM o?

§ 6. IPOBHO-JINMHEUHASA ®YHKIIHA
A EE TPA®UK

Hpo6Ho-InHelTHON PYHKIIMEeil HasbIBaeTCA byurmua 9*¥+DH

cx+d

deJieHa OJadA BceX x;t—%. Ecin ¢=0, HO d#0, TO ApobGHO-IMHeliHasA

. OHa omnpe-

(YHKIOUSA IIpeBpamiaeTca B JUHEHHYIO %x+~3, rpa@uKoOM KOTOPOI fAB-

- b o
JfeTcsa npaMas; ecaun xe ¢ =0, go %=B_’ TO APOOHO-INHeHHAS DYHKIUA

ad ( d)
ax+— alx+ —
ax+b - ¢ ¢c/ _a
cx+d cx+d C(x-{—-(i) c
- ¢

d o
AN BCEX X #— — SABJIAETCA INOCTOAHHOA M ee rpaduK BHOBL mpsimas!
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IJTU aBa cJAy4Yasd U3YUYeHBbl, U B JaJb-
HeHIIeM MBI OyZeM CUHTaTh, uTO Cc# 0

a
%1 -C—i rk

ITokasxem, 4TO B DTOM cJjiyuae rpa-
¢duK ApoO6HO-TUHEMHOU PYHKIUM IIOJIY-
‘yaeTcd M3 rpadpuka QyHKNIuUu ~ € 1o- y=
MOIIIBIO PACTAMKEHUSA U IMapajeJIbHOTIO

1

nepeHoca. I'paduk QYHKIUM — IIpea-

cTaBJieH Ha pucyHKe 53. I'padur pyHK-
ja8%0% 1 %, k#0, k=1, nmosryyaetca u3 rpa-

1
puxa GYyHKIUN — pacTAKEeHHEM BJONb

ocu Oy c¢ kroadpdpunuentom k. Ilpm
k<0, KpoMme pacTaxeHuss B |k| pas, Puc. 53
nobaBuUTCA IpeoOpa3oBaHME CHMMET- : |

pun oTHocurtedbHo ocm Ox. Ha pucyHke 53 mpezncraBiieHBl rpapuKyn

k
GyHKIUM — NPK DasNUYHBIX 3HAUYEHUAX k. UroObl mocTpouTh rpaduk

byYHKINH BBIZEJIUM M3 ApoOu IlesJyio YacThb M ocraTok. IIpoms-

+d’
BereM neJieHHe ax-+b Ha cx+d.
HNMmeem
ax+bdwx+d
- a a
_ad
c
SHAUUT,
ax+b=g_+ bc—-ad =g+bc—ad 1
cx+d ¢ c(cx+d) ¢ c? 42
O6o3rauum | ¢
_d p_a ,_bc—ad
a=—%, B=¢, k=700 (1)
Tenmeps apobHO-NHHeliHAsS (PYHKIUA 3aNHUIIETCS B BHIAE
ax+b _ k 2'
cx+d P+ %—o- (2)

U3 npeacraBiaeHus (2) caeayer, 4TO rpad@uK APOOHO-IMHEHHON GYHKOUU
nomyuyaerca u3 rpapuka QyHKIUM - C HOMOIILIO NMAPAJIIETbHOTO IEPeHO-

ca Ha BeKTOp ¢ xoopzuuatamu (o; PB), rae o u  onpegeleHbl PaBEeHCTBOM
(1). Ina mocrpoenusa rpaduka BBIOMPAIOT BCIOMOraTelbHbBIE OCH KOOD-
ougat 0,X u 0,Y c¢c mauasoM B Touke O,(a; B) ¥ B 93THX OCAX CTPOAT
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Yi AV

_—3x+2
1 2x +1
2 i
) X
p of-1._3
— 7579
L -__3_ i“
- 2
0(0; 0) o x
Puc. 54 Puc. 55
CHavaJja rpadux QyHKIINH -51(—, a 3areM rpadpuxk GyHKIIUN —;3(— B xoopan-
HaTax x U Yy (puc. 54) stor rpapur 6ygeT MCKOMBIM.
IlocTtpoum rpadhmr GyHKROUU 2-3x
2x+1
Pemenue. Umeem:
_8x-2__3 7, 1 (:_l __3 =1)
2x+1 214 i g P=—3> k=7).
x+2
Teneps uepes Toury O, (—- -;—; - —2—) IIPOBOAMM BcrnoMmorarteidbrble ocu O, X
n O,Y, B KOTOPHIX CTPOHUM rpad@uir GyHKIHIN %— . % IJTOT rpauK U AB-

JseTcsa rpa@uKoM 3agaHHOU GyHKmumM (puc. 55).
I'padbuk apo6HO-ITHHENHOM PYHKIUM Ha3BIBAIOT 2unep6boaoil, a TOUKY

a »
01(—%—; - ) — €e nearpom. IIpamyro x——-—-g— Ha3bIBAIOT 8ePMUKAJLbHOU
acumnmomou zunep6oyv. — K 3TOH HPAMOIl HEOrPAHHMUEHHO HPUOGIHIKAIOT-

CA TOYKH runepbosbl, KOrAa X NPUOIUIKAETCA K 3HAYEHUIO —%. IIpamyio

a oo Lo byl
Y= c Ha3bIBAKT 20PU3OHMAJLIbHOU ACUMNMoOmMolu — K Hen HCOI'PAHHUYCHHO

IPUOIMIKAIOTCA TOYKH I'HIEePGOJIbI, KOTZA X HEOTPAHMUYEHHO VBEIMYUBAET-

ca mo aGcomroTHO# Benwuumne. PaBeHCcTBO y= 4% +2 HA3BIBAIOT YPAGHe-

Huem zunepboabi. cx+
Omnpenenenve MHTEPBAJIOB 3HAKOIIOCTOSHCTBA APOOHO-IMHEHHOM PYyHK-

LUK CBA3AHO C pellleHMeM HepaBeHcTs 4X10 >0 y 9%+b o oo Hepa-
cx+d cx+d

BEHCTBA DPeIIaloTCA MeTOAOM HHTepBaioB (Aiarebpa-8, ra. VII, m. 2).
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§

HalizeM IPOMEXYTKH, HA KOTOPBIX ApoOHO-IHMHeHasaA GyHKIHA ox+4
coXpaHAET NOCTOAHHBIA 3HAK. 8-2x

Pemenue. Touku x,=-0,8 u x,=1,5, B KOTOpPEIX oOpalfaioTcsa B
HYJIb YHCJIWTEJh U 3HAMeHaTeJb, pa3zbmuBaioT 4HCJIOBYIO OCh Ha IpoMe-
KYyTKH (—o0; —0,8), (-0,8; 1,5) u (1,5; +oc0). C noMombi0 MPOOHEIX TO-
yeK ybe)xjgaeMcsi, 4YTO

gx;4<0 mpu x €(—oo; —0,8)U(1,5; + o)
T —aX
5x +4 |
> — .
3 9y 0 npu x€(-0,8; 1,5).

B of0mieM ciaydyae HMHTEPBAJBl 3HAKOMOCTOAHCTBA APOOHO-JIHMHEHHON
bYHKIAH g;f :3 3aBHCAT OT Ko3(dPHUIIMEeHTOB a, b, ¢, d. IlycTs, HampuMep
ac>0 u bc—-ad>0. PaccMmoTpuM TOYKH x1=—% U Xy=— % HAx pas3HOCTH

. _d b __bc—ad ax+b _
Xog—X1=— -+ =" >(0. Iostomy x,<x,. U3 paBeHCTBa erd
b
a(x +a) . b d .
= ——. CJleayeT, Y4TO Ha NPOMEXYTKaX |—00; — u|—-=; +oo) 3a
c(x+?
naHHasa GYHKIHAA HOJIOMKUTENbHA, a Ha IPOMEXKYTKeE (—3——; ——%—) — OT-

punatejbHa. B Tabauie 1 (c. 74) pacCMOTpeHBI BCe Jpyrue cjiaydam co-
OTHOINIEHUA MeXxay kKos3dpdunuenramu a, b, ¢, d

' HaitnuTe acCHMITOTHI, MHTEPBAJBLI 3HAKOIOCTOAHCTBA M IOCTPOXTE rpa-

- Uk GyHKIUH:
a) 2x+3 , 6) -3x+9 . B) x—4 . r) 2—-3x ,

3x-4" 4x-1 " 1-5x’ 4-x"’
&) BeIOEpHUTE APOOHO-JIHMHENHYIO QYHKIHAIO CAMOCTOATEJIbHO.

" . ax+b
94*, Ilocrpoiite rpagux GyEKOZEE -~

yex A, B, C, uepe3 KOTOpbleé OH INPOXOAHUT:
a) A(0; 1), B(1; -1), C(-1; 2);

6) A(0; 2), 3(1; -&), c(—z; —%).

HaiiauTe 3HaueHHS NapaMeTpoB @ ¥ k, eClH HU3BeCTHO, UTO mapabosa

y=ax? n runepbosua y=% IIepecekalnTcsd B TOUKE:

2) A2 -1); 6) B3 2; 8 C(-2;4) nD(-351); m E (xo-
opamHaTel Touku E BbIOEepHTE CaMOCTOATENIBHO).
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[*3 k (7]
96.| Haiinure BCe 3HaueHHA k, IPU KOTOPBIX y FHNEpOOJBI I = + ¥ OpaMou

y=1-x: a) ABe TOUKM nepecedyeHusa; 6) eAUHCTBEHHAsI TOUKa Ilepece-
YeHHud; B) OOII[UX TOYEK HET.

Crospxo o006mux Touek mMeroT napabosa um rumnepbosna? Haiinure ux

" KOOpAMHATHI. 0 15
a) y=x2-3, y==<; B) y=x>+8x+12, y==>;

x,
0) y=22-10, y=—%; r) y=x*+3, y=——-1-a;i.

98.| 3agansl runepbosa y= % n napabona y=ax?+bx+c. Ilepecekarorca

JU 3TN KPHUBBIE U €CJIU Oa, TO Haﬁ,nn're KOOpAHHATHEI BCE€X TOYEK IIe-

peceueHud.

a) y=—g—, y=x2-Tx+15; r) y==-2, y=x2+3x-4;

4 92 ,_38. 1 e T, 1
6)y'—x’y—'2x+x 8’ ﬂ)y_ 3x3y X 6x 6‘

12
x

B) y=—g~, y=—2x%+x+18;

§ 7. OBIIUE CBONCTBA ®YHKIINI
U IIOCTPOEHUE TPAG®HUKOB

3HaHME Pa3JIMUYHBIX KadeCTBEHHBIX OCOOEHHOCTEeHl M3y4yaeMbIX dyHK-
IUHA IIO3BOJISAET MOJYYHTEH 60Jee TOYHYI0 MHMOPMAIIMIO O T€X MIPOIEeCCax,
KOTOpEBIe 9TH (PYHKIIUM ONHCHLIBAIOT. B a3TOM maparpade U3yYMM HEKOTO-
phie obmue cBoiicTBa QyHKIIMIt, 3HAHUE KOTODPHIX IIO3BOJIUT CTPOUTH rpa-
bUKH HIMPOKOro Kjacca PYHKIIHIA. |

22. HETHBIE N HEYETHBIE ®YHRKIIUN

Paccmorpum dyraxnuio f, obmacte ompenenenua D(f) xKoTtopoit cuMm-
METPHYHA OTHOCHTEJNBHO TOYKHU X =0, T. e. ecin x€D(f), To u —x < D(f).

aenue 1. Oyaknua [ HasbHBaeTCH uemwoil, ecin
HeHWH 3HAaKA aprymMeHTa 3HadeHue (QyHKOHWH He

Paccmorpum Toukm A(x; f(x)) u B(-x; f(—x)) Ha rpadmnke DyHK-
nud f(x). Eciun dyaxnusa f gernas, 1o f(x)=/(~ X) ¥ IIO3TOMY TOYKM A
1 B pacmojsiodxeHBI CHMMETPUYHO OTHOCHTEJBHO OCH Oy (puc. 56). Or-
ciofila CIeAyeT, UYTO Zpaur Yemuoil PYHKYUU CUMMempPpuU4veH OMHOCU-
meavHo ocu Qy.
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I} f(—x) = f(x) b f(—x)=—f(x)

y = f(x) 14
B A f(x) my=f(x)
—X

x X
—X 0 X x
ot 1 9 4
% f(x)
Puc. 56 | Puc. 57

I[IpumepoM deTHOI PyHKIuM ABaAeTcs GyHKIuA x2, paCCMOTpeHHaH
BoimIe. JefACTBHTEIBHO, f(—x)=(—x)2=x2%2=f(x).

I'padurx »sToit pyHKnmum — napabosia, cCHUMMeTpHUUYHAA OTHOCPITeJII:HO
ocu Qy.

2x%— 3x?
x?+4
Pemeunune. ObnacTsy ompelesieHUA HaHHOU (PYHKIUH — MHOMKECTBO
(—co; +00), cUMMeTpUYHa OTHOCHUTEJBbHO ToukH X={(. PaccMoTpuMm

—oo< x < 4+ 0.

BrisicHuuM, O0ymeT au 4yeTHON (PpyHKOUA

’

v 2(=%)*-8(=x%)° _ 2x*-3x% _
F(=x)= (-x)2+4  x*+4 =7(x)-

3HauuT, HcciaeayeMas (byHRn;mI ABJAAETCA YEeTHOH.

Onpez:eJIeHHe 2. OyKIUa [ HaSBIBaeTCH ueuemuou, ec-
JIM HOpU W3MeHEeHUHU 3HaKa aprymeHTa 3HaueHHue (AN
N3MeHaeT TOJII::RO 3Ha1c, T. €. A T

Tourka B(—x; —f (x)) chmeTquHa TOUKE A(x, f (x)) OTHOCHTEJIBHO Ha-
yaja xoopamHaT (puc. 57), I0dTOMY 2padur HeiemHOU PYHKYUU cumme-

mpuier OMHOCUMEAbHO HA4aaa KoopduHnam.
Hampumep, GpyHKIINA z, x #(0, HeueTHasaA, TaKk KaK f(—x)=%=—%=—f(x).

Ee rpaduxk cCHMMeTpPHUYEH OTHOCHTEJBHO Havdala KOOPAHHAT. ITO CBOU-
k
CTBO MBI OTMEYAJIM YK€ OPH IOCTPOeHMHU rpapmka pyHKOUH .

x3—x
x2+1°

BreisicHuM, OyaeT JM HedeTHOM (PYHKIMA —oco< x < + o0,
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Pemenne. O6nacts onpezneneHns GyHKIUU — MHOMKECTBO (— 0o} + 00),
CUMMETPHUYHA OTHOCHUTEJBHO TOukH x=0. Paccmorpum

oy 262 -(cx) _ —2xP+x _ 2x%-x
A (-x)°+1 x2+1 x2+1 7(x).

ITEM JOKa3aHO, YTO (PYHKIHSA HeueTHAad.

DOyHKIHUA X°, —00o< x < + 00, HEUETHAsA, TaK KaK [(—x)=(—2x)3=— x3=

=—f(x).
He cnexzyer gymars, uTo GYHKIHHU AeJiATCA HA YeTHBIE U HeUYeTHEIE.
Jro He Tak. Hanpumep, pyHKnus f(x)=x2+ x He ABAAETCS HU UYETHOI,

HU HEYEeTHOM:
f(=x)=x*-x#f(x)=x%+x, f(-x)=x2—x#-f(x)=—x2—x.

- Kakue u3 GyHKIuH SABASIOTCA YEeTHHBIMH, HEUYETHBIMHM WJIN HI TeMHU,

‘?
HH3,I[py2‘I/IMI;I: a1 1. x+1, ecau x>0,
a) 3—x*+x%; r) 21’ X7t *) —x-1, ecim x <0;
-1 | x| I2x2+1,ecm/1x>0,
0) 5 ——; ) 2 ) . 3) —2x2-1, ecn;m x <0;
x +1 1+x S ’ ’
1 . x3—2x [2-x, econ x >0,
B) I e) 241’ u) | x?+ 2, ecain x < 0.

Ob6nagaior Ju UX rpadUKU CUMMeETpHEH M eciM 14, TO Kakoii?

100%| oxaxkuTe ClefyON[HME TEOPEMbl M IPHBELUTE IDUMEDHI, WX HJIIITIOCT-
pupytomue. (IIpegmonaraercs, uro GyuKmum f 1 ¢ onpesesieHb Ha OJ-
HOM H TOM K€ HPOMEXYyTKe I, CHMMEeTPHUYHOM OTHOCHTEJIbHO Hayaja
KOOpPAMHAT.)

Teopema 1. Ecam f u ¢ — uerHsle QyHKOuH, TO QYHKUHME [+ 0,
[—0, [ - ¢ TakKe ABAAIOTCA YeTHHIMM DYHKIHAMH.

Teopema 2. Ecnu f u ¢ — HeueTHBIe QYHKIHMH, TO f+o u f—o¢ rak-
e ABIAITCA HEUeTHBIMH QpyHKuuAMH. IIpousBenenue f - ¢ sBagerca
YeTHON (PyHKIIUeIl.

Teopema 3. Ecau QpyHknusa f ssiasercd 4eTHOH (cooTBeTCcTBEHHO He-

YeTHOM) U He DABHA HYJIO HH B ONHOH TOYKE, TO PyHKIINA % TaKXKe
~ OymeT 4eTHOH (COOTBETCTBEHHO HEUETHOI).

KRakue us ¢yuxnuii, rpapmxu KoTophlx m306paskeHBI Ha PHUCYHKAaX
08—66, ABIAIOTCA YeTHHIMU? HeUYeTHHIMU? HH YETHLIMY M HU HeuyeT-
HBIMU?
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"’1,5 0 1,5
Puc. 58

Y
—\ .
O\D/ X
Puc. 62
Yy
s
1
- -2
a -1 0 1 b X
Puc. 63 Puc. 64
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VAN

’_40’5

a 0

S
xY

Puc. 65 Puc. 66

23. BOSPACTAIONINE Y YBBIBAIOIIUE ®YHKIINHI

Cpesu MHOMXecTBa QPYHKIMH CYIECTBYIOT TAKHE, 3HAUEHUA KOTOPBIX
BO3pDacTalOT C yBeIHWYEHHMEM apryMeHTa, U TaKHe, 3HAYECHHUS KOTOPBLIX
YMEHBIIAITCA C YBeJIMYeHHUeM aprymeHTta. IIpo mepspie TOBOPAT, UTO
OHM eé03pacmaloujue, Mpo BTOpbIe — ybuieawuwue (puc. 67, a, 6).

ITycrs byHKIHNA f onpeneneHna Ha mpomexXyTKe I.

Onpeneneﬂne 1 yHRuua f HasLIBAETCSH 603pacmarou4eu
Ha npomexcymre I ‘ecJHu AJad J0BIX X4, xzeI u TAKHX, 4TO
X, <X, cunexgyer, 4To f(x,)<f(x;). | -
Onpe,quIeHHe 2. q)yHRuna f HaamBaeTca yﬁbteammeu HaQ
npomexncymre I, ecoau pna JIOOBIX Xq, xgeI n Tax-mx, qTO
x1<x2, CJIe.ZIYeT, ‘ITO f(x1)>f(x2) R

Ilyers a<x1<b a<x2\b M IIYCTh AJIA BCE€X TAKHMX X N3 HEpaBEHCT-
Ba X; <X, cjJeAyeT HepaBeHCTBO f(x,)<f(x,) (f(x1)>7f(x,)). B arom cay-
Jae roBopAar, 4To ¢yHKuuA f Bospacraer (y6eiBaer) Ha orpeske [a; b].

a) Y\ /B/
A f(x,)
f(xy) x
/ X1 0 Xo _E

Puc. 67
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Puc. 68

B cBoeit o6imactu onpenenaesusa D(f) GyHKIuA MoxXKeT BO3pacTaTh Ha
OMHMX MPOMEKYTKax M yb6nIBaTh Ha Apyrux (puc. 68). Ha pucynke 63
mpeAcTaBiaeH rpadmr ¢ysxnum f, ompezeseHHOH Ha oTpeske [a; e].
dyHKIUSA Bo3pacTaeT Ha oTpeskax [a; b], [c; d] m yOmiBaeT Ha OTpes-
xax [b; c] u [d; e]. HccaenoBanue GYHKIUH Ha BO3pacTaHUe U yOhIBa-
Hue IIPOUSBOAMUTCS IyTeM MccIeJoBaHUA 3HaKa pasHocTH [(xp)—f(x,) H
HCIIOJb30BAHNA CBOMCTB HepaBeHCTB. B 10 kjacce OyAyT pacCMOTPEHEI
o0ImMe MeTOoAbl pelleHus TaKWX 3ajad, a 3eCb Mbl PAaCCMOTPHMM HEKO-
TOpLIe YacTHHIE CJIy4Yamu.

HccaenyeM Ha Bo3pacTaHHe U yOBIBaHHE JIMHEHHYIO (QYHKIINIO

kx+b, x€(—o0; + 00).

Pemenue. Ilyers x,<x,. Mcciaeayem sHaK pasHOCTH f(xz)—7f(xy).
UmeeMm f(x;)—f(x)=kx,+b—kx,—b=F(x,—x,).

Tak Kax x,—x,>0, To 3HaK pasHocTH f(x,)—f(x,) 3aBHCUT OT 3HaKa k.
Ecau >0, o f(x5)—f(x;)>0, T. e. f(x3)>f(x,) nu dpyEKRINA kx+b by-
oeT BoapacTalolmeii Ha Bce# umcioBoii ocu. Ecam xe k<0, TO
f(x,)—f(x)<0, T. e. f(x;)<f(x,) u dysrnua kx+?b yOwiBaromas.

TakuMm o6pazoM, JUHelHas pyHKIUA kX + b BOo3pacraeT, eCliu €e yr-
JIOBOHM Ko3(pdUIIHeHT k NMOJIOKUTeJeH, U yOBIBaeT, eCJH OH OTPHILATE-
gen. Ipu k=0 auHeiiHasd QYHKIHUS ABJIAETCS MOCTOAHHOW.

McenenyeM Ha Bo3pacTaHKe U yObIBaHMe QYHRIHUIO X%, — oo <x <+ oo.

Pemenune. IIycts x, <x,. PaccMOTPHM Da3HOCTH
f(xz)"‘f(x1)=x§—xf=(x2—x1) (22 + x4).

Tak kax x,—x,>0, To 3HaK pasHOCTH f[(x;)-[f(x,) 3aBHCHUT OT 3HaKa
MHOMHUTENA X+ X,. CyMMa X;+ X, IPH DA3JIMUHBIX 3HAUEHHAX X; U X
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yi MOYKeT MMeTh Jo00o1 3Hak. OgHAKO ec-
Ju MBI OyJZeM paccMaTpuUBaATh OTHEJIb-
HO IIOJIOXKMTEJbHBIE M OTPHUIATEJIHLHEIEC
3HaYEeHUA apryMeHTa, TO KapTHUHA N3Me-
HHUTCA.

1. Beoim  x,<0 uw x,<0, TO
X1+x,<0 um f(xy)-f(x)<0, . e.
f(x)<f(x;) n dyaxknua x? yObIiBaer
Ha IpoMexyTre (—oo; 0].

2. Ecau xe x,20, x,>0, 7o
X1+x2,>0 m f(x))-f(x)>0, . e.
f(x3)>f(x,) u byaknua x2 Bospacraer
Ha npoMexyrke [0; + o).

JOKa3aHHBIM CBOHCTBOM (PYHKIIMM X2 MBI MHTYUTHBHO IIOJIb30BAJIHUCH
IIpH1 NMocTpoeHuu ee rpadukxa (puc. 69).

<

i

&
(o]

o
RY

Puc. 69

STeL

V3 nmpoBefeHHBIX pacCyKAeHUU CIexyeT, YTO KBaApaTHUHaAsaA (DYVHK-

nusa ax®+bx+c npu a>0 y6eiBaer Ha IIPOMEXKYTKE (-——co; — zia] 1 BO3-

pacTaeT Ha IPOMEXKYTKe [— L —I-oo). Ecau xe a<0, To oHa Bo3pacra-
— oo __b_] [_ : )

eT Ha ( 003 2g | B yObIBaeT Ha 555 T°)

......

Hccaenyem Ha BO3pacTaHme U yGhiBanue QYHKIIHIO %

| Pemenne. BygeM wmcclexoBaTh 3Ty (PYHKLUIO CHauajia Ha OpoMe-
XKyTKe (—oo; 0), a sarem Ha mpomexxkytke (0; + co).
1. Ilycte x;€(—00; 0), x,€(~00; 0) u x,<x,. PaccMOTpUM pasHOCTE
X1 — X2

fle)—f(x)= 5~ 5 = Fo2-

Ee uncaurens x,-x,<0, a 3HaMeHaTeNb X, ‘ Xx,>0. ITosromy f (x,) —
—f(x)<0, 7. e. f(x;)<f(x,). OTO mokaswsIBaeT, 4YTO Ha (- co; 0) dbyuk-

1

ousa yOBIBaeT.

2. Ilycty Temepsr x,€(0; +o00), x,€(0; +00) m x,<x,. PasHoCTb

f(x;)—f(x,) cHOBa oTpHMLaTe bHA, N TOITOMY PYHKIHA 1

= yOBIBaeT U Ha
npomexyree (0; + oo).
HUrax, byHKOIHA —317 yOBIBaeT Ha Ka'KAOM M3 IIPOMEXYTKOB (—oo; 0) u

(0; +o00). OnHaKO Ha Bceil obsacTu cBOEro ompemeseHnsa (—oo; 0)U (0; + 00)
yObIBaloleil oHa He sABJseTCA. [leHCTBHTEHLHO, IYCTh Xy =— 1, x,=1 (7. e.
Xy <Xp), ofHaKO [(x))=-1, f(xy)=1, T.e. f(x,)<f(x,), yTO mpoTUBOpE-
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Puc. 70 : a) Prec. 71

YAT OIpelieIeHuI0 ybrIBaoIeid QyHKIHMMA, ¥ BHOBb OTMETHUM, UYTO IPH

1
IIOCTPOeHUU rpaduka (pyHRan % MBbl HHTYUTHBHO HOJIBBOB&JIHCB 9TUM
cBoiictBoM (puc. 70).

o frmre

Ecan 2299 >0, 1o pymxmua 258 y6rpaer na npomexyTrax (——oo; —1)
c? cx+d c
_d. ) bc—ad _ ax+b
" ( -5 1o (puc. 71, a). Ecau xe — 2 0, 1o —x g Bo3pacraer Ha
OIPOMEKYTKAaX (-——oo; —%) 71 (—%; oo) (puc. 71, 06).

Hccaenyem Ha BOo3pacTraHue u yObIBaHME (QYHKIHNIO X3, x € (—o00; + 00).
Penmienue. Bo3dbmMeM ABa 3HaYeHUA apryMeHTa X; U Xy, U IYCTh
x,<x,. PaccMOoTpUM pPa3HOCTH -
f(xg)—f(x)=2x3—x3=(x3—x,)(x}3+ x5, + x3). vy
IlepBBIMT MHOMXHUTENAb MIOJOMKHTEJIEH MO IIPEeAIoJo-
JKeHMIO, a4 BTOPOM MOJIOKHUTEJIeH IPU BCeX 3Haue-
HUAX Xx; U x,. Ilostomy f(x3)—7(x,)>0, T.e.
f(x5)> f(xl) OTcxo,u;a cjaenyeT, 4To GyHKIUA Xx°
BO3pacTaeT Ha BceH oCH. Brillle MBI yCTaHOBMJIH,
uyTo GYHKIHA X3 HeYeTHAdA, ¥ MO3TOMY MBI MOMKeM 0
HapucoBaTh 3cKHu3 rpadura sTon GyHKnmuu (puc. 72).
Haxo)xgeHune npoOMeXYTKOB BO3PACTAHHUA U
yObIBaHMSA HEe OUYeHb IpocTas 3aJada, HO B HEKO-
TOPBIX CJy4YasgX HCCJeJOBaHME 3HaKa pPa3HOCTH
f(x:)—f(x;) DmomckasnIBaeT, KaKHe IIPOMEXYTKHU
€CTeCTBEHHO pacCMaTpPHBATh B KaueCcTBe IIpoMe-
JKYTKOB BO3PAaCTaHUA U yOBIBaHHA QYHKIUHU. Puc. 72

RY
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HccienyeM Ha Bo3pacTaHue M yObrIBaHMEe (DYHKIHIO

Pemenne. IIyects x; <x,. PaccMOTpUM Pas3HOCTH
| X9 X1 (xy—x)(1—xy - x3) (1)

f(x2)—F(x1)= = :

1+22 1+x2 (1+x2)(1+x%

B mpaBoit yactu paBeHcTBa (1) 3HaMeHATeJNb MOJIOKUTENEH, MHOXHUTEIb
x,—%,>0 u 3HaK pasHOCTH [(x;)—f(x;) 3aBUCHT OT 3HAKA MHOXUTEJA
(1-x, - x,), KOTOpBIA IOJOXXKUTeJNeH NPH X' X, <1, oTpumareiaeH IpHU
xl * x2> 1.

IToaToMy paccMOTPHUM cliefyIolllie IIPOMEXYTKH:

1. (-o0; —1]. Ha mem x,<-1, x,<—-1. Cnenosaressro, 1-x; - x5, <0,

n moatomy f(x,)—f(x,)<0, T.e. f(xy)<f(x,) u dyHKIUA 1fx2 yOBIBA-

eT Ha 3TOM IPOMEKYTKe.

2. Ha mpomexxyTke [—1; 1] BeipaskeHue 1-x, - x,>0, u mosrtomy
f(x)—f(x)>0, T.e. f(xy)>f(x,) — HA 2TOM MPOMEXYTKe QYHKIUA
BO3pacTaer.

3. Ha mpoMemxyTke [1; +oco) MHOXKHUTENb 1—X, - X, CHOBa OTpHIIATE-
JeH, U ImodToMy (PYHKIUA yOnIBaer.

Urax, GyHKIUA yOBIBaeT Ha IMpoMekyTKax (—oo; —1] u [1; +o0)

1+ x?
1 Bo3pacTaeT Ha orpe3ke [—1; 1}

CyiiecTByeT JU 3HAUYeHHe a4, [IpHu KoropoM byHKOusA ax?—8x+1 Bo3-
pacTaeT Ha NIPOMEXYTKe (—oo; 2] u yObIBaeT Ha IpOMeXyTKe [2; +o00)?
Pemeunne. M3BecTHO, UTO KBagpaTHuHad QYHKINA ax2—-8x+ 1 mo-

HOTOHHA Ha OPOMEXKYTKaxX (~—oo; —2%—] n [58——, +oo). IIns TOoro 4YTOOBI
a

rpaHuneii MHTepBAJOB MOHOTOHHOCTH ObLiIa TOYKA X =2, Heo0XoaInmMo Hu

TOCTATOYHO, 4YUTOOBI BBINOJIHAJOCH PABEHCTBO —2-8—=2, OTKyZa a=2.
a

B To Xe BpeMs, Ajs TOoro utobel dyHrmusa ax?-8x+1 BospacTana Ha

IepBOM M3 VKa3aHHBIX IIPOMEKYTKOB M yObIBajla Ha BTODOM, HeoOXoju-

MO M OOCTATOYHO, YTOOBI BHINOJHAJIOCE yeiosue a< 0. Ho a=2 >0, cie-

NOBATEJIbHO, MCKOMOTO 3HAUEHHUS 4 He CYIIEeCTBYeT.
BeeseM oIpeiesieHHE.

[ue Ha PO
5TOM IIPOMEIK
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Puc. 73

Ecin u3 HepaBeHCTBaA X, <X,, X;, X,€I caeayer, uto f(x,)<f(x,), To GyHK-
nuo f HasHBalOT HeyObIBalommeil Ha mpomexxyrre I, a ecan f(x;)>71(x,),
TO QyHKNHIO [ Ha3eIBalOT HeBo3dpacTawmeili Ha npomexxyTtke I. Ha pu-
CyHKe 73 mpexacTasBieH rpa¢mk byHKmmm: Ha orpeskax [a; b] u [e; f]
GYHKIUA Bo3pacTaeT; Ha oTrpesdkax [a; c¢] u [d; f] dyHKnIusa He yOnIBa-
eT; Ha oTpe3ke [c¢; d] pyHKnMA yObIBaeT; Ha oTpesdke [b; e] QyHKOuA He
BO3pacTaer.

, OnpesenuTe NPOMEXYTKH BO3DACTAHMA M YOBIBAHMA IJsd (QYHKIWI,
., 'papuKyu KOTOpPLIX UpeICcTaBJeHBI HA PUCYHKax H58—66.
, HatainTe mIpoMeXyTKH BO3pPaCTaHMA U YOLIBAHUS (QPYHKIWU:

a) 4x-1; 6) 2-3x; B) bx+1; 1) 3—4x; 1) —2x-3.

% Halinure npoMeXyTKH BO3pacTaHUA M YOLIBAHWA QYHKIUU:
a) 10x2-3x+1; B) —24x2+10x-1; o) 2x - 5x?;
0) 1-4x?; r) 5x%-3; e) ax?+bx+c.

. Halizure mpomMe)XyTKM Bo3pacTaHMA U yOBIBAHMA (PYHKIIUHU:

2x—-1 . 3-4x . 4x-1 . 3x+ 7. -3x+1, ax+b
A o Y 1580 Y Tites D ter 0 ™ o920 @ cxvd
Hangure npoMeXyTKH BO3pacTaHUA U YObIBAHUA QYHKIIMH:
a) 2x3+4x-5;  B) —x3—-x+3; o) 2x*+ 5x?;
6) 1-6x—3x3; r) x*+ 3x?; e) —x*—x2.

107%| 3agaiite rpadudecku GpyHKDUIO f, KOTOpad yAOBJIETBOPSET YCJOBHIO:
a) [ Bospacraer Ha (—oo; —2] u yOmBaer Ha [-2; 4+ o©0);

0) f yoriBaeT Ha (- 00; 0], Bodpacraer Ha [0; 3] u y6rIBaer Ha [3; + 00);
B) f Bospacraer Ha (—oo; —4], y6eiBaeT Ha [—4; 4] u Bo3pacraeT Ha
[4; +o0). |

HoKkaskuTe, 4TO PyHKIMA BO3PACTAET HA YKA3aHHOM IPOMEKYTKe:
a) x3—3x, (—oo; —11; B) x°—16x, [2; +00);
6) x*-8x, [2; +o00); 1) x*+27x, [0; +00).

Haliaute Kakom-1mb60 IIPOMEXYTOK, Ha KOTOPOM (GYHKIHA yObIBaeT.
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109.

110.

111%,

24.

CynoiecTByeT JM 3HAaU€HHME @, NPU KOTOPOM KBaJpaTHYHaAA (DYHKIUS
y6pIBaeT HA IEPBOM M BO3pacTaeT Ha BTOPOM M3 YKAa3aHHBIX HpoOMe-
JKYTKOB?

a) ax?2+3x—-1, (—o0; 3], [3; +0);

6) 2x2+ax+2, (—oo; —4], [-4; +0);

B) (a+1)x2+ax+3, (—oo; 2], [2; +00);

r) ax?+(a+2)x-3, (—oo; 1], [1; +00);

n) (a-1)x*+(a—- 2)x+1, (—00; 2], [2; +00);

e) KBaJPaTHIHYIO GYyHKOHMIO, 3aBUCAILIYIO OT &, BEHIOepUTe CaMOCTOA-
TeJIBHO, 3a,71anfre NpoMexXyTKu (—oo; o], [a; +00) M OoTBeThTE HaA IIO-
CTaBJIEHHBIHA BOIIPOC.

HaiinuTe OIpoMeXYTKH BO3pAacCTaHUA U yOLIBaHMA QYHKIIWH:

a) (x+2)|x-2]; B) x2+ |4x—2|+1;
6) 2x-1)|3-x|; r) X2+ |5x+1|+5.

1) Ha (—oo; 0) y6riBaeT, Ha (0; +oo) BospacraeT;
2) Ha (—o0; 1) yﬁblBaeT, “Ha (1; +o0) BOBpacraer;

3) Ha ( —é—) BO3pacTaeT, Ha (—-51,)—, -—.oo) yﬁbmae'r, .
4) Ha (—-oo —%] yObIBaeT, Ha [ —é— 09) Boapac'rae'r.

HoxaxnuTe YyTBEP)KIACHHUA:

a) mycTh f — deTHas QYHKIUA, x €(—oo; +o0). Ecau f Bospacraer Ha
npome:kyTKe [0; +00), To Ha (—oo; 0] dyrknua f yObiBaer;

6) oycTe f — HedyeTHaa yHKOusA, x€(—oo; +oo). Ecau f BospacTaer
Ha mpoMmexyTke [0; + oo0), To QyHKIMA [ BO3pacTaeT U Ha IIPOMEKYT-
Ke (—oo; 0].

TOUKH MAKCHMYMA U MUHUMYMA.

HAMWBOJILIIEE U HAUMEHBIIEE 3HAUEHU S
®YHKIIUU HA TTPOMEKYTKE

IIocMoTpM BHMMATEJIBHO Ha Ipaduk
byHKINMHU [, ompereseHHOM Ha OTpe3Ke

[a; b] (puc. 74). Me1 BUAEM B TOUKe A
rpadbrka BHAAUHY, a B ToukKe B ropo.
Haimnumpe stux ocobGeHHOCTEH CBA3aHO C

T€eM, YTO B TO4YKe X, 3HadeHue f[(x;)

o MeHbIIle BCeX 3HAYEeHUU, IIPUHUMAaeMBbIX
b dbyHKIMEeH B TOUKaxX, OJHM3KHX K TOUKEe

x X;. B Touxke x, 3Hauenme f(x,) OGoibIiie
BCeX 3HAUYCHHM, MPUHHUMAaEeMbIX (DYHKITU-
el B TOUKaX, OJU3KHX K TOYKE Xs.

m | Taxie TOUKH HIpaloT BaKHYIO POJIb

A | IpU U3YYeHUN (DYHKIUH, ¥ UX HA3hIBAIOT
Pme. 74 moukamu MuHumyma u maxcumyma. s
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[IPpUJaHUsA TOYHOTO CMBICJIA CJIOBAM «TOYKM, OJIM3KHE K TOUKE X,» B MaTeMa-
TUKe BBOLAT IOHSTHE OKPECTHOCTU TOUYKH.
ChopmynupyemM OoCHOBHBIE OHmpezesieHHA.

Ounpepmenenne 1. Orcpecmnocmbro mowcu a::0 HASBIBAIOT
MHTEPBAT (xo —h; xo+h). SR |

Nsmenaa uyucao h, 6ygem moay- ) po e >
JaTh Pa3JUUYHBbIe OKPECTHOCTH TOYKHU 0 0 0
xq (puc. 795). Puc. 75

Onpegenenue 2. ToqRa :Jt:0 HaamBaeTca mouxou .Muuu.uy-
ma QyHKNUY f, ecIM ee 3HAUYEHWE B TOUKE X, MEHbIIe BCEX
OIPpyrux ee 3Haqemm, HpHHHMaeMHX B HeROTopOH OKpecCT-

HOCTH 9TOM TOUKH:
fx)<f(x), x#x,.

3HadeHue GyHKIUU [ B TOUKe X, HAa3LIBAIOT MUHUMYMOM U 0003HAUAIOT
y min — f (xO)'

Onpenenenune 3. Touka x, HA3BIBAETCA MOYKOIL MAKCUMY-
ma GyHROUHM f, ecaiu ee 3HaYeHHe B TOUYKE X, Gossmie Becex
APyrux ee 3HaYeHUH, IIPHHIMAEMBIX B HeROTopon o:cpec'r-

HOCTH 9TOI/I TOUYKH.
f(x0)>F(2), x#x,.

3Hauenue QPYHKIUU [ B TOUKE X, HASHIBAIOT MAKCUMYMOM U 000-
SHAYAIOT
ymax=f(x0)'

3 sTuxX ompeaeneHUM ciaenyer, 4YTO AJgA GyHKuImu, rpadmx KOTOpoil
npescTaBjJieH Ha PUCYHKe (4, TOUKa X; ABJIAETCA TOYKOHA MHHUMYyMA,
Ymin=T7(x;), @ TOUKA X, — TOYKOH MAKCHMYMA, Y., =1 (Xs).

ITokaxeMm, uTo Touka x=0 ABJIAETCA TOUKON MHHHMyMa (PVHKUUU
ax? npu a>0 U Toukoit MmakcumyMa npu a <0.

Pemenune. Illyers a>0. MbI 3HaeM, uto npu x<0 dpyHKOIUA yOnIBa-
eT 0 Hynsd, a upu x>0 BospacraeT oT HyJsa. CorsacHo ompefeseHUIO 2
3TO O3HaYaeT, 4To x=0 — ToukKa MHUHHUMyMa QyHKIHH ax?. JloxasaTeib-
CcTBO Aada a <0 aHaJoru4HO.
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PacecmoTpuMm (PyHKITHIO

x+1, econ x € (—oo; 0],
f(x)={(x__ 1)?, ecnn x € (0; + 00).

x
CyimiecTBYIOT JHU Y 3TOU QPYHKIUHN TOYU-
K1 MaKCHMyMa M MUHEMyMa (puc. 76)?
Pemenne. PaccMOTpuUM TOYKY
Puc. 76
x=0. BeibepeM OKPECTHOCTB (-—-%; —é——)
9T0if TOUKM. MBI 3HaeM, 4TO JIMHeliHas GyHKIuUA x+ 1 BodpacTaeT Ha
IIPOMEKYTKE (--%; 0), a KBagpatuaHas ¢yHKmma (x—1)> ybOniBaeT Ha
IIPOMEKYTKE (O; %—) S3maunr, 3HaueHue QGyHKUuU [ B TouKe O Oyner

GoJIbIIIE BCeX APYTHX 3HAUEHHH, IpUHUMaeMbIX GyHKIUeil B BLIOpaAaHHOM

okpectHOoCcTH. COTJIacHO ompezeieHHMIO 3 9TO O3HA4JaeT, 4To x=0 — TouU-

Ka MakcuMmyma, y...=7f(0)=1.

1 L ]
Ea

2 1,

TuuHad (GyHrnusa (x—1)° yobpiBaeT Ha IIPOMEKYTKeE o5 1) m BO3pacra-

—3—) — ®TO 3HAYHUT, UYTO 3HaueHue f B Touke x=1

MeHbIIle BCeX APYruX 3HaUeHUM, NpuHUMaeMbIXx (PyHKOVUEeH B BEIOpaHHOM
okpectHOCcTH. COrJIacHO OIpeAesieHHI0O 2 OTCIOAa cIeAyeT, 4To x=1 —
TOYKa MHUHHUMyMa, Y,..,=f(1)=0.

Toyku MHUHHMYMa W MaKCHMMyMa HAa3BIBAIOTCA MOYKAMU 3KCMPeMYy-
Mma (OT naTHHCKOro extremum — kKpailiHee), a 3HaueHHd (QYHKIUH B
3TUX TOYKAX — IKCMPpeMymamu.

OTMeTHM, YTO CBOMCTBO (GYHKIUH [ MMETh 3KCTPEMYM B TOYKE X, 3aBH-
CHUT TOJIBKO OT 3HAYeHHI (PYHKIMHM B caMOi 3Toii ToOuKe M BOJIM3U Hee (B
OKpecTHOCTH Touku). Takue cBoiicTBa HA3HIBAIOT JOKAJbHBIMU (OT JATHH-
CKOT'O CJIOBa locus — MecTo) B OoTJiHUMe OT IIo0aJIbHBIX CBOMCTB (OT dppaH-
nysckoro global — Bceobiimii), omnpezenseMbIX 3HAUCHUAMHU (PYHKIHNM Ha
IeJoM IpoMekKyTKe. K Takum riaob6ajibHBEIM CBOHMCTBAM OTHOCATCA caMoe
OoJIbIIIOE M caMoOe MaJIeHbKoe 3HadeHUA GyHKIIUHU [ Ha nmpomMexkyTke 1.

Camoe 6oJbIlIOe CpefH BceX 3HaAUYeHUM, KoTopoe DYHKIUA [ IPUHHU-
MaeT Ha 3aJaHHOM HIPOMEXYTKe I, Ha3pIBaeTCA HAUOOJLbUWIUM 3HAYUEHU-
em PYHKIMU HA OPOMEXKYTKe U oDo3HauaeTcs

M=maxf(x), x€l.

CaMmoe MajleHBbKOE€ CpeAH BCEX 3HAUYEHHii, KoTopoe (GyHKIuA [ npu-
HUMaeT Ha 3aJaHHOM IpoMexyTke I, Ha3pIBaeTCA HAUMeHbWUM 3HAUe-
Huem QYHKIIMU Ha IpoMeXyTKe I u obOo3HavaeTCHd

m=min f(x), x€l.
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m — HQuUMeHbulLee M — rnaubonviwee

3HaYeHue 3HaYeHue
PYyHKYyuU dynryuu
M — ne cywecmaeyem | m — He cyuiecmayem
Y\ a>0 Y * a<0
4ac - b?
M = 4a
_b
2a 0 ?E
0 x _b
2
_ dac-b? ¢
4a
a) 6)
Puc. 77

B 3aBucumMocTH OT Bujaa IpoMexXxkyTKa I um cBoiicTB GyHKIHH [ OHA
MOXKeT UMeTh U HauboJbillee 3HaueHMe M, 1 HaMMeHBINIee 3HAUECHUE M
MOYXEeT MMETh TOJBKO OJHO N3 HHX, a MOKEeT He UMeTh W HH OJHOTIO.

PaccmoTpum KBaagpaTuuHYIO0 (GYHKIHIO ax?+bx+c. BepiacHuM, ecTh
JU CpeAu 3HaAYEHUH KBaJPAaTHUYHOM (QYHKIMH, NPUHHMAEMBIX €I0. IpH
—oo< X < + 00, HauboOJIBIIIEe 1 HaHMeHbIIIee,

Pemenmne. U3 paBeHcTBa

2
ax2+bx+c:a(x+~b—-—)2+ﬂ*—b——

2a 4a
ciaenyer, 4To npu a > (0 HamMeHbIIee 3HaUueHNe QYHKIUA IPUHUMAET IPH
_ _R2
X=— -—2%— A OHO PaBHO m= 4—“2a—b. Han6ospiero sHayeHUs KBaJApaTHy-

HaA QYHKIIMA B 3TOM cJydae He mMmeeT (pHC. 77, a). Orciona ciaexyer,
YTO B 9TOM CJIy4ae MHOKECTBO 3HAaYCHHMH KBAAPATHYHON QYHKIUM Ipen-

. 4ac — b2
CTaBJAET CO00M IPOMEXKYTOK [——aZT——; + oo }.
Ecan xe a<0, To kBaagpaTHuHadA GYHKIUA NPH x=-—-~2b—a IPHUHNMAET
o 4ac - b?
cBOoe HauOoJIblllee 3HAUYeHne, paBHOoe M = ——ja—l—’—, a HauMeEHBIIIero 3Haude-

HUA KBajgpaTuuyHas PyHKOua He uUMeer (puc. 77, 6). Orcroma cuaeayer,
YTO B 9TOM CJIyUae MHOKE€CTBO 3HAYEHUM KBaApaTUUYHON (PYHKIHUM IIpen-
4ac—b2]

CTaBJIAET COOOHM NPOMEKYTOK (—oo; ia

3a” 7 1



Urak, opu —oco< x < 400
4ac - b?

max (ax?+bx+c)= 1g ° ecaH a<o0,
e cymiecrByer, ecau a>0;
2
min (ax?+bx+c)= é“%‘b" ecau a>0,
e cyujecrByer, ecau a< 0.
OrMmeruM, uTO Ipu a>0 TOUKA X =— gb&- ABJIseTcA TOYKOM MHUHHMYyMAa, a
npu a<0 Touka x=-— b apnsercs Touxoit MaKCHUMyMa.

2a

VYrxaxxeMm HauboJibIllee M HAUMEHb-
1ree 3HaYeHUsa GYHKIUU (eCaAu OHU cy-
IIeCTBYIOT):

a) aaa GyHKIuM, rpaduK KOTOPOM
n3o0paKeH Ha PHCYHKe 74; 0) naa
dyHKIUHU, TpadmK KoTOpou uszobpa-
JKEeH Ha pHCYHKe 78

Peuieuue. a) CBoero HanboJbIIE-
ro sHaueHua M byHKIIUA AOCTUTAET B
TOYKe MaKCUMyMa X=X,, M=7[(x,);
CBOEro HAMMEHbBIIIEro 3HAUEHUA (PYHK-
nusa pocruraer npum x=b, m=f(b). |
Bce 3HaueHUA QYHKIUH JIEKAT B 3TOM Puc. 78
caydae Ha orpeske [m; M] ocu Oy.

6) Csoe Hambosbpuiee 3HaueHue M =4 GQyHKUIUA OpUHUMAET I[IPH
x =3. HauMeHbIIero 3HaYeHNsA PYHKIIUA HEe HUMeeT, U II0ITOMY BCe 3HA-
yeHUA AAaHHON PVHKIUN IPUHALJIEKAT IPOMEXYTKY (—oo; 4].

B 3akJilo4ueHHe BBEAEM OIIpefieieHHEe OTPAaHHYEHHOUN (PYyHKIIUU.

Oupenenernmne 4. Oyaxnua f Ha3BIBAETCA O0ZPAHULEHHOLL
Ha. Hpomemy'm:e I ecyIH c-:..'.-__I]J;ECTBYIOT YyHucJa. A u B, rakwue,

(1)
N3 saToro onpenesieHNs CIenyeT, UTO ecau PYHKIIUA [ Ha IPOMEXKYTKe
I upuHHMMAaeT CBO€ HAUMEHbIIIee 3HAUYEHHE M U CcBoe HauboJbIlIee
sgauenne M, TO OHaA orpaEudeHa Ha IIPOMeXyTkKe I, OaA 5TOro
IOCTATOYHO IIOJOXKUTE A=m, B=M.
PYyHKIIUYN, He ABJIAIOIIHECS OrpPaHMYEeHHLBIMYW Ha IPOMeXYyTKe 1,
HAa3bIBAIOTCA HeozpaHudeHHbimu. AHOTHAa PyHKIUA [ yAOBJIEeTBOpAET Ha

npoMeXXyTKe I TOJBKO oxHOMY u3 HepaBeHCTB (1). B cBA3M ¢ 3TUM
oanauM ele OAHO OIIpelesIeHueE.
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Ompen enenue 5. Ecan CyInecTBYeT 4mcjo A, TaRoe, aro
n.na BCeX 3HaYeHH# x GI _B HACTCH HepaBeHc'rBo

TO (pynﬁuﬁa | 'f HaamBaeTc 1 0 a’inu'lt'enuou cuu3y Ha

(3)

TO Q)yHRImH f HaspIBaeTcA oepa;uu "e--»._-,-:ﬂou caepxy

HOKaJReM, 4TO KBaApaTHUYHAA byrKIUA y=ax?+bx+c ABIseTCA Or-
paHquHHon CHM3Yy Ha 4YHCJOBON ocHu IpH a>0 m orpaHMYEeHHOM CBEpPXY
Ha 4YHUCJIOBOH ocHu npu a<0.

Pemenue. Kak MBI ycraHOBMJM BbImle, Ipu a>0 ax?+bx+c>

— h2
> 4dac—b
4a

Ecan xe a<0, o ax2+bx+ce<

=A npu Bcex x€(—90; +00), T. e. BBHIIIOJHEHO yciyioBue (2).
4ac —b?
| 4a

JTO 0O3HAYaeT, YTO BBIMIOJHEHO ycJjosue (3).

YIIPAKHEHHA

ITocTponite rpadhuk dpyuruuu f. C ero moMoImp0o HAUAUTE TOUYKU HKC-
TpeMyMa U 3HauyeHHUsaA M U m, eCiIu OHH CYIIECTBYVIOT. Y Ka)XHUTe MHO-
KecTBO 3HaueHuUM QyHKmuu (112—113).

. a) |x2—Tx+ 12|, x€(—00; + 00); r) |x+ 144 —2x|, x€(—o0; + 00);
6) —2(x2—6x+8)|, x€(—00; + 0); n) |[—x:+6x+7, x€[0; 10].
B) 2lx - 3|+ 5, x€(-2; 5);

2x=3 | xe[-5; 21;

=B npu Bcex x€(—00; + ),

x+4 |
2x+4, x€(—o0; —11, Ly xe(—oo; 3],
6) f(x)=12x2, xe(-1; 2], B) f(x)=/ g
24 -8x, x€(2; + o0); x x€(3; + o0).

114) Haitgute Hauboablllee HJIHM HaUMeEHbIIee 3HaUYeHHEe @QYHKIIHU
ax?+bx+c 1 MHOXECTBO ee 3HAUEHUI, €CJH ee rpaduK OPOXOLHUT Ue-
pe3 TOYKH:

a) A(0; -5), B(1; —-6), C(-1; 2);

6) A(0; 1), B(-1; -2), C(2; 1);

B) A(0; —2), B(1; —3), C(2; 8);

r) A, B, C (koopauHATHI 3THX TOYEK 3ajaliTe CaAMOCTOATEJIBHO).
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Inag GyHKIui, 3aJaHHBIX IpaduKaMyu Ha PHUCYHKaXx 58—66, ompene-
auTe: a) obJyacTh ompejedeHns ¢GyHKIUHN; 0) MPOMEXKYTKHM BO3pacra-
HuA ¥ yOLIBaHMA, B) TOUKM SKCTpeMyMa; I') HamboJpllee 3HaYeHUe
dbyukmuun M U ee HauMeHbIIee 3HAUEHHE M; A) MHOMECTBO 3HAYeHUN
GVEKIHAN; €) IPOMEXKYTKH, Ha KOTOPHX f(x)=20 n f(x)<0.

116. [Ina kaxux 3HAYEHUH d MHOMKECTBO TOYEK, JeXKalllX Ha 3alaHHOM IIa-
paboJie, He HMeeT HHM OAHOIN o6uiell TOUKHM C 3aJaHHOH IOJYIJIOCKO-
cThi0? BHIIIOJHNTE CXEeMATHYECKHH depTex.

a) y=ax?+3x+2, y—2x-1<0; B) y=x2+ax—-1, y—2x+2<0;
6) y=ax?-4x-3, y—3x+1=20; r) y=ax®-3x-5, y—2x+42>0.

Ins sajmaHHOM KBagpaTW4HON ¢GyHKIMH Ha oTpeske [0; 2] Haipute
TOYKY DKCTPEMyMa, 3HaUeHHe (PYHKIMU B 9TON TOouKe, HaubGonbimee M
1 HaUMeHbIIee M ee 3HAa4YeHHs HAa 5TOM OTpe3Ke. YKasKHTe MHOMKECT-
BO 3HaYeHMI (PYHKIIUM HA 3TOM OTDE3Ke.

a) —x%+2x+ 2; B) x2+2x-3; n) —2x2-6x+1;
6) x*-3x+1; r) 3x2+5x—-1; e) - 3x2+6x+4.

118.| [To pesyapraTram yunpaxkueHus 117 cpesaiiTe BBIBOA O TOM, B KaKHX
Toukax orpeska [0; 2] sagamHada KBagpaTudHass QYHKIUA MOXKET IPHU-
HUMATh 3HauyeHuaA M u m.

IlogBeneM HTOTrH M3yUeHUA CBOMCTB (yHKIME m cobepeM BMecCTe BCe
CBeleHNs, KOTOPHIe MLl IOJYYMJHM O CBOMCTBAX KBaJPATHYHON (GYHKIHNH
ax+b

+d°
CTH cBezeM Mx B oaHy Tabauiy (rabua. 1). 'pabuku stux GpyHKOUNA, KOTO-
pble MHOTOKPATHO PACCMATPXBAJHN BHIIIE, IIOJHOCTBIO COOTBETCTBYIOT CBOM-
CTBaM 3TUX (DYHKIUHE, mepeducIeHHBIM B Tabaune 1. 9TO 3HAUUT, YTO MbI
NpaBUJIBHO «yrajaam» ux Buja. Ha camom pgesie, KaK IpaBHJO, B MaTreMa-
THUKe cCHAYaJa YCTAHABJMUBAIOT CBOMCTBA (DYHKIUH, a 3aTeM yiKe CTPOAT rpa-
GuUK QYHKOUYN B COOTBETCTBHHM C 3THMHU CBOMCTBAMU.

ax?+bx+c¢ 1 n1pobHO-IMHEHHON PYHKIUU Ilnsa Oonwieil HATJIALHO-

Tadbauma 1

Ne CsoiicTBa KBaapatTuunasa pyHKONSA Ipobuo-nuHelHAA QYHKIUA
n/a byHKRIHIT f(x)=ax?+bx+c, a#0

| ox)=2XEY oo, 2.0

cx+ ¢ d

2 YeTHOCTD, IIpu b=c=0 IIpn a=d =0 HeueTHas
HeyeT- gyeTHadA
HOCTBH
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ITpodonxenue

X X
NN
X

T~ T

X

X1 X
NN
X

1. D>0; x,, xX,— KOpPHH
TpexwieHa (x, <x,): f(x)>0
npu x € (- 00; X;) U (xy; +00)
[(x)<0 mpu x€(x; x5)

2. D=0. f(x)>0 ana Bcex
X#Xg=X; =Xy

3. D<O0. f(x)>0 pgna
BCEX X

II. a<0

1. D>0; x,, x,— KOpHH

Tpex4JjeHa

[(x)>0, x€(x,; x3)
f(x)<0, x€(—0c0; x)U(xy;
+ 00)

xe(— 005 - g Julre(—o0s - ¢ )
a c

| &
V
)

¢ (x)<0 npu

Ne CeoiicTBa KBaxgpatuunaa ¢ysknus Hpo6no-nmuBeitHaag GyHKIUS
HKIUH =axZ+ b
/o GbyHKI f(x)=ax?+bx+c, az0 0 (%)= ax+b =0, a_b
cx+d ¢ d
3 Mﬁomec'r% | dac— ST T 1 . a a. \
~ BO 3Haue- [ “4a +00)np?1 ¢ >0 B ( | 00’ C) U( ci Oo)
HUH R 9 S T
—~ 00 } —— I a<(Q |}
| ( | 4a ] 5 pH . O
4 | Touxwm me- x=0, f(0)=c, A(0; c) x=0, p(0)=2, dxo0,
- | peceuenmus d
¢ ocwsio Oy A(O; 2)
(x=0) d
L peCequHﬂ . —b+\/— E I' a¢0,y~— 0, .x;_—-— - —‘;
¢ oceio Ox x l’xz T 924 |
(y=0) II. D= 0 II. a=0, b»0 — Touex nepe- |
Ky == Ay == — - cetIeHna HeT
._ 1=%X2 24 |
III. D <0 — ToueKk mepece-
YeHUA HeT
6 Wartepsa- I a>0 bc—ad>0 be—ad <0
JIBI 3HAKO- - -
HOCTOSIH- ¢o{(x)>0 opu | ¢(x)>0 upu
CTBa

U

o B oo

re(-4;-2)
C a

¢(x)>0 npu | ¢(x)>0 npu
=<0 d b b d
xe(‘?;“a) xe(*z;‘z‘

)
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ITpodoniicenue

Ne. CBoiicTBa KpagpaTuunasa GyHKIUA Hpobuo-inHelHad QyHKIUA
L _ 2
n/m byHKITH f(x)=ax*+bx+c, a=0 (%) = ax+b ..o, a_,b
cx+d ¢ d
bc—-ad>0 bc—ad<0
T~~~ 2. D=0. f(x)<0 pna Becex ¢(x)<0 mpn | ¢(x)<0 mpn
X X#EXg=X1= Xy 2.0 xe(—oo; —Q)U xe(—oo; —-b-)U
c c a
3. D<0. f(x)<0 pgaa b d
BCEX X U(_E’+°°) U(_"c"+°°)
(f I/Iﬁ'r'epB'a- I. a>0 | | | 1. bc—ad>0. ¢ yObiBaeT Ha
Jbl MOHO- | f yOmIBaer Ha (_oo; ___cg) u Ha (_ d. _|_OO)
TOHHOCTH b ] ¢ - ¢
(—oo; - — | u BoO3pacraer
b
[ 2 + o) _
| IIL.a<0 : II. be—ad<0. ¢ Bospacraer
| :'f Boapac'raeT Ha 2 d
o Ha( oo;.—-g) M Ha
H f yﬁbmae'r 4
=<’ +°°) |
8 | Toukn I. a>0, x=— -2 — rouxa
3KCTpEe- 2a
MyMa MHHHAMYyMA Touku 3KCTpeMyMa OTCYTCT-
II. a<0, x=——i — TOUYKAa Byt
2a
MaKcHMyMa
9 | Haumens- I a$ 0. m— dac-b® | Hammempmero u manGoipme- -
mee- -} 007 42 _ro 3Haqennn cpyﬂmmﬂ He
| omasemme | . (M me cymecTBye'r) - umeer
- II a<0 M.-- dac—b?
| B T 7 )
(m ,He cym e CTBy eT)
10 ACHMI_ITOTH He cymecrsyior x=~—%— — BepTHKAJbLHaA
y= % — TOPUBOHTAJILHAA
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. Ilepeuncanre cBoiicTBa QyRKIUi, rpadMKH KOTOPHIX H300pa’keHHI Ha

pucyHkax 79—84. Mna kamgoill m3 HMX HaWauTe 06JIacTh oIpexeJie-
HUfA, IPOMEXYTKH BO3DACTaHHA W YOBIBAHWA, TOUKM 3KCTpeMyMa, Ha-
n6oIbIINe ¥ HaMMeHbIINe 3HAUEeHUA, MHOMECTBO 3HAUYeHUH DyHKIUH,
IIPOMEXYTKH, HAa KOTOPHIX f(x)>0 u f(x)<O.

yi y&
3
2 2T
1,5
1- 1
k 2 | | _
of 1 3 4 5 x ol 1 2 3 4 x
—9 Pﬁc.80
Puc. 79
Yy
Yi ﬁ

-1
-2
Puc. 82
Puc. 81
vi Yl
3
—12
2
1 O x 0,5
-1 -1 O 2 x
Puc. 83 | - Puc. 84
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25. YTEHUE T'PA®HUKOB ®YHKIIUHA

VMeHnne u3oOpaxxkaTh reoMeTpudYecKy (PYHKIHUOHAJBHBIE 3aBUCHUMOCTH
IIO3BOJISET HATJISIHO IPEACTABHUTHL BCe OCOOEHHOCTU HM3Yy4YaeMBIX IPOIiec-
COB. DTH 0COOeHHOCTH IPOILle BCEr0 YBHUAETH B TOM cJydae, Korjga QyHK-
nua sagana rpadudueckn. Hanpumep, Ha pucyHke 85 3aJaH rpapmuk 3sa-
BUCHMOCTH CHJABI TpeHUs F OT CKOPOCTH ABHUKEHHA U CTAJbHOW ILJIACTH-
Hbl IO CTaJbHOM mnoBepxHoctu F =f(v).

IF'nagga Ha rpaduK 3ToM PYHKIHU, MOMKHO CIEeJATh CJIEAYIOIHe BHI-
BOALI O €e CBOMCTBAX:

1. ®yaknua f(v) onpeaesneHa s Bcex 3HadeHuu v >0 (xord dusu-
YeCKH He CTOMT PACCMATPHUBATH 3Ty QPYHKIHIO IPH OUYeHb OOJBIIMX 3HAa-
yeHNAX UI).

2. ®yHKUua He ofpamaerca B HYJb, H BCe €€ 3HAYEHUSA IIOJOXKHU-
TeJbHEL.

3. MHOXecTBOM 3HaueHHU 9TOH QyHKIUM siBiaderca orpesok [0,6; 1,5].

4. ITpn v=0 f(0)=0,6.

5. Ha mpomexxyTke [0; 6] dbyHkmms Bospacraer, a Ha [6; +oo] —
yOBIBaeT.

6. B Touke v=6 QpyEKmUA umeer MakcumMyM f...=1,5. TouKku MHUHH-
MyMa y Hee OTCYTCTBYIOT.

7. HaumeHbinee 3uavenne pyaxnuu m=0,6, manboabiiee — M =1,5.

8. N3 rpaduka BuAHO, uTO mpamMaa F=1 saBiaserca roOpH3OHTAIbLHOHA
ACHMIITOTOM. -

9. Mo)XHO OTMEeTHUTDH, YTO 3HaueHMA F, mpuHaIjIexaliue IPOMeEXYT-
Ky [0,6; 1), npUHEUMAIOTCA TOJIBKO OJUH DPa3, B TO BpeMA KaK 3HaueHus F,
npuHaagexKamue mpomexyTtky (1; 1,5),— aABasKAHI.

IIponmeaypa, ¢ MOMOINBIO KOTOPOU NO 3aJaHHOMY rpaduKy (QpyHKIIHHK
VCTAHOBUJIN HaJuuue (MJIHU OTCYTCTBHE) CBOUCTB (QPYHKIHM, Ha3BIBAETCHA
ymeHuem zpapura PYHKIINU.

Takum o00pazoM, HOpodYuTaTh rpaduK — 3TO 3HAYUT MNEePEUYMUCIUTH
cBoiicTBa TOH (QYHKIMM, KoTopasd 3ajaHa 3tTuM rpadpurom. CoceM Apy-

rasgd 3ajiaua BO3HHKAEeT B TOM CJiyuae,
Korza (pyYHKIUA 3aJaHa aHaJUTHUYeC-
F| KH, T. €. C IIOMOIbIO (POPMYJIHL.

KaxuMm ob6pasom mu300pasuTh rpa-
buk sTom QYyHKIHUM U YBHUAETH BCE €e
ocobennocTu? IIasa 3TOoro MBI cHadaJa

1,5 \ uccaedyem 3aAaHHYIO (PYHKIIHUIO, T. €.
IIpoBepAeM HaJHUUHe HUJIH OTCYTCTBHUE

ry-r-——""""=--- y Hee CBOHCTB, IIepeuHCJeHHbIX B Tab-
0.6 auine 1. UBTPI CBolicTBa ABJAIOTCA TOH
’ «IYTEeBOM HHTHIO», CJHEAYA KOTOpOou
| . . MOKHO CHadaJjla HaliTH BCe OCOOEHHO-

0 610 _ 20 30 7> CTH (PYHKIUH, a 3aTeM, y4IUTHIBaA
X, DOCTPOUTHL 3CKU3 ee rpaduka. Ira
Oporeaypa Ha3bIBAETCH UCCAE08AHU-

Puc. 85 - em PyHKUUU.
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Cpasy e oTMeTHM, 4YTO ecau ¢yHKIMsA [ 3aaHa ¢ IMOMOMILIO (op-
MYJbI, TO COBCEM HE 06H3aTeJIBHO, YTO Mbl CyMe€eM IPOBEPHUTHh HaJUUYHE
WJIM OTCYTCTBHE BCEX CBOMICTB, IIepeuHCJEeHHBIX B TabauIie: ycTaHOBJIe-
HUE HEKOTOPBIX HU3 HUX ObIBaeT odyeHBb CJIOMKHBIM. OZHAKO BO MHOTHX
cay4dyasaXx 3HaHHE Ja’Ke YacTH CBOMCTB MO3BOJIAET IIOCTPOMTL 3CKH3 I'pa-
dbura ucciaeagyemoll QGyHKIUU.

26. HCCJIEJOBAHUE HEKOTOPBIX
PAIITUOHAJIBHBIX ®YHKIIUN
U IIOCTPOEHUE UX IT'PA®HKOB

PaCCMOTpHM IeJple QyHKIUN, T. €. TaKHUe (byHRn;nn, IJs BBIYMCJIE-
HUS 3HAUEHUU KOTOPBIX HaAA X N HEKOTOPBIMH IIOCTOAHHBIMU IIDOM3BO-
AUTCA KOHEYHOE YUCIO apU(PMeTHUYECKHUX AeHACTBUU: CJIOKEeHUS, BLIYU-
TAHUA WM YMHOMeHUus. lIpumepsl menanlx GyHKUIHAHN: -

1+2x, ax*+bx+c, x*+4x-8, x"+a;x" '+...4+a, x+a,.

Kasknaa meaas QyHKIMS MOXKeT OBLITL IIpeACTABJIEHA MHOTOUJICHOM
HEKOTOPOHu cTemneHu. Eciu K mepedyHCJeHHBIM apudMeTHUYeCKUM HeiicT-
BUAM ,uoﬁaBHTb eife M AeJIeHHe, TO TaKyo PYHKIHIO HA3bIBAIOT PallHuo-
HaabHOU. Karkmaa pauuoHalbHAdA QYHKIUA ABJIAETCA OTHONIEHNEM ABYX
MHOroujsieHoB. Hanpumep, GyHKIMY

x2+1 X ax+b ax+b
x-1" x?-4° cx+d’ cx2_|_dx+f

ABJIAIOTCA PaUOHAJbHBIMU.

Ilpu mocTpoeHEMu rpadpuka parHoOHAJBHON (PYHKIMU TOYKHU, B KOTO-
PBIX ee 3HaMeHaTeJsJb obpalmaeTrca B HYJIb, a YHCJIAHUTENb OTJIUYEH OT HY-
Jifg, UrpaioT ocobyio poas. Ecam x = x, ABasgeTca HyJieM 3HaMeHATeJd, TO
BEPTHKAJbHAA IIpAMas X=X, Ha3bIBaeTCA BePTUKAJBHON aACHUMIITOTOMH:
10 Mepe NPHUOIUMKEHUA X K 3HAYEHHUIO X, TOUKU rpa(bmca byHKIUN yaa-
JAAITCA oT ocu Ox M NpubamKalmoTcA K npamon xX=x,. AMeHHO 3THUM

d ax+b
CBOMCTBOM oﬁnazl;a.na npamMaa xXx=— Py an KayquHn (byHRn;HH m

Eciu mIpy HeorpaHWUYEHHOM yBeJIHYeHNH |x| Touxku rpadukra Heorpa-
HUYEHHO NPUOIMMKAIOTCA K IPAMOR Y =Y,, TO 3Ty IPAMYIO Ha3BIBAIOT I'0-

" . ax+b "
PHU30HTAJNLHOM ACUMIITOTOIMM. Hpn n3ydyeHUN GYyHKIIUN extd TaKHM CBO-
CTBOM obJyiazajyia mpaAMasg y= PaCCMOTpHM NpuMepsl.

X

1+x
Pemenune. IlpoBepum, KaKMMHK cBoiicTBamMu (cM. Taba. 1) obGianmaer

HaHHasA PYHKIIUA.

Hccnenyem PyHKIOHIO > ¥ IIOCTPOMM 3CKHU3 ee rpaduxa.

-
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1. OyHKOUA OIpefeeHa AJs BCeX 3HaUeHHH X €(—oo;+ 00).

2. A3 paseHcTBa f(—x)= X ~—%* —_f(x) BBHITEeKaeT HeUeT-

1+(x? 1+
HOCTh QYHKIIMHM U CUMMeETPHA eé rpaduKa OTHOCHUTEJBHO Hauajla KooOp-
auaat O (0; 0). ITosTromy rpaduk GyHKIHHA ZOCTATOYHO IOCTPOUTH JIMIID
na x€[0; + oo).
3. Uayuum muOxecTBo E (f) sHauenuit pynxknuu. BribepeM HEKOTOpOE

YHCJIO Y, ¥ IPEANOJIOKHNM, UTO Y, ABIAAETCA 3HAYEHHEM dyHKIINU l_f 5 -
X
Toraga cyiiecTByeT 3HAYeHHEe X, TaKoe, YTO YpaBHEHUE
| X
Yo= \ (1)

1+ x?
MMEEeT pelleHue.

Ecan y,=0, To ypaBHenue (1) nMeer efMHCTBEHHEI! KOpeHb X =0, oT-
Kyha cJexyeT, YTo rpa®@ui (QYHKIHHM IPOXOAUT 'Uepe3 HaYaJIO0 KOOpAM-
nat u 0€E(f).

Ecan y,#0, To samummem ypasHenme (1) B Buze yox’—x+y,=0.
JTO ypaBHEHUMEe MMeEEeT pelmeHue TOorja M TOJIbKO TorAa, Korja ero Jauc-
xkpumuHasT D =1-4y3 "HeorpunatesaeH, T. e. 1-4y§> 0, uiu

1 1
— 5 <Y< 5 Yo*O0. (2)

W3 HepaBeHcTBa (2) u yciaosud, uro 0€ E (f), caexnyer, uro E (f) =[—%~; %]

1

DTO 3HAYUT, YTO HauboJbllee 3HAYeHHe PYHKIUM Ha (—oo;+00) pPaBHO 357
1 1

T.e. M =35> a HaUMeHbIlee M =—— . OTH 3HaueHUA PYHKIUA IIPUHUMAET

COOTBETCTBEHHO B TOouKaxXx x=1 u x=-1. CoorBercTBym0iniue TOYKH Irpa-

duka 0603HAYNUM tlepeaA(—l; _%) 171 B(l; —%—)

4—5. CymecrByer eauncTtBenHaa Touka O(0; 0), B KoTopou rpadpux
GYHKIIUYA [IepeceKaeT OCU KOOpJAHHAT.
6. UutepBaabl 3HAKOHNOCTOAHCTBA (QYHKIHN HaUAeM H3 YCJIOBUA

f(x)>0, T. e. 1-|J-cx2 >0. Orcroga x>0. Ecan xe f(x)<0, To x<0. Cie-
noBaTenbHO, 1asa x>0 rpadux GyHKIHK JEeKHUT Boimie ocu Ox, naa x <0 —
HuxKe ocu Ox.

7. UuTepBaspl MOHOTOHHOCTH (PYHKIIUM HANUAEHHI B IpuMepe 5 n. 23:
Ha nOpoMexXyTKax (—oo; —1] u [1; +o0) byHknusa ybeiBaeT, Ha IIpoMe-
KyTKe [—1; 1] BospacTaer.

8. PaCCMOTpPIM Touky x=1. JleBee aTO# TOuKM Ha ImpoMexyTke [—1; 1)
bYHKIHUA BO3pacTaeT, a mnpaBee yObIBaeT. ITO O3HauvaeT, 4YTO TOYKAa
x=1— TOoukKa MaKcHMMyMa.

9. B 1. 3 MBI HAIIJN, YUTO m=—%, M=%.
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10. ITockoapky x?2+1#0 mpu Bcex X, TO BEePTHUKAJbHBIX ACHMMITOT
rpaduk He umeer. W3 npencraBiaennsa pyHKIHUHM B BUIE

* L1 | x=o0,
1+ x? l+x
X

cJIeyeT, UYTO IPH HEOTPAHWUYEHHOM yBEeJIHMUYEHHH |Xx| 3HaAUeHHA PYHKIUU
OpHUOIHIKAIOTCA K HYJIIO M N03TOMY rpadpuk GyHKIuUM OyaeT NpubIMiKaTh-
ca K ocu Ox, Koropad M OyJeT TOPU3OHTAJIBLHON aCHMIOTOTOM rpadukxa.

Ha sToM mccienoBaHue (QyHKIUH 3akoHYeHo. Ha ero ocHoBaHMHU IIO-
cTpoMM 3CKU3 rpaduka QYHKIHM cHauaja Ha mpoMexyTke [0; +o0), a 3a-
TeM IpOM3BeJeM CHMMETPHIO OTHOCHTEJILHO Hadajla KoopjauHat (puc. 86).

Ax+ T |
1 IOCTPOMM 3CKH3 ee rpaduxa.

x2+2x+2 | o |

Pemenne. IIpoBepuM, KaKuMHu cBoiicTBamu (cM. Tabn. 1) obianaer
3agaHHad QPYHKIUA. - : | | -- .

1. IIna Bcex x €(—oo;+00) 3HaAUEHUA KBaJAPaTHOTO TpexdJjeHa x2+4+2x+2
[IOJIOKHUTEJBHBI, ¥ IIO9TOMY (PYHKIIMA OIpeaesieHa ANA BCeX X €(—~o0o0;+00).

2. f(—x)#f(x) u f(—x)#—-f(x), cnenoBaTeJbHO, GYHKOUA HE ABJIA-
eTCsd HU YeTHOH, HU HeUYeTHOM.

3. Usyunm MHOxecTBo E (f) smHauenu#l dyHKnuu. Bribepem HEKOTO-
poe YUCIO Y, ¥ IPEAIOJOKHUM, UTO OHO ABJISETCA 3HAYEeHHWEM (PYHKOHUM

4x+ 7

x2+2x+2

Nceaeayem GyHKIUIO

. Torga cyimecTByeT 3HaueHHE X, TaKoe, YTO YpaBHEHHUE

4x + 7
3
x2+2x+2 (3)

Yo=

MeeT PpelleHue. 7

Ecau y,=0, To ypaBHeHUe (3) HMeeT eIUHCTBEHHOE DEIleHne X = — e
caenoBareabuo, 0€E(f) u ocs Ox rpaduk QyHKIHNN IMepeceKaeT B €JUHCT-
BEHHOM TOYKE C(—i—; 0). Ecau y,#0, 1o ypaBHeHHe (3) 3amuileM B BuUze
Yox?2—2(2-yg)x+2y,—7=0. 910 ypaBHEeHHe HMeeT pelleHNe Torja M
TOJIBKO TOrA, KOTAa ero aucKpuMuHaHT D=4(2-yy)*—4y,(2y,—7) He-
OTpHUIIATEJEeH, T. €. KOTJa Y, YAOBJIETBOPAET HEePaBEHCTBY yé—3y,—4<0,
Yo#0, nan

~1<y,<4, yo*0. (4)

R
-
<

-

| =t

ol\b
-y
®Y




V3 mepaBeHcTBa (4) u ycaoBua 0€E(f) ciaemyer, 4TO BCe 3HAUYEHUA
OYHKOUN JIexKAT Ha oTpeske [-1; 4], T.e. E(f)=[-1; 4]. Orcrona cJe-
ayeT, 4YTO Hambojbliee 3HauYeHMe QYHKUHUHU [ nmpm x€(—oo; +o00) M=4,
a HaumMeHbIlee m=—1. 9T 3HAYEeHUA PYHKIUA IPHUHUMAET COOTBETCT-

BEHHO B TOYKAaXx x=—§ n xX=-—3.

O6osraunm uepes A=(-3; —1), B(—é—; 4) H C(—%; O) COOTBETCT-
ByOINUe TOYKHU rpaduka.

4—5. MsI yiKe OTMETHJIH €AUHCTBEHHYIO TOUKY C(m %; O) Imepeceue-

HuA rpapura pyHxmmm c oceio Ox. Ecam x=0, to y=38,5 u, ciaegosa-
TeJbHO, ¢ ochlo Oy rpadpux nepecexkaerca B Touxe D (0; 3,5).
6. [Ina HaXOXKAeHUA MHTEPBAJIOB 3HAKOIOCTOSHCTBA PEIINM HePaBEHCT-
7 "
BO f(x)>0. Orcroza ciaemyer, 4To x>—z. 3HaUUT, AJA 3TUX 3HAUEHUH X
7
rpaduk GyHKOUM Haxonautca Beimie ocu Ox. Ecau f(x)<0, To x<— 1 ¥

AJIs 9TUX 3HaAUYEHUM X rpadpux GyHKIHU JeKUT HUKe ocu Ox.

7. HaiineM MHTepBaJbl MOHOTOHHOCTH (PYHKIHUMU. TOYKH x=-3 u

1
X¥=-7, B KOTODPBIX (GYyHKOHA AOCTHUraeT CBOUX HAUMEHBIIIETo U HAH-

Oonbmiero 3HaueHWii, pPas6UBAIOT YHCIOBYIO OCh HA TPH IPOMEKYTKA:
. . 1 1
(—o0; =3], |[-3; —= [ u |—=; +oo). [lokaxeM, YTO Ha KaXKAOM M3 HUX

2 2
GYHKIOUA MOHOTOHHA. BeIACHMM 3HaAK pasHocTH f(x,)—f(x,) npn X< Xs.

Nmeem

4x,x9+ T(xy +x5)+6
(x3+2x5+2) (224 2x, +2)

Fla)—fla)= o2t T _A8FT (o )

x5 +2x,+2  x}+2x,+2

B 3HaMeHaTese CTOAT MOJIOMKUTEIbHBIE MHOMXUTENH, X,—x,>0 o0 yciIo-
BHIO, U NIO3TOMY 3HaK pasHocTHu [(x,)—f(x,) oupenensaercsa ToJIbKO 3HA-
KOM BBIpaXXKeHUuA 4x;X,+ 7(x;+x,)+6. HccilegyeM ero Ha KaKIOM U3
IIPOMEKYTKOB.

I. Ilycts x,, x3€(—00; —3] u x; <x,. BocrmosbsyeMcsa TeM, 94To JI1060€
YHCIO U3 NMPOMeXYTKa (—oo; —3] umeer Bux —3—a, rae o>0. ITosTomy
x;=—-3-a, a>0; x,=-3-p, >0, B<a. Torza
4x1x2+7(x1+x2)+6=4(—3—a)(—3—[3)+7(—6—0L—B)+6=40LB+5(0L+B).

ITocnenuee BBIDAKEHHE IIOJIOKUTENbHO, U modToMy f(x,)—f(x,)<0, T. e.
Ha IIPOMEXYTKe (—oo; —3] dyHKIuA yObnIBaer.

II. IIyers Temepp x4, xze[-—S; --%] U x;<x,. IMomoxum:

x;=—-3+a, 0<a<2,5; x,=—83+B, 0<P<2,5, B>q.
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Teneps EMeeM

4x,%,+ T(x;+2,)+6=4(-8+0)(—83+P) +T(-6+a+p)+6=
=40f-50—-5p=2a(p-2,5)+ 2B (a—2,5).

ITonyueHHOEe BBLIPpAKEHUE OTPHIIaTeJbHO, M noatomy f(x;)—7f(x,)>0.

3HAUUT, Ha IPOMEXKYTKe [—3; —%] byHKIHUA BO3pacTaer.

II1. ITycts x4, xze[———;—; +00) U X;<Xx,. Ilonarasa

x;=——-+a, a=0, x2='—%+ﬁ, >0, B_>cx,

1
2
IIOJYYUM |

43,5+ T(x,+ x3) +6=40ap+ 5 (a+p).

IlonyyenHOe BHIpa)XX€HHE IOJOYKUTEJBHO, M IIO3TOMY f(x)—f(x,)<0,

3HAYUT, Ha IIPOMEXYTKeE [——-—;—; +00) byHKINA yﬁmBaeT.

Ha sToM mcciefoBaHMe QYHKIIMM Ha MOHOTOHHOCTH 3aKOHUYEHO.

8. VI3 ycTaHOBJIEHHOT'O XapaKTepa BO3pacTaHUsd M yObiBaHHSA (PYHK-
IUHA CJIENYeT, UTO TOYKA X =—3 ABJASAETCS TOUYKOH MUHUMYME, Yuin=—1,

a TOUKA X=— 5 — TOYKOM MaKCHMyMa, Y,..=4. COOTBeTCTByIOIIHIE€ TOY-

KM rpaduka ysKe o60o3HaueHBbl depe3 A u B.
9. B . 3 mokasano, uto m=—1, M =4.
4x+ 7

| x2+2x+2
My BePTHKAJbHBIX acuMITOT HeT. VI3 mpeAcTaBjieHnA GYHKIUHA B BHJE

7
4x+7 4+7
x2+2x+2 x4+ 24 32?
cjaeyeTrT, 4YTO IIPU HeOrpaHWYE€HHOM
yBeJUYEeHHH |X| 3HaueHUsA QPYHKOHUU
OpuOIMKAITCA K HYJIIO M TOYKH Ipa-
dbuKa HeOrpaHMUYEHHO NPUOIHUIKAIOTCH
K ToukaMm ocu Ox. 3Hauut, ocb Ox AB-
JsieTcsI TOPU3OHTAJBHON aCHMMIITOTOH
rpadpura GyHKIHUH.
Ha »ToM mncciezoBaHUEe (PYHKIHNHA
4x + 7
x%+2x+2 ]
VCTAHOBJIEHHBIX CBOIICTB 3CKH3 €€ rpa-
dbukra mszobpasken Ha pucyHke 87. Puc. 87
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x2+8
2(1-x)

Pemenune. Kak u B mpeAplAymux IpHUMepax, IPOBEPHUM, KaKUMM
cBoucTBaMu (cM. Tabia. 1) obaazaer 3amaHHAsN PYHKIIHA.

1. ®yaxnua omnpeneneHa aaa Bcex x#1. Ilpamas x=1 sBasercs
BEPTHUKAJLHOM ACHMIITOTOM.

2. f(=x)#f(x) n f(— x)#—f(x), mosTOMYy DVHKIMS He SBIAETCH HU
YeTHOH, HU HeYeTHOH. |

3. M3yuum MHOKeCTBO 3HaueHWIl pyHKIHH. Boibepem HEKOTOpOe YHC-
JI0 Yo ¥ IMPEAIIOJIOMHM, UTO OHO sABJAETCA 3HaueHHeM (QyHKnuu. Torga

x2+4+8

CymecTByeT 3Ha4YeHHe X, TaKoe, 4TO YPaBHEHHE lY,= 2(1 ) AMeeT pellie-
- X

HHe. JanuiieM ero B Bufie X2+ 2y,x—2y,+8=0. O10o ypaBHeHHe HMe-
€T pelneHue TOorga HM TOJBKO TOTJa, KOIJAa ero JUCKPUMHUHAHT
D=4y5;—4(-2y,+ 8) HeoTpunaTeleH, T. €. KOTia Yo YAOBJIETBOPAET He-
paBeHCTBY Y3+ 2y,—8>0. PemierneM 3TOro HepaBeHCTBA SBJISETCS MHO-
JKEeCTBO (—oo; —4]U[2; +00). 3To o3HauaeT, YTO BCe 3HAUCHUS dyHKIHUHN
IPUHALIEKAT TUOO0 IPOMEKYTKY (—00; —4], n1u60 IPOMEKYTKY [2; + 00),
T.e. E(f)=(~o00; —4]U[2; +o0). BHauenue y,=—4 GyEKOIUS NPUHEMAaeT
B OOHON TOYKe X =4, 3HAUEHHE Y,=2 — B TOUKe x——2. O6O3HAUUM CO-
OTBETCTBYIOIUE TOYKHU rpadura uepes C(4; —4) u D(-2; 2). Us mpo-
X248
2(1-x)
OIIpeAeJeHNsl He MMeeT HU HauOoJbIlIero 3HaveHus M, HU HauMeHbIIIe-
ro 3HaYeHUA m.

HNurepBany (—4; 2) He UpUHALJEKUT HU ONHO 3HAUYEHHE byHKIIUM, a
II03TOMY B mojoce —4 <y <2 HeT HM OZHOW TOYKH ee rpaduka. |

4—5. C ocbio Ox rpadpumk OGYHKOUM He mepeceKkaeTcsa, TaK Kak
x2+8#0. Ilpu x=0 f(x)=4 u ock Oy rpadur byHKIUHE IepeceKaeT B
Touke (0; 4).

6. 3HaueHMa PYHKIOIUM TDOJIOMKUTEILHBI ANA T€X X, JJIsA KOTOPBIX CIIpa-

2

BeIJINBO HEPaBEHCTBO 2“(:1"' i) >0, T. e. g x<1. [Ina s3THX 3HAYEHUH X
rpapvk GYHKIIMHM HAXOAUTCA BBIIIE ocH Ox.
x?+8
2(1-x)
byHKOUE nexuT HUXe ocu Ox.

7. Halinem mHTepBaJIbl MOHOTOHHOCTH dbysrnuu. Touku x,=-2, x,=1
U X3=4 pa3buBaOT YMCJIOBYIO OCh HA JYeThIpe MPOMeXKyTKa: (—oo; — 2],
[-2; 1), (1; 4], [4; + o). ITokaxem, uTo Ha Ka)XXA0OM U3 HUX GYHKIUA
MOI;(I)TOHHa. IJIA 2TOro M3yumm 3HAK pPasHOCTH f(x3)~-f(x,) mpu x, < x,.

MeeM

f(xg)—1(x;)=

Hccaenyem pyHKUHIO A IDOCTPOHM 3CKHU3 ee rpadukia.

BEJIEHHBIX DpPAacCyXAeHUH ciaenyeT, UYTO (DYHKIIHUA B oOJacTu

Ecau xe <0, T.e. x>1, To nuaa TAKUX 3HAYEeHUN x rpadpux

x5+ 8 x2+8
2(1-x,) 2(1-x,)
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ITo ycaoBuwo x,—x,>0, moaroMy 3HaK pasHOCTHU f(x,)—f(x,) onpeneis-
X1+Xy—X1%X3+8
eTcA TOJbKO 3HAKOM BBIDAKE€HUS , KOTOpOe MbI PaccMOT-
pUM Ha KaKJOM IIPOMEXKYTKe. (1-25) (1 - %) |
I. IIyers x,, x,€(—00; —2] 1 x,<x,. Ha 3TOM IpOMeKyTKe cOpaBe-
JIUBBHI CJEAYIOINe HEPABEHCTBA:

X1+ Xg—X1%,+8<0, 1-x,>0, 1-x,>0.

[Toatomy f(x,)—f(x;)<0 u Ha mpomexyTke (—oo; — 2] GyHKIUA yGHIBaET.
II. ITyecTs x,, x,€[-2; 1) 1 x,<x,. Ha 3TOM mpoMe)xXyTKe CIpaBex-
JIUBBI CJIeNYyIONIe HepaBeHCTBA:

X1+ X:—%:%,+8>0, 1-x,>0, 1-x,>0,

n nostomy f(x,)—f(x,)>0 u Ha [-2; 1) dyHKIIUA BO3pacTaer.
ITII. Temepr paccMOTPHUM TPOMEXKYTOK (1; 4]. Ilyers x4, x,€(1; 4] n
X, <x,. ITonoxxum

x;=14+a, 0<a<3, x,=1+p, O<B<3, B>a.

Torma x;+x;—x;%,+8=14+a+1+B-(1+a)(1+p) +8=—-ap+9>0, Tak
KakKk aff <9.

Kpome sToro, 1-x,<0 u 1-x,<0, u mostomy f(x;)—f(x,)>0 u ma
npomexyTke (1; 4] dyHKIIUA CHOBa BO3pacTaer.

IV. IIycTs Temepb X, X,€[4; +©) u x;<x,. Ha 3TOM mpoMexXyTKe
cIopaBeIJuBBI HepaBeHcTBa 1-—x,<0, 1-x,<0. Ilomoxum

x1=4+0(., (1>0, x2=4+B, B>0, B>OL.

Toraoa
X1+ Xg—X1X9+ 8=
=4+o+4+B-(4+a)(4+B)+8=
=—af—-3(a+p)<O0.

3uauut, f(x,)—f(x;)<0 m Ha npome-
KyTKe [4; +o0) dyHknua yOuIBaer.

Ha sToM HcciefOBaAHNE MOHOTOHHO-
cT (PpYHKIIUU 3aKOHUYEHO.

8. U3 cBOMCTB MOHOTOHHOCTH CJIeAY-
eT, UTO TOYKA X =— 2 ABJIAETCA TOYKOU
MUHNUMYMA, ymm—z Touka x=4 aABIA-
eTcd TOUYKOH MAKCHMYMAa, Yn..=—4.
CooTBeTCTBYIOIIIME TOUKHU rpadmra yxKe
obosxauensl uepes D(—2; 2) u C(4; —4). 4 C

9. Kak ycraHoBJeHO B I. 3, M n
m He CYIIEeCTBYIOT.

10. BeprukaJgbHad aCUMIITOTaA rpa-
dburka: x=1. U3 nupeacraBjIeHUusA

2
x+8 _  x 1 n 9

—— —

2(1-x) 2 2 2(1-x) | Puc. 88
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CleAyeT, YTO TOPHM3OHTAJbHAS 4CHMIITOTA OTCYTCTByeT. W3 IpOBeZeHHO-
o HMCCJIEeAOBaHUA JejlaéM BBIBOJI, YTO 3ICKU3 HCKOMOI'O rpaduka HMeeT

BH], IIPDEJCTAaBJIEHHLIM Ha pucyHKe 88.

120.

GbyHKIUH:
1

1
a) ———; PR
x°+1 x°+4

B) ——;r1) 2%, —%
2x2+5° x2+4’ 4(x2+1)°

Hccnenyitte QyHKINIO U IDOCTPOHTE 3CKU3 ee rpadpuKa:
x x+10 - B6x-2

a) : - ; .
22+ 2x+20 X%+ 2x+2

121.

B)

x?+3x+4°

122

-

Hccaenyiite (GYHKIHIO B IOCTPOITE 3CKHU3 ee rpauka:
2 2 2 2

a) _.gc___—_f-_1_2_ : 6) _‘E._+i ; B) _x_.__|__6_ : xX“+95 .

1-2x 3-2x 1-2x 2(x+2)

1

27. TPAOGHK GYHEIHA ;

Uccaeayiite QyHKOHIO (YCTAHOBUTE, KAKHUMH U3 CBOMCTB, IIpHBe-
AeHHBIX B Tabuume 1, oHa oGiagaeT) m moOCTpOITEe 3CKH3 rpadpuKa

4x
x%+9

Bo MHorux ciaydasx, 3Has rpadurx GYHKIUAHU f, MOKHO HOCTPOUTH I'pa-
1 Ly
GUK QYHKIMM —, 3HAYEHUA KOTOPOH OOGPATHBI 3HAUEHUSAM PyHKIIUH f,

T. €. (—;—) (x)= ?(L-)- ITycts dynknusa f onpenenena Ha mpoMe:xkyTke I. s
X

) 1 . +»
nocTpoeHud rpadpura GyHKIUU —f— oJie3Ha Tabuuna, B KOTOPOIl oTMeueHa

1

yi

CBA3b MEXKJAY CBOMCTBaAMHM (QPYHKOUHN f m
| 5

HOoKa3aTeJbCTBO 3TUX YTBEDXKIEHUM OCTaB-
asgeM qurareno. lIpounanaiocrpupyemM Ha npuwme-
pe IPHMEeHeHHe 3TOT0 MeTOoAA.

1
| | x2—6x+5
Pemenwue. Ilonoxum f(x)=x2—6x+5. Torga

ITocTpoum rpadpur GYHKIHH

8Y

ucciaenyemMasa QyHKONUA nMeeT BUL _f(i} I'padpur
_ X

bysknum x?—6x+ 5 uzobpaxeHn Ha pucyHke 89.
Pyurnusa x?-6x+5 obpamjaerca B Hyab npu
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x=1mu x=5, a moaromy obJiacThi0 onmpenejeHuss QYHKIHNHU ﬁ—)— ABJSIET-
X

cA MHOMecTBO (—oo; 1)U(1; 5)U(5; +o0). IIlpameie x=1 u x=95 ABAA-
JOTCSA BEePTHKAJBHBIMHU acuMnroramu. [losTtomMy rpadpuk GyHKIIUH COCTO-
UT U3 TpeX OTIAeNbHBIX «KYCKOB». PaccmoTpuM BHJA rpadmkKa Ha KaxX-
oM npomexyTiKe. Mcmoab3dyem mopu atoMm Tabaumy 2.

Tadbaumoma 2
DYyHK- O6aacTh YeTHOCTE — IIpoMesxkyTKH IIpomexyTKH Touxku
nud | onpeaeneHUs HEYEeTHOCTD 3HAKOIIOCTO- MOHOTOHHOCTH 3KCTpEeMyMa
dyBEKIIUN SAHCTBA
D(f) f — geTHad f (x)>0, f(x) — Bos- | X, — TouKa
[f — HeueT- x€l pactaer Ha I |
Hadd| | [f(x) — ybmI-
| Baer ma I]
TeX TO4eK, | f o f(x) f(x) MaKcEMyMa
f(x)=0 1 1 (1 [x, — Touka
| ~ — He- — <0 ——— —— BO3- aaamvMmal
o f (x) ’ 7 (x) MUHHAMYyMa]
yeTHa] x€l] pacTtaetr Ha []

I. IIyctp x€(—00; 1). Ha aTom npoMexyTKe QyHKIusa x2—6x+5 mo-
JIOMKUTeJIbHA, YOBIBaeT U ee rpadpuk mepecekaer ock Oy B Touke A(0; 5).

ITosToMy QyHKIHUSA Ha 9TOM IIPOMEXYTKE IIOJOXKHTeJbHa, BO3-

x2-6x+5
pacraeT M B TOYKe B(O; El{) ee rpaduK mepecedeT OCh Oy. C poctom |x|
sHaueHHA GYHKHUH x2—6x+5 HeorpaHMYEHHO BO3PACTAaIOT, II09TOMY

HEOrpaHNYEeHHO HPHGJII/IJK.aIOTCH K HYJIO

3HaUeHUsA (PyHKIIUA
x?—6x+5

u rpadpux PyHKDuM GyAeT HeorpaHHUYEHHO Hpubimxarbca K ocu Owx,
cJiefoBaTeJIbHO, OCch OXx — TOPHM30OHTAJBbHAs aCHMIITOTA.
Ecau x O6ymer npubam:xarbcad K To4Ke x=1, To rpadux pyEKOUH

1
x2—.6x+5

K mnpsamoii x=1. BHauuT, UCKOMBIH# rpaduk Ha HpoMexyTKe (—oo; 1)
uMeeT BHUJA, usobpaxkeHHwlit Ha pucyHke 90, a.
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yf Y4 v
1
2 B
of 1 38 o . -
o] 1 «x 1 X 0] 1 5 X
-3 .
a) 0) B)
Puc. 90 '

II. Paccmorpum npomexkyTtok (1; 5). Ha stom NIPOMEXYTKe GYHKIINA
x?2—6x+5 NpUHUMaeT OTPUIATESLHBIC BHAYEeHUs, yObIBaeT Ha IpoMe-
KyTke (1; 3] u Bospacraer Ha npomesxxyTke [3; 5). Touka x =3 sBITET-
CA TOYKOW MHMHHUMYMA, Y,.=-—4. Ha rpaduxe dyHKouu x2-6x+5 arto

TouKa D (3; —4). ®yuruusa . ; - Ha 3TOM IPOMeXYyTKe OymeT mpu-
x“—6x+
HuMaThk OTPULATEJNbHBIC 3HAUEHUS, Ha nNpoMexxyTKe (1; 3] oma BospacTa-
eT, a Ha [3; 5) yb6briBaer. Touka x=3 — Touka MaKCHMyMa, yl =—i,
min

U Ha rpadHukKe 3TO TOUKA 0(3; ——i) IlockosnbKy mpaMmble x=1 u x=5

ABJIANTCA BEPTHKAJIBHBIMU ACHMIITOTaAMH, TO IIpA l'IpI’IﬁJII/IJReHI/IIfI X K 3Ha-
1

yraixserca or ocu Ox u npwu-
x°-6x+5

YeHUI0 X =1 rpadpur pyHKIUUN

O6nnxaercs K npamoit x=1.
AHaJIOTHYHO BegeT cebs rpadux byHKOUM, Korga x mpubamKaeTcs

K 3Ha4YeHUIO x=95. McKoMBIll rpaduKk Ha IPOMEKYTKE (1; 5) umeer BU,

n300pakeHHBIH Ha pHCcyHKe 90, 6.

III. IIycte Temeps x€(5; +o0). Ha

Y4 9TOM IIDOMEKYTKe 3HAaUeHUdA QYHKIIUHN
x?—6x+5 HOJOXKUTEJIbLHBI U OHA BO3-
pacraer. IlosTomy Ha sToM mpo-

MEXYTKe 3HAYEHUA byHKIINHK

. 1 IIOJIOKUTEJbHBI M OHA YOBbI-

ol |1 3 5 x“~6x+5 |

1 x BaeT. ITOCKOJBKY x=5 — BEePTHUKAJIb-
4

Hasg acHMIITOTa, a ocb OXx — TrOpH30H-
TaJIbHas, TO HA IPOMeXYTKe (H; + oo)
rpaMK mMeeT BUJ, H300pa’KeHHBIN Ha
pucyake 90, 6. O6beaunsas pHUCYHKH,
a — 6 (cMm. puc. 90), nosyuaeM 3CKHU3
Puc. 91 UCKOMOTr0o rpadpuxa (pmc. 91).
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- IocTponTe rpaduk QyHKIHUU:

1 3 1 1 1
ay —; ©6) ——; B _ : 1) ———3
) x? ) x? ) x2-8x+15 ) (x—2) A) x%*+4
124. ITocrpoire rpaduk QPyHKIUN:
1 . 1 | 1
a) ; B) ; ) —;
| % - 8x - 2| lx—2|-2 ) lx|
0) 1 ; T) le; e 1 :
lx—1|-]x+2] | x%— 4] 12x+ 5] x|

§ 8. IPUMEHEHHUE CBOHUCTB
KBAIPATHYHOU ®YHKIIUH

K PEIEHUIO 3ATAY

HA HAXOXIEHHUE HAUBOJBIINX
U HAUMEHBIINX 3HAYEHUHA

B »XM3HW NOCTOAHHO HPHUXOLUTCA CTAJNIKHMBATHCA C HEOOXOAMMOCTHIO
IPUHATH HaWJIy4Ilee PellleHHe CPeAy MHOXKeCTBa BO3MOMKHBIX pPEIleHUH.
Tak, KAPOMY C 3aBOJAOB Ha CTPOUKHM HYXHO IIepeBe3TH IIOJelleBJIe, pa-
KeTy BBIBECTH Ha OPOHUTY TaK, YTOOLI IOPIOYEro OO0 IIOMEHBbINe, MO-
JIOKO ¢ depM B Maraswe IpUBe3TH ITOOBICTpee M T. H.

PaccMOTpUM HEKOTOPHIE 3aJadyl, IIPUBOAAINNE K HAXOXKJEHHUIO HaM-
GOoNIBbIINX U HaAMMEHBLINMX 3HadeHUM. Bce Takue 3ajauM XapaKTepuU3yIOT-
¢S CJEeAVIOUIMMH OCOOGEHHOCTSIMHU: M3 MHOXKECTBA PEIIeHUM 3agaduu cjie-
nyeT BHIOpATh TO, KOTOPOE ABJAETCA B HEKOTODOM CMBICJI€ CAMBIM 00JIb-
muUuM WJAHM CcaMbIM MaJIeHBKHMM. Bpeicniasa MaTeMaTHKa pacroJjaraer
MOIIIHBIMHM CPEACTBAMM /[JIs pellleHusA MOAoOHEIX 3ajgad. OgHaAKO B paje
cayUuaeB AJs pelieHus 3TUX 3a4adY AOCTATOYHO 3HATHL TOJBKO CBOMCTBA
KBaApaTUYHON (PYHKIUH, KOTODPbIEe MBI noApoOHO m3yumau Beinie. Pac-
CMOTPUM HeKOTOphble 3ajaun. Kax MBI YCTaHOBUJIH, IPH a>0 xkBazapa-
ruuHas (GYHKIUS cpeAyd BCeX CBOUX 3HAYEHUM HMeeT HaWMeHbIlee 3Ha-
yeHue, a npu a <0 — Hamboasmiee. IlokakeM, KaK 3TOT pe3yJabTaT HC-

II0Jb3yeTcda IIPpH pelleHuH 3ajad.

HopMaHacKoe OKHO mMeeT (OPMY MDSAMOYTOJLHHUKA, 3aBEPIIEHHOTO
noaykpyrom (puc. 92). Ilepumerp okHa paBeH [. KakoBbl JOJIKHBI OBITH
pasMephl OKHA, 4TOOBI OKHO NIPONYCKAaJo HauboJiblllee KOJUYIEeCTBO CBE-
ta? (B cuer mepumerpa He BXOAHUT cTopoHa BC.)
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K Pemenue. OkHO Gyzxer IPOIIyCKaTh HaW-
OoJiblllee KOJIUYECTBO CBETA, KOIZA €ro ILIO-
mane Oyaer HaubGoasmeit. ITycTh ocHOBaHMe
AD=x, x>0, Beicora AB=y, y>0. Torga pa-

B C auyc R IoJyoKpYy»KHOCTH paBeH 326— U OJHUHA 3TOU
IIOJYOKPYXHOCTH PaBHA 325- . IIepnMeTp OKHA
paBeH x+ 2y + 523 . Ilo ycaoBuio

A D x+2y+ 129-"— =1.

Puc. 92 Orcrona

2l- 2+ 1) x
y=2=C@rmz,

IInomanes oxHa
2

S=xy+ 2,
8
IlogcraBuMm cioga snauenme y. Torama
447 o I -
S (x) = — 3 X+ —2"- X.
3aslada CBeJach K HAXOMKJIeHWIO TAKOrO 3HAYEHUS X9, IPA KOTOPOM KBaJl-
paTndHaA QPyHKOuA S(x) npuHNMaeT cBoe HambGoJblIee 3HaUeHHEe. Takoe

447
3HaUYeHHe X, Bcerja CyIecTBYyeT, TaK KaK -— ; <0, u OHO paBHO
l I2

, S = —,
447’ UM 94 1y

. IIpu aTom y,=

x0=

HNmeerca npoBonoka gaunoii . Tpebyercs COTHYTH €e TaK, UTOOBI II0-
JAYHHICA HNPSAMOYTOJbHUK, OTPAHMUYMBAIOINA HaMGONLIIYIO ILIOMIAN.
Pemenue. O603HAaUMM OZHY M3 CTOPOH IPAMOYIoJbHHUKA UYepe3 X,

O<x< % . Torga BTOpas ero cropona 6yaer paBHa —;— —x. Ilnomraaes nps-

MOYTOJIbHUKA
l
S(x)=x(-—£— —x), uau S(x)=-—x%+ 5 X
3ajlaya CHOBa CBeJach K HaXOKJEHHIO TAKOIO X, IIPpY KOTOPOM KBaJpaTHU-

HaA QYHKIUA S(X) HOCTHUraeT CBOEro HamGOJIBIIEro 3HAYCHUS. DTO I POUC-

l
XOAUT HNPU X,= 1 Jlpyrasg cropoHa HOpAMOYIOJBLHHUKA Oymer paBHa
I 1 l .
T 41" Takum obpasom, McKoMBIi IPAMOYTOJBbHHUK OKasaJicad KBajpa-
TOM. IloJsiy4eHHEIN pesyinbTaT mokasniBaeT, YTO M3 BCEX OPSAMOYTOJIbHM-
KOB, HMEIOINX OAWH H TOT XK€ IIepMMeTp, HauGOJbIIVIO ILJIOMIANL HMe-

eT KBazpar.
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5. OKHO nMeeT GOPMY OPAMOYTOJLHMKA, KO- //{/////////////{///

TOPBIA CBEPXYy 3aKaHUYMBaeTCA NIPaABUJIb-
HBpIM TpeyrojbHuKoM. IlepumeTp okHa pa-
BeH /. KakoBBI HOJIKHBI OBITH pasMephl OK-
Ha, YTOOBI OKHO IIPOIYCKAJ0O HauboJbIIee
KOJILYEeCTBO cBeTa? | C
- OKOJI0 KaMEeHHOH CTeHKH HYXXHO CceJaTh
. IepeBAHHBIN 3a60p, YTOOBLI OTOPOAUTE HPA- Prc. 93
MOYI'OJBHBIN ydacToOK 3emam (puc. 93).

Nmeerca Mmarepuasa Ha 200 M 3abopa.

[Ipu Kak¥x pasMepax ILIOIIaAb Oroposked- g __ b C
_HOro yuyacTkKa Oyzer HamboibIeii? | | .
- JTaun xBagpat ABCD co croponou . OT ero c

' BepIIMHBI OTJOXKEHBI PaBHbIE OTpPe3KH Aa,
Bb, Cc, Dd u Touku a, b, ¢, d coeguHeHBI
npameiMu (puc. 94). Ilpu KaxKom 3Haue-
HUU Aa naomiagb KBajpata abcd oxaxkert-
cAd HauMMeHbInei?

128, [loxakuTe TeopeMy: U3 BCeX NPAMOYIOJb- g4
HUKOB, BOMCAHHBIX B OJUH U TOT Ke KpyT,
- HamMOOJABINYIO ILJIOIIALh MMEET KBaApar. A = D

Q&

- IIpepcraBbTe 4HCIO0 @ B BHAE CYMMBI IBYX

ypceJsi TaK, 4TOOBI CyMMa KBaJApaToB 3THX Puc. 94
ypceJs OblIa HAMMEHBIIEH. :

KycoK HpoOBOJIOKM AJHMHOU 4 CM HYXXHO pa3pes3aThb Ha [Be YacTu: U
- ODHOII cHeJyiaTh KBaJpaT, U3 APYrod — IPaBUJIbHBIA TPEYI'OJbHUK. Kaxk
HY’KHO paspesaTh IMIPOBOJIOKY, 4TOOBbI CyMMa ILJIOIajed IOJydYeHHBIX
duryp Onl1a HaMMEHbIIEHN?

131, 3 smcra xectu pasMepoM 30x 50 cm HyYXHO BbIpe3aTh YIOJIKM Tak,
yTO6HBI, COTHYB JIMCT [0 NyHKTUPHBIM JuHUAM (puc. 95, a), HOJNYIUTH
KOpOOKY HamboJbineii 60KoBOil moBepxHocTH. KaxoBa cTOpOHaA BBHIDE-

3aeMBIX KBaJApaToB? B o
1) 5; 2) 10; 3) 15; 4) 20.




. B paBHOGeApEHHBIH TPeYrOJIbHUK C OCHOBAHHMEM a4 U BBICOTOH A BOH-
CaH NPAMOYTrOJbHHMK, KaK IIOKa3aHO Ha pucyHke 95, 6. Kakosa momx-
Ha OBITH BEICOTA NMPAMOYTOJBHUKA JJIA TOTO, YTOOBI OH MMEJS HAHGOIIL-
MIYIO ILIOmIans?

133. IIpegnonararoT M3roTOBHUTH IVNIACTHHKY B (OpMe IDPAMOYIOJLHHUKA C
OPHCTaBIEHHBIMA K HEMy Ha IPOTHBOHOJOXKHBIX CTOPOHAX IOJYKDPyra-
Mu. KaxkoBbl fOMKHBI GBITH pasMephl IJIACTMHKH, YTOGEI OpHU 3aJaHHOM
IepuMeTpe 2p OHa MMeJa HaAMGOJBIIYIO IJIOIIAAD? |

134, HaiinnTte KoapduumueHTH KBaAPATHIHON DYHKIKH y=ax?+bx+c upm
BBIIIOJIHEHMH CJAEAYIOINUX YCJIOBMIA:

a) npu x=8, y=0, HaWMeHbIIIee 3HaYeHue paBHO — 12 mpu x=6;

0) cymma Ky60B kKopHeidl x3+x3=19, a mauboibllee 3HAYCHIE PaBHO
25 npu x=0,5;

B) HauMeHbIIee 3HAaYeHWE, PaBHOE 7, IPUHHUMAETCH Ipu xX=-—2, a Ipu
x=0 ee 3Hauenue paBHO 15.

Onpenennre a tak, uTo6sl cymMma KBaJpaToOB KOpHeN ypaBHEeHHA ObLIa
HaMMeHbIIIeH:

a) x*+(2-a)x-a-38=0;
6) x*+(3+2a)x+2a+1=0;
B) x*+(2a-1)x+3a+2=0:

| x2+(14+2a)x+a%-1=

136% HalinuTe HamboJiblllee U HaWMeHbIEee 3HAYCHU GbYyHKIOHH; YKaXUTe

MHOXXECTBO €ee 3HAUeHUIl:

a) : X 6 22.7c+1 : B) 2:x:+10 . 1) 263::——2 .
x“+3x+4 X“+2x+3 x“+2x+ 2 x“+2x+2

137, IIpsiMas DpPoOXOJHUT Uepe3 TOUKY A(xy; y,) UM mepecekaer napabony

y=x? B Toukax M u N, cymma OPAMHAT KOTOPBIX HauMMeHbInasg. Haii-

ANTe ypaBHEHHE 3TOM IPAMOI:
~a) A(4; 1); 6) A(3; 10); B) A(-2; 5); 1) A(1; 4).

138% IIpamas TPOXOXUT depesd TOUKy A (x,; Yo). 1) Ilpm Kakux 3HaueHHAX
yriosoro xkoagdunuenra k oHa mepecexaer napabdoay y=x? B 1ByX TOY-
Kax? 2) CymecTBYIOT JI1 TaKue 3HAUYEHUS k, IpH KOTODBIX CyMMa Op-
AUHAT TOYEK IepecedyeHHA OyaeT HaMMeHBbIeii?

a) A(2; 3); 6) A(2,5; 6); B) A(3; 5); ) A(4; 15); 1) A(2,5; 4).

§ 9. IOHSATHE O IIPOCTEMIINX
MATEMATHYECKHUX MOJIEJSX.
GYHKIUN B 9KOHOMHUKE

CoBpeMeHHBIH 3Tam pPasBUTHA UYeJIOBEUECKOLO obilecTBa xXapakTepu-
8y€TCA WHTEHCUBHHIM NPMMEHEHHEeM MaTeMaTH4YeCKHUX METOLOB B busu-
YECKUX, ACTPOHOMHUYECKHUX, OMOJOTNYECKHX, Y9KOHOMUYECKUX, I'yMAaHU-
TApHBIX M APYTHX HayKaX. ITOMY CIOCOGCTBYeT HMOABJEHHE HOBBLIX Ma-
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TeMATHYEeCKUX METOJOB M BO3MOKHOCTH COBPEMEHHEBIX KOMIIBIOTEPOB.
BHeapeHUe MaTeMaTHUYECKHX METOJOB B HOBbIEe AJIA Hee 00JacTH IIpPOMC-
XOOUT C IOMOIIBIO IIOCTPOCHUA ¥ HMCCJHEJOBAHUA MaTeMaTHYE€CKUX MOJe-
el maydyaeMbIX ABJIEHUMH.

MaTeMaTHUYecKasa MOJeJb — 3TO NpubanxKeHHOe ONHUCAHUE HHTEpPeCcy-
JOIIero Hac ABJEHHUS BHEIIHEro MHMpa, BeEIpa’XeHHO€e C MOMOIIbI0 MareMa-
TAUYECKMUX COOTHOIIEHNH M 3aMEeHAIIIee M3yYeHHe 3TOro ABJIEHUA HUCCIIe-
OOBAaHUSAMH M PeHIeHUAMH Pa3JINYHBIX MaTeMaTHYeCKHX 3ajad.

IIp mocTpoeHMH MaTeMaTHUYeCKOM MoAeJH HN3y4YaeMOoro HABJIEHUA
NPUXOAUTCS AeJIATh YIPOIIaiye MPeAIoIoKeHN, nnpeHebperaTs HEKO-
TOPBIMH CBOMCTBaAMHU U T. 1.

Tak, . Heioron (1642—1729), pasmblmaaa HajJ 3aKOHOM BCEMUD-
HOT'O TATOTEeHUS, NpeHebOperas pazMepaMu NJaHET, CUYUTAA, UTO BCA HX
Macca cocpeAoTodeHa B OZHOM ToukKe. VI 3TO mpu TOM, UTO paguyc 3eM-
au nmoutu 6500 km! Jla m MBI camMu, pemas, HanpuMmep, 3afxayu Ha ABU-
JKeHue, CUUTaeM ero paBHOMEPHBIM, IpexmnojiaraeM, 4To IIOBOPOTHI Ma-
OIMH U KopaOjieil coBepIIawTCA MIHOBEHHO, YTO AOPOXKHO-TPAHCIIODPT-
HEIe IIPOUCIIECTBUA He NPOUCXOLAT, TOIJIMBA AJA ABUTaTelleil Bcerga
IOCTATOYHO M T. 4. U T. . UMeHHO Uepe3 MaTeMaTH4YeCKOe MOIAEJIUDO-
BaHUe MPOHCXOAUT BHEJApPEHUEe MaTeMaTUYEeCKHX METOJOB B 9KOHOMHUKY,
OMOJIOTHIO B ApPpyrue HayKH. | |

TakuM 06pa3oM, HECMOTPS Ha TO UTO J0ada MaTeMaTHYeCKas MO-
neJb peajbHOH JeMCTBUTEJBbHOCTH OefHee TexX ABJIeHUHA (B TOM YHUCIe
1 3KOHOMHNUeCKHX!), KOTOphle MBI H3ydaeM, MMEHHO MaTeMaTHYeCKoe
MOAEeINPOBaHNE IIO3BOJISET BBIJEJUTH CaMble CYNIeCTBeHHBIE, CaAMBle yC-
TOMUYUBHIE CBA3M M3y4YaeMbIX SBJIEHUH U IMPOIECCOB, IIO3BOJIAA CHEJIaTh
BBIBOABI O UX CBOMCTBAaX M IIPOrHO3bl OTHOCHUTEJIBHO MX Pa3BUTHA.

BoJjiee Toro, maydeHue ABJEHUN OKPYsKamOIlero Mupa MeTogaMu Ma-
TeMaTHKH IIO03BOJIAET He VYUTHIBATH BTOPOCTENIeHHEBIE CBOUCTBA U YBH-
neTh, UTO H3yUeHHe BHEIIHEe Pa3JHUUYHBIX ABJIEHHHN OKpPYIKalollero Mmpa
MOJKeT IIPUBECTH K PACCMOTPEHHIO OJHUX M TeX e MaTeMaTU4YeCKHX
MozZeJIen.

Bce Hamu masbHelnine paccy:xiaeHusa OyAayT, IO CyHdiecTBy, U3Yy4YeHU-
eM MPOCTeilINX MaTeMAaTHYeCKUX Mojeseil 9KOHOMHUYECKUX IIPOIEeCCOB, H
MBI TOCTapaeMcs IIOKa3aTbhb, UTO Ha 06ase MaTeMaTHKU O gJacca MOXKHO
paccMaTpHUBaTh JOBOJbHO MHTEPECHBIE 3a/la4l COBPEMEHHOH SKOHOMUKH.

OOHEMM M3 OCHOBHBIX IOHATHN, HUI'PARIMUX DYHAAMEHTAJIBHYIO DOJIb
B IOCTPOEHUH MATEMATHUYECKHUX Mopesel, ABJAETCA MOHATHE PYHKIHUU.
MHoroumucjJgesEHbIe BeJUYUHBI, XapaKTepHU3yIolliie SKOHOMHUYECKHUE IIpO-
[leCChl, CYIIECTBYIOT He HE3aBHCHMO JIPYT OT Jpyra, a, HaoOGOpOT, OYEHb
TEeCHO CBA3AHBLI MEXKAY c00010. " o

TaxkoBBI: IleHAa TOBapa U CIPOC Ha Hero, NpuObLIb GUPMBI U 00BEM
ee IPOU3BOACTBA, pasMep KpeJuUTa, BBIAAHHOrO O6aHKOM, M IjlaTa 32 €To
MCIIOJB30BaHME U T. J.

I[IpuBeneM gajieKO He TOJHBIN NEePeYeHb GbYHKIUI, KOTOPbIE HCIIOJIb-
3YIOTCS OPH HM3YUeHHU SKOHOMHUYECKHX IIPOILeCCOB.

Cpeau HUX — (PYHKIMHU CIIPOCA HA HEKOTOPHIA TOBap M PYHKIHH €ro
NpeaIoOKeHUA K Ipojake, (PYHKIHU HU3TEePIKEK H byHKIIEM TpuUOBLIN,
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o 7 0 q

Puc. 96

IIPOM3BONCTBEHHEIe PYHKUUHU U T. 4. Huxke MBI u3ayuymM moapo6HO UacThb
3THUX (PYHKIIUU, a ceifyac 3aMeTHUM cCJeAyIolIee.

Ilycts GyHKIUA ¢=—3p+ 12 omUCHIBAET KOJMYECTBO TOBapa ¢, KOTO-
PBHIA NOKyHaTeJH HOPuUOOPeTyT IO IeHe P AEHEXHBIX eJUHUI 3a eAUHU-
ny ToBapa. OHa HaspIBaeTca (GyHKIHeil cmpoca. IIpn stom O<p<4,
O0<g<12.

KoneuHo, B pealbHOl 3KOHOMHKE COOTHOIIIECHME q=—-3p+12 moxeT
B TOYHOCTH M He BBINOJIHATHLCA, OHAKO IIPHU IOCTPOEHUM MAaTeMaTHuec-
KO MOZeJNH 3THMHU HETOYHOCTAMU MBI Oynem npenebGperaTs u Oyzem
CINTaTh, UTO Il€HA p 3a €JUHUIY TOBapa M KOJHYECTBO ¢ KYVILJIEHHOTO
TOBapa CBA3aHBI COOTHOIeHMEM ¢=-3p+12, rge 0<p<4, 0<qg<12.

Onuako ualle Bcero QyHKIUM B 3KOHOMHKE HOSBIISIOTCS nyTeM o0-
paboTKM GONBINOrOo YmcJaa HaGMOAeHUI.

CxeMaTHYecKHM 9TO BBHITIAAUT TakK. IIyCTh B TeueHme HEKOTOPOI'o IIPO-
MEXYyTKa BPEMEHH Ha Pa3JMYHBIX DPBIHKAX M3yYaeTcsa CIPOC HA KOM-
naxkT-gucku. CoGepeM IO MHOIMM DBIHKAM MHPOPMANMIO 0 KOJMYECTBE
¢ KOMNAKT-NHUCKOB, IIOKYNaeMBbIX IO I[eHe p AEeHEXKHBLIX eJWHMHIL 3a OIUH
KOMIaKT-AUCK. Takux pmanHbBIX GyzeT ouenb muoro. HaneceM TOUKm (g; p)
Ha KOOPDAHMHATHYIO IUVIOCKOCTb M MOJYYHM KapTHHY, OPUGIMIUTEIBLHO
N300paXeHHYI0O Ha PHUCYHKe 96. |

Koneuno, nmpoBecTH KpPHUBYIO UYepe3 BCE TOUKH «pasMBITOTO OOJIaKa»
HEeBO3MOKHO (puc. 96, a). OgHAKO B MaTeMaTHYECKOH CTATHCTHKE cyie-
CTBYIOT METOABI, IO3BOJAKINNE HANTH <«HAWJIYUYIIYIO» B HEKOTOPOM
CMBICJIe KPUBYIO AB, KOTOPYIO U IPUHUMAIOT 34 HNCKOMYIO KPUBYIO CIIPO-
ca (puc. 96, 6).

HNMeHHO TaKuMH criocofaMM B OCHOBHOM OIIpeneAITCA Te PYHKIUU,
KOTOpEIe MBI OyzeM moApo6HO paccMaTpUBATH HUIKe.
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139.

140.

141.

142.

143

144.

146%

1474

148%

IHTEJIBHBIE YITPAMKHEHHA K TTABE VIII

Ha npamoit x+ 2y —~1=0 HaiiguTe TOUKY, AJIA KOOPAUHAT KOTOPOU BHI-
pakeHue x2+xy+y?—3x+y npuHUMaeT CBO€ HaMMeHbIlee 3HAUEHHE.
Yemy OHO paBHO?

Ha npamoit 2x-3y—5=0 maiifure TOYKy, AJA KOOPDAMHAT KOTODPOH
BpIpakeHme 9y?—4x?—-3xy—3 npuHumaer HamboJiblIee 3HadYeHue. e-
MYy OHO PaBHO?

Ha napabose y=x2-12x+ 1 maiiguTe TOYKY, AJA KOODAHHAT KOTOPOM
BEIpakeHne 2y—9x%?—4x+5 npurumMaeT cBoe HauboJbllee 3HaAUYEHUe.
YemMy OHO paBHO?

NokasKuTe, 4TO KOOPAHMHATHI JIO00M TOYKH, Jexkaliell Ha OpaMou
2x - by —3=0, ynoBieTBopAoT cooTHOmeHHI0 2xy—4x+y—-32>-10,8.
Ioka)KkuTe, 4TO KOOpAMHATHI JI0G0 TOUKHM, Jeallell Ha NPAMOI
3x+y—-1=0, yroBaeTBOPAIOT COOTHOIIEHNIO 2xY —4x?+y* +6x—-4<-2.
CymectByer U Ha npamoii 3x+y—1=0 TouKa, JJd KOOpAWUHAT KOTO-
PO BBIOOJHAETCH PABEHCTBO: -

a) 2xy—4x2+y?+6x—-2=0; 6) 2xy—4x*+y*+6x-4=07

145*5' HaiinuTe HamMeHbIIIee 3HAUEHHE AJHHBLI OTPe3Ka IPAMOM Yy=a C KOH-

maMu Ha rpadpurax GyEKmui y=7[(x) u y=0¢(x). Ona Kakux 3Hade-
HUHA @ TaKo# OTPEe30K CYIIecTBYyeT?

a) f(x)=x2, p(x)=4x-395;

6) f(x)=x%2+4, o(x)=3x—-4;

B) f(x)=—x%+8x-12, o(x)=x+1;

r) f(x)=-2x2%, ¢o(x)=ax+b (a u b BLIGEpHATE CAMOCTOSATENbHO, HO TaK,

yTOOBI HaHHas mnapabosia ¢ rpaduKoOM BHIODaHHOM BaM¥u (QYHKIHUH He
ImepeceKaniach).

Haiigute Bce 3Hauenus a#(0, OIpy KOTOPRIX BEPIIWHBI JaHHBIX Mapa-
60oJ1 JIeKaT IO pasHble CTOPOHBI OT NPAMOH Y =

a) y=x2-3ax+a, y=ax?*-2x+3a, a=1;
6) y=ax2-3x+2a+1, y=x*+(a+1)x+2a, a=-2.

HaiiauTe 3HAUEHUS X, IPH KOTOPHIX BBIIOJHAETCH DPABEHCTBO:
a) m;m (a?—4ax+3x+a)= max (-2 +3bx+x%2-1);
0) mgx(—2a2+3(a+ 1)x+x2_—a)=m%n(b2—-4bx+b+3);
B) min (4a?+ax +2x%—-3a)= max (— 5b%2 + 2bx — 3 + x).
a) Pemute ypaBHeHHE |
max min [2a?- 2ab —4b% + 2ax + 5bx —1]= 20.

6) Pemmute ypaBHeHUE
min 'mﬁx [3a2+4ab—b%+6ax+2bx]=-18.
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151.

152.

153.

154.

155.

156.

158.

159.

HaHel pyEKmun f(x)=

- OrBerbTe Ha BOIpOCH! ynpaskHeHus 149 mna pyHxoui f(x)=

B) IlomensaiiTe MmecTaMu omepanuu max u min B mpumepe «a». Mame-
a

HUTCA JU Pe3yJIbTaT?

3 2
H Q(x)=—x°-1.
1+ x? 2 )
a) Halizmre Touku nepecedyeHUd rpa@MKOB 3THUX (DYHKIIHIL.
6) IlepecekaroTcss Jim MHOKeCTBa 3HAYEHHU 3THX DYHKIMHA?

X
3 1+ x2

(p(x)=x2—2x+5.

IIpamasa npoxoauT deped Touky A(2; —4) um mepecekaer mapabory
y=x—x* B TOUKaX, CyMMa OpAMHAT KOTOPHIX HambOosbmas. Haiimure
YpaBHEHHE 3TON IPAMOH.

HoxkaxXure, 4To KBaZpaTHBIA TpexujeH Xx24 PX+q HMeeT pas3InuHEIE
AEACTBUTEJbHBIE KOPHHU, €CJIH ero KO9DGHUIMEeHTHl p U ¢ IPUHALJIEKAT
IIOJIYIIJIOCKOCTH

a) p—qg—1>0; 6) ¢+2,5p+6,25 <0,

Hajigure Bce 3HaUYeHuMA mapaMerpa ¢, OPH KOTOPHIX:

a) KBaApaTHBIN TpexwieH x2+cx+c+ 8 DpuHUMaeT HEeNOJJOKHUTEIbLHOe
3HaYeHUue XoTdA OBl Ipu ogHOM X > 0;

0) kBagpaTHBIN TpexuyieH —x2+(2a—1)x+ 2a—9 DpUHEMAET MOJOMKH-
TeJAbHOE 3HadueHHe XOoTA Onl IIpu ogHOM X <O.

n

3x—15
IIpu KakuxX 3HAYEHWAX IapaMeTpa ¢ QYHKOUSA 102126 Ha HHTep-
BaJse (¢; ¢+ H):
a) MMeeT IBe TOUKM JKCTPEeMyMa; _,
6) uMeeT TOJBKO OAHY TOUKY SKCTPEMyMa;
B) He NMeeT TOUeK 3KcTpemymMa?
) peMyMa 4x°+16x+12
IIpy KaK¥UX 3HAYEeHUAX MapaMeTrpa @ QYHKIHA orftdxs g D4 oTpes-
X

Ke [a-6; a]:

a) UMeeT ABe TOYKHM SKCTDPEMYyMA;

0) mMeeT TOJNBKO OOHY TOUKY 3KCTpeMyMa;
B) He HMeeT TOYeK sKcTpemMymMa?
CymiecTByoT Jiu 3Ha4YeHUA NapaMeTpa @, IpM KOTOPHIX abcimcca Bep-
IMUHE 0apaboisl y=x?+(a—1)x+a npunaanexur orpesky [—1; 2], a

opauHaTra — orpe3ky [0; 1]?
1) a€[3-V6; 1;  2) a€[3-V5; 2J;
3) ac[3-V8; 11,  4) ac[3+V8; 1].
Cymecrsylor Jin 3Ha4eHHsS NapaMeTpa d, IPM KOTODBIX abcmucca Bep-
mMuHE! napabonsl y=(a+1)x*’+2x+a, a#-1, OpUHALIEKHUT OTPE3KY
[1; 2], a opauraTa — orpesky [-1; 0]?
PaccmMoTpuM KBagparHOe ypaBHeHme x2+6x—10=0, He HaXxons Kop-
HeHd X; U X, 3TOro ypasHeHuA. HaiifuTe HOBoe KBagpaTHOE ypaBHeHUeE,
KOPHAMH KOTOPOTO ABJIAIOTCA X5 m x3.
ITycte x;, x; — KOpHH TpexujeHa x2+4 px+q. CocraBbre KBaJApaTHBIA
TPpexX4JjieH, KOPHAMHM KOTOPOr'0 ABJIAJUCHL OBl UMCJIA:

1+ x, 1+ x,
H——., x:.#-1 #-—-1.
1+ x, 1+x,” 1 » Xz

a) xi u x3; 6) x5 u x3; B)
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160%

161*%

162.

163.

164.

165.

IIyctes Xx,, X, — KOPHH KBaJApPaTHOro TpexdjeHa x2—2x+b.

a) IIpu kakoMm 3HaueHUHU b cymma x}+ x3+ 13x,x, npuHHMaeT cBoe Ha-
nMeHbIee 3HadeHune? Yemy oHO paBHO?

6) IIpn kKaxkom 3HaueHUM b BrIpaxenue = 8xixi—x%{-x} npurmmaer
cBoe Hambosbpimee 3HaueHHWe? Yemy oHO paBHO?
IlycTh X, ¥ X, — KOPHHM KBajpaTHOTo TpexuneHa x°+px+1. Ilna ka-

KHMX 3HaueHHUIl mapaMeTpa p cupaBeAJMBO HEPAaBEHCTBO 7 < xi+x3<14?

HaiiguTe KoapdUIUEHTH KBaZpaTHOrO TpexwdieHa X°+px-+¢, eclau o
ero JeMCTBUTEJNbHBEIX KOPHAX X, M X, M3BECTHO, 4YTO X;+X;=1 m

x3+x3=31.

IIpu HexkoTOpOM a cyMMa Ky00B KOpHeil ypasHeHumsa x2+(a—1)x+
2 .
a .

+ 3 =( umMeeT HaumMeHbIIee 3HAUeHHEe. YeMy OHO paBHO?

PaccMmoTpuTe Ha HJOCKOCTH MHOMKECTBO TOYEK, KOOPAMHATHI KOTOPBIX
YAOBIETBOPAOT HepaBeHcTBaM Y+ x°—8x+11<0 m y—x+12>0. Ilpn
KaKuX 3HAYEeHHAX IlapaMeTpa g OmpsaMasd y=—X+a U 3TO MHOXKECTBO:
a) UMEIOT OAHY OO0y TOYKY; 0) mMeioT 6eCKOHeuHOe MHOXKeCTBO 00-
IMUX TOYEK; B) OOIIHX TOYEK HEe MMEIOT?

Paccmorpure KBazpaTHBIM TpexuieH f(x)=ax?+bx+c, a>0. Kakue
YCJIOBHA cJeAyeT HaJIOKUTh Ha ero kKoabduumentsr a, b, ¢ gaa rtoro,
YTOOBI BBINIOJIHAJJUCHL YCJIOBUA:

a) ob6a KopHA TpexujieHa 00JbIlle 3aJaHHOI'O YHUCJA O;

0) o6a KOpHA TpexuJieHa Jie)KaT IO pas3Hble CTOPOHHBI OT O

B) TOJBKO OJHWH M3 KOpPHEM TpexXdJieHAa NPUHALJIEXKUT 3aJaHHOMY HUH-
TepBaay (a; B);

I') o0a KOpHSA TpexuwIeHa HpHHaAjJexKaT uHTepBany (a; B);

I) ONVH M3 KOPHEeH TpexujieHa MEHbIIE O, a ApPyroi — 6oiabmie (7?7
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" CTENEHW V1 KOPHMN

§ 1. CTEIIEHY U CTEIIEHHAS
GOYHKIIUA

1. CTEIIEHH C IIEJIBIMH IOKA3ATEJISMU

Bam yixe uM3BeCTHO oIpejesieHHe CTEeIeHNM ¢ HATYPaJlbHBIM IIOKa3aTeJIeM.
BLl 3HaeTe, HaIpuMep, 4YTO a°=a-a-a-a-a. 3agaguMm cebe BomIpoc:
MOXKHO JIH TaKHM JKe 00pasoM oNnpe/leJJUThL CTEeNeHH C OTPUIlATEJNbBHBIM
moxkasarejeM, Hampumep a °? OueBMAHO, HeT, TaK KaK HEJb3d B3AThH
YUCJIO @ MHOMKHTeJeM — 5 pas. Jlemasa pacnpocTpaHUTh MOHATHE CTelle-
HHU Ha cJy4da¥l IeJblX IIOKasaTeJield — MOJOXHUTEJbHBIX, OTPHUIIATEIbHBIX
M PaBHBIX HYJIO, OyAeM PYKOBOJCTBOBATHLCSA CJHEAVIOIIMM TpeboBaHHEM:
AJs CTeleHeHr C JIOOBIMM IEeJIBIMH IOoKasaTeJdAMH HOJKHBI OCTaABATHCSA B
CHJIe OCHOBHBIE€ CBOMNCTBa CTelleHel ¢ HATYPaJbHBIMM IIOKa3aTeJdAMMH.

1) (ab)"=a"b™; 4) a”_ a™ ™", m>n,

a\n a® _ an_ 1 > M.
2) (—b‘) — ﬁ, b¢0; ar~m? n-m,
3) am . an___am+n; 5) (am)n:_amn.

Bocnoas3dyeMcsa O4HMM U3 3THUX CBOMNCTB OJIsA OIpeleJIeHUSA CTeNeHHU C
HYJEBBIM H II€JbIM OTPUIIATEJbLHBIM IIOKA3aTeJAMHM, a 3aTE€M IIPOBEepPUM
BBIIIOJIHEHME OCTAJBHBIX CBOMCTB.

IlosoXMM B OCHOBY oIIpeAeIeHHA CTEeIeHUW ¢ HYJEeBbIM U I[eJbIM OT-
pUIATEJBHBIM IIOKAa3aTeJAMU DPaBeHCTBO

am™-a*=aq™*t". (1)
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BeisicEnM, Kak Hajo omnpeAeanTh a’, uToO6bl paBeHCTBO (1) BHIMOJIHA-
gocb u npu n=0. llpu n=0 paBeHcTBO IpHUMeT BHUJ

a™-a’=a™

Teneps AcHO, uTo npu aZ*0 Hamo moaoxuth a’=1. 3uauenne 0° Bo-
o0mie He ompepgensaeTcs.

IlonoxuMm Tenepsr B paBeHcTBe (1) m=—n, Toraa 3TO PaBeHCTBO IIPH-
MET BH/]

a’"-at=a""=a=1.

Orcroga caeayet, uTo nIpu a#(0 HAIO ITONOKUTL

a n=t—l—£
IIpu a =0 BuIpakeHHIo a " He l'IpHIIHCBIBaeTCH HHKAKOTI'0 4HCJOBOI'0 3HA-
JeHUA.

HMrak, MBI ompezieujid IIOHATHE CTeHNeHH IJId Jnoﬁoro ]ILeJIOI‘O MMOKAa-
zaTenda. IIpoBepuM Temeph BHIIOJHEHHE BCeX IATH CBOMCTB, YKa3aHHBIX
BEIIIIE.

IIyere a#0 u b#0. Hoxaskem, uTo paBeHCTBO (ab)"=a"b" BBLIINOJIHA-
eTcda Ipu JI00M IesioM 7.

Ecaun n=0, to (ab)’=a’b’ u 310 paBeHCTBO BepHO, TaK KakK 1= 1-1.

IlycTts Tenmeps n=-—k, Torga

@b)yt——t L 1 L kp

(ab)* a"b* a* b*

TeMm caMBIM JAOKa3aHa CIpPaBeAJIMBOCTH CBOMcCTBaA 1 AJA HYJIEBOro U Ie-
JBIX OTpUIlaTeJbHBIX HOoKa3aTeJel.
TodHO TaK e JOKAa3BLIBAeTCs UM CIPaBeAJIMBOCTh BTOPOTO CBOMCTBA

()%
b b

IIpu 1oKas3aTeJdLCTBE TPEThEro cBoiicTBa a™ - a"=a™"" ciaenyeT pac-
CMOTPETh HECKOJBbKO CJy4YaeB B 3aBUCHMMOCTH OT 3HAaKOB 4YuceJg m, n,
m+n. [Ias opuMepa paccMOTpUM ciay4dai, korpa m=>0, n<0, m+n>0.
IMonoxum n=—k, rne k>0, Torna m+n=m—-k>0, u noromy

aman_:ama-—k: am™ - 1 — a” =am-k=am+n.

a* aF

JIlokas3aTeJLCTBA OCTAJIBHBIX CJIYy4aeB, a TAK)Ke YEeTBEPTOro CBOMCTBA
a” _ @™ " IPOBOAATCA TEM Ke CIIOCOGOM.

n
a

IIpn nmokasaTenbCcTBE IMATOTO cBoicTBa (a™)"=a™ pacCMOTPHM ciydaii,
xKorna m>0, n<0. Iomoxum n=—k, k>0. Torna mn=—-mk, u noromy

myn my— 1 ' 1 —-m mn
(a' ) =(a ) k= (am)k= amk a k=a .
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Cnyuam, xorga 4ucjia m W n HMeIOT APYrue 3HAKHW HJIHM 0OpalaioT-
cA B HYJb, PACCMAaTPHBAIOTCA AHAJIOTHUYHO.

KpoMe paccMOTpeHHBIX y)Xe HaMH IISATH CBOMCTB CTemeHeIH C IIeJIbI-
MH IIOKa3aTeJAMM, MOXXHO OTMETUTh CIPaBEAJHUBOCTH eIle HeKOTOPbIX
CBOMCTB 3THX CTeIleHell, BHIPAKAIOIMUXCA HepaBeHCTBAMU.

6) Jasa mio6oro meaoro uucjia n U a>( BBINOJHAETCH HepaBeHCTBO
a*>0. Ecin xe a<0, To a">0 npu n uyerEom m a"<0 npu n He-

YJEeTHOM.

CnpaBenMBOCTE 3TOTO CBOMCTBA BBI JIETKO LOKAaXKeTe, ONHPAiCh Ha
CBOMCTBa HEepPaBEHCTB M OIpeJe/IeHWe CTEIeHH.

7) Ecan a u b — modoxkuTe BbHBIE 9YHMCJA, NpHYEeM a>b, To a*>b"
npu ueaoM n>0 u a” <b™ nmpu ueaom n <0.

JloKaXxeM cIpaBeAJIMBOCTH 3TOI0 CBOMCTBa cHauajia aiaa n>0. Pac-
CMOTPHM Pa3HOCTL a"—b" um BocmoabadyeMcsa GopMyJIoi

a"—b"=(a-b)(@* '+ a"2b+a"3b%+... +ab 24 b 1),

Taxk kKaxk a u b — HOJOKHUTEJbHBIE YHCTIA M a>b, To 06a MHOMKUTENS B
IIPABOM YAaCTHU HOJIOXKHUTEJIBbHBEI M, CJAeL0OBaTeJNbHO, a®—b"> 0, uam a”> b".
Ilycrs Teneps n<0, T.e. n=—k, k>0, Toraa

a"—br=gF-pr="1 1 _ 1 (pr_gr_
a® bt afb*
=—1-(b—-a)(b”‘1+bk“2a+...+bak‘2+ak‘1).
akbk
Taxk xak g ¥ b MONOKUTEJBHBI U 4>b, TO B IpPaBOi YAaCTH DPaBEHCTBA
OAHMH MHOMXHUTeJb (b—a) orpunaTeqbHBIN, a ABa APYIHAX HOJOKUTEJIbHBI.
Iloaromy a”—-b*<0, unan a* <b".
Takxum o6pasoM, cOpaBeAJINBOCTL CBOICTBA 7 YCTAHOBJIEHA M AJIA IIO-
JIOXKHUTEJBHBIX, ¥ JAJIA OTPHIATEJNBbHBLIX IIOKA3aTeJieH.
W3 cBolicTBa 7 HEMOCPEACTBEHHO BBITEKAeT TaKoOe CJIeJCTBIE.

Ecau a u b — marue nonroxcumenvrovle wucaa, umo Oaa HeKOmopo-
20 yenozo wucaa n*(0 goinonnsemcsa pasencmeo a*=b", mo a=>=.

B camom gese, ecoim Ob1 mMesn, Hanpumep, a>b, To 1o CBOMCTBY 7
aubo a>b", nubo a"<b"™ B 3aBUCHMOCTH OT 3HAKA N, BOIIPEKMN YCJIOBUIO
a"=>b".

TR

BreinosnuM gelficTBHA M 3anuineM IMOJYUYeHHOE BEIDAXKeHUe Oes OTpH-
maTeJbHBIX IIOKa3aTeJIeii:

( a 3b* )‘2 ] (a2b3)2= aSh* . a*p® _ a7 - 36¢° _ 4ah7102 _ 4a%c?
97%c™®) T\6c®) T g2 T G256 glet. qdpd 9 9510
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BriuncauM 3HaueHUE BBIPAKEHUA

'/ 0,1°2.25 \-1 0.92 . (l)—z -27-1
(_5._)‘4.0 g3 o 3 .

3 0,4

Pemeunune. Beimonruus BO3BEeACHNE B CTEIIeHb N ollepaluM yMHOKe-
HHUA N OEJECHHNA, IMOJIYIHUM

_ 1\ 4
0,17%-2° 3 =102.25.0,24__.34=1_0.25.(5.0?2)4=10.25.33=540
0,47 3t 103 42 42 24 ‘

5t 3% 102 3
. Brrumcsaure:
a) 9-32 822 16-43 9-3-5; 96 - 2-6; (—;-)3 (%)4 (%)2

1 - 1 L3 5 -
4_2 b 3___3 ? 2___1 b4
B) at!- a’% a’x% 3a’ 4(a-b)% 5°(x-y); (a)"; (@M% (a®)°; 1°.

6) 8(0,2)% (0,5)7% (1,5)°% (-0,1)% (4,5)°%;

Brimosnnure neiicTBUA:
a) a’-a3 b*-b7; 1Y%
3 4 3

-n . n—4. 34,9 2. . 4 s,
6) 5 mX FPXTh S Xy XY 3 XY

B) (—7a3b72) - (—4a?b™?) - (—a?*b?*x1); (a—x)2 - (x—-a)?;
(1-x)*-(x-1)5%
8yt g 23, 21x7'-y%2°  9,4p3 6ot

a
I .

a—3 ? b—9 ? x4y—5 ? 35x—2 . y62—4

IIpeobpasyiiTe BbIpa’KeHHsS TaK, 4YTOOBI OHKH He COJEP:KaJHU OTpHIA-
TeJbHBIX TOKAa3aTeJell cTelleHel:

o (5@ o) (@) w S e

YupocTuTe BBEIpa)keHHe:

a) (x-y)2:(y—x)1; B) (a—x)":(x—a)?
0) : : 2 g rpntac3; r) Lasprte: —2
6a” b 23 3 3 6atbc?
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BrinmogHuTE AEMCTBUA:
a) (a3 (-x°)% B) (—¢)*"; (—u?")% (-v 2t
6) -y (P
ﬂ SanouIInuTe B BUJe CTEIEHH C OTPHIATEJbHBIM MOKas3aTejeM:
1 1 1 1 1
; ; 5 ——3 ;  ©6) 0,1; 0,001; 0,000001.
8) 36° 343° 64° 625° 1024 ) 00000
. Brrumciure: | 1\s
| | 2:42+(3 - (g)
3. 901 -3 . 4 0
2) 2°-2°+95 5 : 6) |

10_3 . 10_2+(O,25)0 5—3 . 252_._(0,7)0 . (_%_)—2

. BelmoJsiHMTE NeHCTBUA:

L) 9 (355)S B aerm

- YOpOoCTUTE BRIPAKE€HUE:

o (S5 () (2 0 () e

Beimonaure neiicTBus:

a) (x+x1) (x-x1; - | n) (at+ab2+b1) - a'dy
6) (x*-2x"%)% e) (m™*—-n"*):(m™=2-n"?;
B) (a®-a?)? K) (@2-b2)-(a*+a2b2+b9).

r) (@3-a?2bl-abv2+b2%:a3%3
5_ YrupocTuTe BhIpakKeHUe:
l+ax! al-x1 ax !
a) . 1 . .

_ _ _ _ - ,
alxl! alx—ax xX—a

5 Py -1 Pi+yd) | 1-aly
| xQ4xly): x@yl-xly | oxyiel’
B) i a\/2 _2\/§ a’®
 (1+a®)! a7t 1-q° 2’

-1 b —1 2 2 _ 2 | -
_I—_—IP) a +(b+c) -(1+ b*+c*-a )'(a+b+c)‘2;
al-(b+e)! 2bc

1{ v Y2 (x+y)*(xy)'-4 1
E——)I [(y_x) ) xyt -1 ] yix Tt -ytat

Pemute ypaBHeHuUe:

a) x+5Hx1=6; B)
6) B+x)(B-4x1)=5-(x"1)?%
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2. CTEIIEHHAHA ®YHRIIUA

PyHKIMIO BUga X", I'fe n — HaTypaJbHOE YHCJIO, Ha3bIBaIlOT CMenem-
HOU ¢pyrRKYyuell ¢ nokasamenem n. Ilpn n=1 noaydyaem GyHKIUIO X, KO-
Topasa m3ydajach B 6 Kiacce. Ee rpatbmc HaoﬁpameH Ha pucyHke 97, a.
IIpu n=2 u n=3 noaydaem GyHKnuu x2 u x3, u3ydyeHHLIE B IJjIaBe VIII
MAx rpapurkmu nsobpakeHsl Ha pUCYHKe 97, 6, 8.

C noMomibio CTeneHHBIX (PYHKIMM BRIPAYKAIOT pPas/HYHbIe 3aBUCHMO-
CTH Mexxay BeaumumHamMu. Hanpumep, o6beM KyOa V BeIpaxkaeTcsa uepes
IJUHY X ero pebpa mo ¢dopmyse V=x2, T. e. B BuAe CTeleHHOU (yHK-
M ¢ IoKasarejgeM 3 |

BripaskeHne x" mMeeT UMCJIOBOE 3Hat1eHHe JII;JI.H J0060r0 3HAUEHHA X.
IIosTOMy cTeneHHaa (QYHKOHUA onpeneyieHa AJA BcexX X. IIoCKOJIBKY
0"=0 u 1"=1, 1o 2pagpux pynryuu x" npoxoaum uepe3 mouku O(O 0)
u A(l; 1) opu nwbom neN.

Eciu n — 4gernHoe uuciao, n=2k, to (—x)**=x* 1 oTciofa CJenyer,
uTo X** — yemnaa QyHrkyus u ee zpapurx cummempuyien OMHOCUMEb-
no ocu Oy. Eciu xe n — HedeTHOe 4HCJI0, n=2k—1, To (—x)? 1=—x2¢"1
U, 3HAYUT, x2*"1 — peyvemnas pynrxyusa u ee epaqburc cumMmempuien om-
HOCUMeJAbHO Ha4ala KooplduHam.

PaCCMOTpHM CBOMCTBA CTEeNEeHHON (GYyHKIUU A HEOTPHIATEeNbHbIX
3HaUeHUA apryMeHTA.

1. Ha ayuae [0; + o0) Bce 3HaueHHA (PYBKUHNM X" HEOTPHMUATEJIBHBI.
Ne#icTBUTENBHO, ecau x =0, To x*>0.
2. Oyaxnua x" Bo3pacraer Ha Jgyde [(; 4+ o0).

B camoM geJsie, 1o cBoiicTBY 7 m. 1 m3 coorHomeHuda 0< x, <x, caeny-
eT 0<x?<x%. 9TOo m o3HauaeT, UYTO PYHKIMA X" BoapactaeT Ha [0; + 00).

3 noxa3aHHOTO CBOMCTBA BBITEKAET, YTO QYHKIIMUA X" HU IIPH KaKHUX
IBYX PasJNYHBIX HEOTPHNHATEJbHBIX 3HAUEHUAX apryMeHTa He NIPHHUMA-
eT OAMHAKOBBIX 3HadeHUM. J|efCTBHUTEJSILHO, €CIH X, # Xy, TO AHU00 X, <X,
u torga xi<xg, aubo x,>x, U TOorZa xi>x3. B oboux cayudaax xi¥ xj.

a) y) 6) y) B) y)
y=2x

— 2 — 43

1} i+ fY7 1 /Y7

0 1 % 0 1 * %

Puc. 97
42" 103






