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NPERMCNOBUE ONA YHATENA

YuabHO-MeOTOIMYACKMH KOMINEKT® ANA u3yueHwa xypca anrebpsl B
9-m wnacce obeobpazosaTensHON LIKONLI, BLINMYCKAEMbII H3RATENLCTEOM
sMACIMOIMHAR , COCTOMT H3 CNERYIOWIMK FNEMENTOR:

Nporpammsi. Maremanma. 5—86 knaccei. AnreGpa. 7—9 knacebt. An-
re6pa n Havana marematmueckoro asanusa. 10—11 knaccw / ast.-cocr.
K. U. 3yGapesa, A. . Moppxosms;

A. I. Mopgxoswu, 1. B. Cemenos. AnreBpa. 9 knacc. B 2 w. Y. 1.
YuebHi;

A. . Mopaxkoany, T. B. Mwwycrnra, E, E. Tymeynuckas, 1. 8. Ce-
meros. Anrebpa. 9 knacc. B 2 u, M. 2, 3apawmk;

A. I. Mopakoauu, 1. B. Comenos. Anrebpa. 9 wnace. Meropuuec-
noe nocobue ana ywirens;

J1. A. Anexcangposa. Anrebpa. 9 wnacc. Kontponbhne pabots / Mog
pea. A. . Mopaxosuua;

J1. A. Anexcangposa. Anrebpa. 9 knacc. CamocroaTensisie pabots /
Mog, pen. A. I'. Mopaxoswua;

E. E. Tynsusncuas. AmreSpa. 9 wnacc. Brwwonpoc;

B. B. illenomoBcCitini. SNEKTPOHHOE CONPOBOXASHKE KYPCA «Anre6-
pa—9» / Nog pen. A. . Mopaxossva,

Y pac B pyKax neppas KHMWra yKasaHHoro Kosmnnexra. Xorum obpamrs
SHUMIHHE HA TO, YTO OHA CYLUECTBAHHO OTIMUYAGTCA OT M3pammH 1999—
2007 rr. Avamnma mHOrONeTHErO OMbiTa PaboThi yuuTaneit No NPEALINYLLMM
MINAHMAM BLIHYOMN ABTOPOS B PAOE CNYUYIES MIMEHMTL NOPAROK CNeRosa-
HMA Naparpahos M BHECTH HEKOTOPLIE PEABKLMONHLIE M CTHMIMCTHYECKHE
NpasKu.

AsTopsl HAn@IOTCA, UTO yuebuux BYRYT WMTaTh M YUEHUKM, M yuMTens,
n POAMTENY, NOCKONbKY M3NOMeHue maTepHana ROCTYMHOE, 3auacTyio
COMPOBOMRASMOE HENPHELIMHBIMM ANA MATEMATHIHECKOK PYTHHHON NEKCHKK
obopotamu. BoiaenaioTcs ocHOBHBIE 3TaNbl PacCYXBeHHi ¢ hucaumeit Ha
HUX BHHMaHKA wTatens. Hanpumep, pelueHHe NPakTHYECKH BCEX TaK Ha-
WIBAGMbIX TEKCTOBLIX 33aa4 ohopmneHo B yueGmmxe (kak u B yweGuu-
Kax onn 7-ro v 8-ro «naccos) B Buge TPex ITanOB! COCTABNGHME MaTe-
MaTMUECKOH mogenm; paboTa ¢ NONYYEHHOH MORENBIO; OTEET HA BONPOC
apauW.

* Bonee moapofuyr madopManun of YME MoxHE0 DOXyUHRTE Ha calitax
www.mnemozina.ru n www,ziimag.narod.ru
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Ha ypokax maTemartky ywsTent Bcerga covetaerT obbinsHHbIN A3bK
{(n3bIK OOULeMMA, A3BM AMTEPATYPHOTO NOBSCTBOBANMR] C NPERMETHBIM
R3LIKOM — CTPOTHM, CYXHM, NaKOHWUHDBIM, CTPOMWMMCA MO MPHHATLIM B
MaTemaTuke 3aKoHam. Tak Hanwean i naHHbE] yyebHIN, npencrasnmowsi
coBoH Kiury He QAR 3ayuMBaHHA, a BNA H3YYSHMA, T. €. ANA YTEHHA K
MNOHMMAHRNS,

Onupance Ha yueGHuk, yustens npexpacHo paslepercs & Tom, urh
HApO pPaccHasaTe YYALLMMCR HA YPOHe, YTO pPeHOMEHOOBATh WM 3anom-
HMTE, @ YTO NPEepnOKTL NPOCTC NPOYacTb Aoma (M, Bo3moNdHO, obcy-
OMTH B KNAcce Ha CRenylolLem ypoke B xaHpe Gecenpl).

B HekoTOPRIX cRyuasx TEKCT HalpaH NETHTOM, STO martepuan, He obs-
38TeNsHLIM AR HIYNEHMA BCOMM YMBLMMMCA, OH OPMENTHPOBAH H3 Tex,
KTO WHTEPEeCYeTCR MaTeMaTHKON.

13 OCHOBHBIX COREPIKATENLHOMEBTOAMMECKHX NS LUKONBHOMO Kypca
anreGpbl B KaYecTse NPHOPHTETHOX BLIGPAHA (BYHKLMOHANLHO-rPathHye-
CKan meiMA. 3TO BLIPANAETCA NPEXAS BCATO B TOM, YTO, Kaxo# Gsl knacc
QYHKUN, YDaHeRMH, BLIDAXKEHMIE HM M3YJancs, NOCTPOeHHE Marepuana
MPAKTHYOCKM BCOrAA OCYLLECTRARATCA NO MOCTKOM CXeme;

hyHRuMA — ypasHeHus — npeoSpazonanms.

AnA NOMHOUSHHOH PeanH3auMM (hYHKUMOHANBHO-TDAIMHECKOH THHMM
ocobeno BamHuIM sienseTca Kypc anrebper 9-ro kmacca. Onupasce Ha
ONbIT HIYUeHMA DYyHKUMH, MX CRONHCTES M rpadmikos 8 7—8-m wnaccax, pac-
CMOTPEB 8 YKA3aHHLIX KNAcCax BCEe OCHOBMbIE MOHATHA, CBA3AHHDBIE € hYHK-
WMAMM, H3 HAFNABHO-MHTYHTHBHOM W pabouem ypoRHAX, B 9-M Knacce mil
BLIXOBHM HA YPOREHD TEOPETMYECKOTD OCMBICTIEHMA.

B ywebHie NDHEEASHO MHONO NPHMEPOS € NOAPOGHLIMM DeLLeHHAMM,
Ha okonvarsie pewenns Npumepa yxasuisaer nbo cnoso «otsers, nubo
sHavok J.

Astopsi



TRABA
1 I PALMOHAJIbHbIE HEPABEHCTBA

U UX CHUCTEMDI

§ 1. JInnelinbie # KPSLPATHLIE HOPABEHCTAA
§ 2. PaunwonanbHbie nepaseHcTsa
§ 3. MHoMecTsa n onepaLn HaL Hims
§ 4. Cucremor HopaseHcTs
OcHosrble pe3ynsTaTs!

§ 1. MHERBE 1 KBARPATHBIE HEPABEHCTBA

Hpounras HaspaHHe naparpada, Bkl, HABePHOE, CIPOCHTE:

«ITogemy MEt TOmuenca Ha MecTe?s B caMoM Jere, AaHeHHEIe X KBAT~
purEMIe HepaRemeTRa ¢ onEoll mepememmoll R HayUEIMCE DEemMATE
B Kypce aareGpe 8-ro knacca — 910 OELIA OAHA M3 NOCAEAHEX TeM
kypea. JeftcreaTenbHo, NOYTH HAYEr0 HOBOTO BH M3 ITOT0 Oaparpa-
tha me yausere, foxce Toro, ofHADYX DTS, UTO HEHOTODLIS NpmMEDLY
JAEMCTBOBAHK B3 yueOHmKA «AnreGpa—8». Paccmarpnsaiire sror na-
parpad Kax BOIMOEHOCTH NOBTODPEHHA, KOTOPOe MOSBOJAHT BAM ILIAB-
20 napolTy ¥ mayusumm momod memmr (= cmenymmen naparpade),

HanoMEBM, YTO IRHeHHKIM HOPABSHCTBOM ¢ OXHOIl mepemennoil x
MAGKIBAIOT HEPABCHCTBO BAAA ax + b > 0 (BMeCTO 3HARA > MOmeT OLITh,
pasysceres, mmfiod myyrolt nngy popepenoreg), rae & 2 b — gefiorem-
renerHee uncna (¢ # 0). Keagparuum HepasencTsoM ¢ ogHoH mepe-
memmol x HasLIBAIOT HepaBeHcTBo BuAa ax* + bx+c¢> 0, TR0 @, b, ¢ —
Jeftererransnnie wnona (Mpowe a = 0).

BHaucHme nepemeHHOR X, KOTopoe ofpalaer HepaseHcTso f(x) > 0
B BEPHOe UHCIOBO¢ HEPABEHCTB), HASKBAKT PeIIoHHEM HEPABCHCTBA
{urz uwacTHRMM pemerEeM). MAoicoTBO 30cX a0THMX poemeRmit
OEepABeHCTBA HAZHIBAIT o0mEM pemeHHeM (HMIH OPOCTO pelleHHeM)
HePABEHCTRA,

Jameuaine 1, Kak suppTe, TEPMMH «DeLLEHHES YNOTPEONMOT H B CMBIC-
ne oblero, M B CMBICNE YACTHOTO pawieHiA HepasencTsa. Bonee Toro, cam
NPOUBCC OTLICKAHHS PEIlEeHMA HBPABEHCTEA TONKE HAZBBAOT PELLISHHEM HE-
pageHcTBa. O6LIMHO NO cMmbiChy GoBaeT ACHO, KaKOE HMEHHO NOHMMaNKe
TEPMMHA KpeLLISHHE> HMEETCH B BHaY.



1 - || PALUMOHANBHLIE HEPABEHCTBA W UX CHUCTEMBI

Jea nHeparencTea flx) < g(x) B r(x) < 8(X) HAILIBAT DARHOCHIL-
HEIMHE, eCIH OHM MMEIT OJHHAKOBHE PemMIeHHA (B YACTHOCTH, ECaM
ofa HepaseHCTBa He HMeloT pemleHuil). MoxHO cKasaTe H Tak: ABa
HEPABEHCTBA PAPHOCHALHLI, €CHE JI000e TacTHOS¢ PemIcAHNe NepBOTO
HEPABEHCTBA ABJIACTCA YACTHEIM PEIUCHACM BTOPOTO, B obparno, Jio-
60e YACTHOS PellleHMe BTOPOrO HEPABEHCTBA ABJAAETCH JACTHRIM De-
IeHNEM OepBOro.

OfpqE0 OpH pelleHHH HEPABEHCTBA CTAPAIOTCA 3aMeHHTL NAH-
HOe HepaseucTBO GoJlee MPOCTHIM, HO DABHOCHARHMM eMy. Takyio aa-
MEHY HASLIBAIOT PABHOCHALHHM NpeobpazoBanueM HepABEHCTBA.
OTH nDpeolpasoBaHMA YKASAHE B ¢HOPMYyIRPOBAHHLIX HEXKEe ODPABH-
nax 1--3.

Ipasuno 1. J06olk wrer Repasencmea MoXHO Bepexecmu u3
o0nod Yacmu nepasencmsa 6 Opyzyi0 ¢ NPOMUBORONONKLM INA-
| WOM, ne MeRAR NPU IMOM INGKAE HePasENCMOG.

Bonee Tounas GopMYINPOBKA TAKOBA: eCXH Karof-anbo unen
HEPABEHCTBA [EPEHECTH M3 OJHON YACTH HEPABEHCTEA B APYTYIO C
IPOTHBONOJOACHEM 3HAKOM ¥ €CHH IPH STOM COXPAHHTL 3HAK HEpa-
BEHCTBA, TO NMOAVINTCA HEPDABEHCTEO, PABHOCHALHOS AAHHOMY.

HanpuMep, HeDaBeRCTBO 3x + 5 < X* PABHOCHALHO HEDABEHCTBY
—x* + 8x + b < 0; unen x? mepeHecaN M3 NpaBoll YACTH HePAREHCTBA
B JI€BYI0 ¢ ODPOTHBODOJIOKHABIM 3HAKOM, 4 3HAK HEDABEHCTBA OCTABH-
JH HEHIMCHHBIM.

IIpasuxo 2. Ofe yacmu KepaseHCMes MONKO YMRONUMS u.w]
pa3denums va 0040 U MO We ROARONUMERLROE “UCRO,
Lue MERRR RPU IMOM 3RAEQ KEPAECHCINER.

Hanpamep, BepaBeHcTs0 8x — 4 > 12x° PABHOCHABHO HepaBeH-
ety 2x — 1 > 3x% ofie 4acTR mMepBROrQ HOPABEHCTEA PA3ACAHIH HA
TIOMIOKNTELHOE YACHO 4, A 3HAK HepARGHCTBA OCTABHAN HeAIMEHHEM,

pasdenums kG 00KO U MO e OMPUYAMEABROE RUCRO,
HaMEeERU A RDU IMOM IHAK M‘ﬂﬂﬂmﬂﬂ M npomuconom

(Hpanmm 3. Ofe wacmu Repasencmen MONHO YMKONUMD wm}
Lﬁmﬁ (< na >, < na >).




1 . PALIMOHASBHBIE HEPABEHCTBA M MX CHMCTEMbI

Hanpamep, nepasenctso —2x* — 8x + 1 < 0 papnocmiALHO Hepa-
meHCTBY 222 + 3x — 1 » 0; offe YACTH ITEPBOTO HEPABEHCTBA YMHOMH-
M HA OTPHOATCABLHOS YHCHIO -1, H3MeHWB DpHR STON 3HAK Hepaeen-
r158 Ha TPOTHBOIOJCKHEIR.

Ipasuna 2 u 8 gomyckaior crexyomme o6ofimenus (COOTEETCTBYIO-
1\He YTBePXKAeHNA OpeAcCTABAAIT colod TeopeMH, HO MBH, PAXH
yaoGeTBa yATaTEAA, OHODMAM HMX B BHAC IIPABHII).

rrlpammo 2%, Ecau ofe zacmu Hepasencmen ¢ nepemennol :n:N
ymuoxcums unu pazdeaums na 6dno u mo e swpancenue p(x),
ROAONUMERBHOE RPYU 6CEx IHAUCHURX X, U COXPAHUMD FHAK UC-
x031020 Hepaeencmed, MO NOAYIUMES HEPASEHCMED, PASHO-

L_c:fmwmz dannomy. y

g )
IIpasumo 3% Ecau ofe uacmu Kepasencmesa ¢ nepemennoil x
PMROMUMS URY Pa3denumd KG 00RO U MO Xee GHPanenue p(x),
OMMPUYGMEABNOE RPU SCEX IHONEHURX X, U UIMEHUM D FHAK UC-
x001020 HePASERCMEA HG NPOMUSONRORONNBIE, MO NOAYUUMCR

| nepasencmeo, pasKocuasnoe dannomy.

7/

JokaneM AnA NpEMepa npaBRxo 3*.

JNauo nepasencTso f(x) > g(x) X BHpaxenme p(x), OTPHNATEND-
Hoe NpH AIOOMX 3RAYEHHAX ¥, IIycTh X = ¢ — 4WACTHOE pellleHne He-
pasencTea f(x) > g(x). 9ro 3gaunT, 910 f(a) > #a) — BepHOE UACHO-
#0e HeDABEHCTEO. ¥ MHOXHE 008 ero YacTH HA OTPHIATENLHOE THCAD
a), monyuum: f(ajp(a) < gla)p(a) — BepHOe YHCIOBOS HEPABEHCTEO,
910 3HAYMT, YTO X = @ — WYACTHOE pellleHHe HepaseHcTRa f(x)p(x) <

g(x)p(x). Hrax, Mu goxaszanm, yro moloe YacTHOe pemenme Hepa-
seHCTBa f(x) > g(x) ABAAeTCA HACTHHM pelleHHEM HEPDABEHCTEBA
x)p(x) < g(x)p(x)

IIyers, o6paTHo, X = b — yacTHOe pellleHHe HepaBeHCTBA f(x)p(x) <
* g(x)p(x). D10 smagutT, uro f(Hp(d) < g(b)p(P) — BepROe uHcROBOE
HepaseBCTBO. Pasgenus ofe ero YACTH HA OTPHOATeNbHOEe YHCAO p(D),
noxyuam: f(b) > g(b) — BepEOe YHCIOBOE HePABEHCTBO. OTO FIHAYMT,
qT0 X = § — 4ACTHOE DeIlleHHMe HepPABeHCTEA f{x) > g(x). Hrax, Mu
AOKABAAH, 4uTO M060c JacTHOe pelleHHe HepaBeHcTBa f(x)p(x) <
v g(x)p(x) aBnAercs MACTHKM pemeHEeM Hepasencrsa f(x) > g(x).

Busog: aepasencrsa f(x) > g(x) m f(x)p(x) < g(x)p(x), rae p(x) <0,
PABHOCHABYH,



'1 - “ PALIMOHANbHLIE HEPABEHCTBA M UX CHUCTEMBI

Hanpeuep, gepasercrso (2x + 1¥x? + 2} > @ paBHOCEILED Repa-
peHeTBY 2x + 1 > (: ofie WACTE HCXOAHOrO HEDABEHCTBA DA3ACIIIN
HA BEIpa)KeHHe x? + 2, MOMCKHATENLR0E OPH NOGLX IRAYEHHAX X}
GDH 5T0M 3BAE BECIOABOTO HePABOHCTEA OCTaBmax 63 HIMOHORHA.

dx-4
Hepasencrso —7_7 < 0 pasmocmuszo mepasencrsy 3x — 4 » 0:

ofe JACTH HCXOAHOIO HePABEHCTEA YMHOMKHAN HA BHpamenme —xi — 1,
OTDHNATEAbHOR NPH MOOKHX 3HAYMEHAAX X; IDH 2TOM 3HAK HCXORHOTO
HePABCHCTBA HMAMEHMAHA HA DpPOTHBONONOKHbLA,

NIpaMep 1. Pemurh HepABEHCTBO

x 2e-1 5 1
3 5 16°
Pem e H ¥ e. YMBOKEM ofc UACTH HEPABEHCTEA HA NOICMHUTENb"
Hoe yuchy 15, OCTABMB 3HAK HepaReHCTEA 0e3 MaMeHeHnda (MPaBEIO 2.
210 DOSBOAMAT HAM ocBol0oaHETHCA OT sHaMeHATeAeH, T. e. mepeilitm

x 60Nlee IPOCTOMY HEPABEHCTBY, DARHOCHALHOMY NAHHOMY:

x, 6 2x-1 11
15[§+ B )>15[2"‘_ﬁ]’
Sx+3@x~1)>30x-1;
11x-3>30x-1.

RANTIA T 24D GOITITINE. Epﬂ‘ﬂ!rﬂ“ 1 pnﬂrﬂwc uepnﬂnm“ ﬂ@ﬂﬂ“ﬂ“
A N s T AP o A AP el B e Rl WA BANAV/ AL A PVALL AL EAYE A el N et o} el Nt S B

unen 30x m3 DpaBoff YACTH HEPABEHCTBA B JEBYIO, 4 WIeH —3 —
aesolt YacTH B OPABYIO (C OPOTHBOIOMOKHEIME 3HaKkamMmu). ITTooryamm:

11x-30x > -1+ 3;
=17x > 2.

Haxoseii, TPHMEEEE OPABKI0 3, DOIyYEM X < —%. &

Samevanne 2. Mnorpa McNONL3YIOT OPYFYIO 3aNKCh OTBETa — B BUge
HYHCNOBOrO NPOMENTYTKA [—-oo; -% ] Ha Haw B3arnagn, oTBeT NPM pellenis
HEDAREHCTEA NDAANOUTHTENbHE® 3aMMCLIBATh MMEHHO B BMILE NDOCTEHLEro
HepalencTsa: x < —%.
8



1 . PALUMOHANBHBIE HEPABEHCTBA 1 WX CHMCTEMBI

Puc. 1

IIpumep 2. Pemnre HepaBseHCTBO 3x + 9 < 2x%,
Pemenue. 1) MpeolpasyeM HepaBemCTBO K BHAY 3r + 9 -
Zxi < (0 (BHIOMHHIH PABHOCHALHOE IpeobpasoBaHMe HEDABCHCTBA
sio npasuxy 1). Hadiaem wopau KeagpaTnoro tpexgnena —2a° + 3x + 0;
ANA 3TOTO PeIIAM KBAADATHOe YpasHeHHe —2x2 + 3x + 9= 0:
x,=3; x, =-1,b.

2) Mapabona, cryxamaa rpabuxon dyeknEr y = -2x° + 3x + 0,
urpecerKaeT ock X B Toukax 3 u —1,5, a BeTBH MapaBoXx HANpABICHE
BIA3, DOCKOABKY CTAPMHN RodpEIHCHAT KBAZDATHOTO TDEXWIeHA

22t + 8x + O paBenm -2, T. e. ABAAETCHA OTPHUATONLHLIM THCIOM,
Ha pHec. 1 AaH0 cxeMaTHYECKOe MDEACTABACHNE 0 rpadike HYEROEH,

8) ¥ < 0 Ha TeX UPOMEXYTKAX OCH X, rie rpadHK pACHONOKEH
HNKe OCH X, T, €. HA OTKPHITOM Jyve (—°0; —=1,5) HIE Ba OTKPLITOM
nyge (8; +00).

Orserm 2<~-1,0; x> 3.

IIose3B0 BCIOMEWTD LB& YTBEIVEAEHHA, KOTOPEI® GLLIN JOKASAHBI
# Kypee amefpsi 8-r0 Kiaacca | He pas DoRanobaTea HAM B JanbHelmmen.

1. Ecxu weadpamutili mpexuaen ax® + bx + ¢ ne umeem wopneil
{m.e. ezo Sucxpumunanm D — ompuugmenvroe YUCAO) U ecaU npu
wmon a > 0, mo npu ecex 3HAYEHURX X SHNOANIETICS KEPAGERCMAO

ax®+bx+e¢>0.

Hunum cxosamu, ecnd D < 0, g > 0, To nepaBencTBo ax? + bx +
t ¢ > 0 BMIONEAETCH OPH BCEX X} HATPOTHB, HEPABEHCTBO ax® + bx +
¢ ¢ & 0 B 2TOM cayduae He HMeeT peIneRHMH,

2. Ecau xeadpamnvill mpexyaen ax? + bx + ¢ ne umeem xopuets
fm.e. eto Jueckpumunanm D — ompuuameitvinoe Tucio) u eCAu npu
anon g < 0, mo npu sLex IHALEHUAX X GHLNORHACMLR HEPABEHLMEO

axt+bx+ec<0.



1 . |I PALUMOHA NbHBIE HEPABEHCTBA M WX CWCTEMDI

Huaue rorops, ecau D < 0, a < 0. To HepapeHCTBO ax* + bx +
+ ¢ < 0 BHUOAHAETCA MIPH BCEX X} HAMPOTHB, HODABEHCTBO qx? + bx +
+ ¢ » 0 B pTON cayuAe He HMeeT pemeHwuil.

9TR yTRepXKIEeHAA — YACTHLIE CIYYAH cllenviomell meoheMEl.

Eeau xeadpomnudt mpexunen ax? + bx + ¢ umeem

Teopema ompuyamensrsll Jucxpumunann, mo npu rwobom x
SHAYENUE MPEXLACHE UMEEM FHAK CIRAPULEZO KO-
duyuenma a.

IHpuMep 3. Punurs HePaBeHCTBO;

a)2x:-x+4>0; 6)—x*+3x-8»0.

Pem e n ue. a) HaligeM gUCKPHMUHANT KBOAPATHOIC TPEXLISHA
222 - x+ 4. Hueem: D=(-1* -4+ 2+ 4 = 31 < 0, Crapmmuit Koad-
(dunEeRT TPexuNeHa (uMcno 2) NONOKHTENEH. SHAYMT, N0 TeopeMe NpH
moboM X BEIIOIHAETCA HepaBeHCTEO 2x% — x + 4 > 0, 1. . pemicHACNM
SATAHHOTO HEPABEHCTBA CAYJRHT BCH UHCHOBAA mpaMag (—oo; 400),

6) Halizem IHCKDAMAHAHT KBAXPATHOTO TPeXTIeHA —x° + 3x - B,
Hyeenm: D = 82 — 4+(-1)-(-8) = -28 < 0. Crapmmit xoadpAIACHT
TpexwieHa (ameno —1) orpunarencn. CaenosaTessno, [10 TeOpeMe UpH
AnloM & BRINOAHAETCH HepaseHcTso —X? + 8x — 8 < 0, Dro smaunT,
9TO 3AAAHHOE HEPaBeHCTBO —x? + 3x — B » 0 Be BHNOAHEAETCA HE UpH
KAKOM 3HAYEHMH X, T, e, H¢ HMeeT pelenuit,

OT8eT a)(-00) +00);  0) HET pemleHmii.

Jamousne 3, orna BMECTO CROBOCOMETAHNUS KHET PRLLIEHIE{® MCRIONb-
3YIOT 3HAMOK D — CHMBON NYCTOro mHOXecTsa (noppobree 06 3Tom mbl
MOroBopPMM NO3aHEee — cM. C. 26).

B cneayionieM NpaMépe HANOMHHNM enie OFHH cnocold paccyie-
Hu#, KOTOPEI MOMKHO NPHMEHATH IDH PeUIeHHM HePABEHCTB.

Hpawmep 4. Pemnars mepapescrso x* - 8x + 8 > 0,

Pem e H u ¢, PagioxaM KBaApATHE TpexwieH x* — 6x + 8 Ha
anBeciinkie MEOKETeNN, KopEAME TpeXuwneHa ABAAWTCH YAcaAa 2 I 4.
Bocuonsaosasmimce HasecTHOR H3 Kypea anreGprl ang 8-ro xasca dop-
mynol ax* + bx + ¢ = a(x - x,Xx — x,), noxyIANM:

% - 8x + 8 = (x — 2)(x — 4).

OrMeTHM Ha YHcA0BOM npanoll xopau Tpexgunena: 2 a 4 (pue. 2). Bu-
ACHAM, KOTJA UpoassefenHnEe (x — 2)(x — 4) NONGKATENLHO, 8 KOTAR —



. “ PALAOHA bHBIE HEPABEMCTBA M MX CUCTEMBI
+ o —0 X > x
2 4
Puc. 2

orpagareasHo, Ecom x > 4, to x - 2> 0 g x - 4 > 0, snaunr,
(+-2)x-4)> 0. Ecnp 2 <x<4,10x-2>0, 8 x — 4 <(, 3HauMT,
(v —2)Xx - 4) < 0. EcnH, HakoHen, x < 2, 7o x -~ 2<0,mx -4 <0,
a uoromy (X — 2)(x - 4) > 0, Hac HHTepecyIOT Bee Te 3HAYERHS nepes
MeHHOK X, IPH KOTOPRIX naHHEIR KBAApPATHEL TpexwieH xf — 6x + 8
HPUHHEMAET TOJOEHTEILHEE 3HATOHAA, IT0 HMeeT MeCTO Ha ABYX 0T+
KPHTRX ayaax: (—oo; 2), (4; +09),

OrBeTi ¥ <2; x >4,

Meron, paccy:aennit, KOTOpLIY ME IDEAMEHANN B MPAMepe 4, HAHI-
snioT ODEIYHO MemodoM unmepaanos (IR MemoJom RPOMENYMKOS),
(H OXTHBHO HCIIOVIB3YeTCA B MATEMATHKE /I DEIIEHHA PATMOHAILHBIX
CPAREHCTB. B cleAyiOmIeM maparpabe Mbl H3YUAM MOTOA HHTOPBANOB
fiulee JeTaasHO, 4 9TOT Daparpad, 9ToGE He OrPAHMYMBATECA B HOM TOML-
«o HANOMHHAHHENM W3BCCTHOIO, 3ABEHINHMM NPAMEPOM, B KOTOPOM Dedb
#jeT O PelleHNM TAK HAJKIBAEMEIX HEPABEHCTEB ¢ MOZYAAME,

Ipaxep 5. PemeTs BepABREHCTEO!

a)lz-2|<8; & lx+82 <2 8102 > 27

Peme B ue. HanoMHHM TeOMeTPHYECKOS HCTOJKOBAHHE BHIpA-
AcHHEA |x-a|—mpaocmnnenanoopjmna'moﬁ (uacxoBolt) npa-
Moif MesRAY TOUKAMH X H @, KoTopoe ofosrauainT p (x; @) (p — GyxBa
| peYeCKOT0 ANDABATA ¢POs):

|x - al=p(x; a).

Hunapumep,

l2~2| =p(x; 2); |x+38,2|=p(x; -8,2); 2| =p(x; 0).

a) HepapeHCTEO |:|:- 3| < 3 MoHO HeTOMKOBATE TAK: HY»XHO Hali-
711 HA KOOPARHATHON OpAMOE BCe TAKEE TOUKH ¥, KOTODEE YAOBIETEO"
MuoT yeRoBEIO P(x; 2) < 3, T. 6. YAAAEHE OT TOUKK 2 HA PHCCTOAHME,
mrHbpIee 3. OT0 Bce TOUKH, ODpREAATexamue mETepBaay (-1; 5), m
1onsko onu (puc. 3). Hareppan (-1; 5) — pemenmne 3azaHBOI0 Hepa-
I HCTBA,

11



1 . PALWOHARBHLIE HEPABEHCTBA M MX CHCTEMB

x
-52 -8,2 -1,2

Puc. 4

D s " e B T e T e -
_2,7 0 237
Puc. 5

6) HepaBencTBO |x + 3,2|< 2 MOKHO HCTOJKOBATH TAK:! HYJXHO
HaliTH HA KOOPARHATHON npmloﬁneemmemmx, KOTOpPHIE VOB~
JoTROpAIOT YoRoREm pixs —3.2) € 2, T 2. yaamenzr or vourm -2,2 ga
paccToAaHRe, MeHEIICE MK PABHOS 2, JT0 Bee TOURH, IPHHANICAAIIME
orpesky [-5,2; —1,2], ¥ ToNEKO oBH (pHe. 4). Orpeszor [-5,2; -1,2] —
parmopme JOre SepaBSECTERA.

B) CEauana pasaenvd o0e 4aCTH HepaBeHCTBa HA OAHO M TO Xe
NosoxETe E0e wEcAo 10; noaywm: |x| > 2,7, Hepasercrso | x| > 2,7
MOM(HO HOTONMOBRTH TAX: mywino palire me moopamEmarroil mpamol
BCE TAKHE TOYKH X, KOTOPHE YAOBACTBODAKT yCIEOBHIO p (X3 0) > 2,7,
T. e, YASAEHH OT TOUYKHE 0 Ha paccToauAe, Goanmmee 2,7. D10 Bee TOU-
B, TpHRaATIS/KAMEe OTHPLITEY Jyuam (—o0; -2,7) mmm (2,7 +0),
TONBKO OHH (pHC. 5).

OrBema)-1<x<§;0)-65,2<x<-1,2;8) x<-2,7; x> 2,7T.

§ 2. PAUMOHANIBHBIE HEPABEHCTBA

PanuoHaasHO¢ HEPABSHCTBO ¢ oAHOM mepeMmenuoft x —
9T0 HepaseHeTBO BUAa A(x) > g(x), rae h(x) ¥ ¢g(x) — panuonaneHke
BHDAYKCHHUS, T, &. anrefpandeckne BRDAKECHAA, COCTABACHHEIE HE YH-
ceJl H ODepPeMeHHON X ¢ DOMOmMEI0 OHepAnME cIOReHHA, BEYUTAHNS,
YMHOKEHMA, JeJleHHEA M BOJBEReHHA B HATYDANBEYIO CTeneHb, Pazy-
MeeTcs, MeDeMeHHAR MoxkeT GrITH ofosHaveHa moloit apyroit Gvreoil.

IIpa pemenny PANMOHAJILHHX HEPABEHCTE HCIOIL3YIOTCH Te NDARH-
na, Koropee (HMA chopMyarpoeass Buime B § 1. C momomyio srHx
OparEn OOLEYEC NMDeOHDAZYVIOT 3aAAHE(OEe DATHOHANLEHOPR HEDABEHCTBO K
Bugy f(x) > 0 (< 0), roe (x) — asmebparweckan npobL (AIH MHEOTOLIEH).
Janee pasaaracT YACANTEND U SHAMeHATENE ApolH f{x) Ha MHOMHTEIH
BHNA ¥ — @ {eCTH, KOHEYHO, 2TO BOIMOXKHO) H IDUMEHIOT Memod un-
mepearos, KOTOPHIE Mul yiKe YIOMHUHAMH BEIe (CM. B NPeILIZVIIION
naparpade npaxep 4) u mogpofHee mOKAMXKeM HA PANe IPHMEDOE.

12



1. PALIMOHAJIbHBIE HEPABEHCTBA M MX CHMCTEMBI

) > x
-1 1 2
Puc. &

II prmep 1. Pemmars HepaBeHCTBO
-Dx+1x-2)>0.

P e m e H u e, PaccMOTDHM BHpasKeHHe
fix}=(x— Ix + 1}x — 2).

Ono ofpamaerca B 0 B Toukax 1, -1, 2; oTMeTHEM 3TH TOYKH HA YHC-
nosolf mpamoit. Yacnosaa npaMas pasOABACTCA YHASAHHEIMH TOYKH-
MH HA YeTHIDe MpoMexyTHa (puc. 6), Ha KaMAOM U3 KOTODBLIX BHpA-
HeEde f(x) coxpanseT NOCTOAHHHE 3HAK. UTOOH B 9TOM VOEIHTHCA,
npoBeseM YeThipe DACCYMACHHA (V1A KAXAOTO HY YKASAHHEIX HPO-
MEIKYTKOB B OTACILHOCTH).

1) BossMem A0V TOUKY X H3 DpoMexyTea (2: +°0). 3Ta TOY-
KA PACHOJIOXXeHs HA YHCA0BoM npamofi mpapee Tourm —1, mpaBee
roukn 1 B npasee Touke 2 (puc. 7). Oro sEauur, vro x > -1, x> 1,
\ 2 Horormax+1>0,x-1>0,x-22>0, a 3naunr, u f{x)>0
(KaK npoHsBeAcHUE TPEX HONOKHTeNBHMX Yucen). Urar, Ha BeeM npo-
MOKYTKe (2; +00) BumonHAeTca HepaseHCTBO f{x) > 0.

~ 7’

-1 i 2
Puc. 7

> X

®e

2) Bosbmen oy TOUKY X B3 HHTepBaia (1; 2). Ora TouKa pac-
IKJIOKeHA HA 9HcAOBold mpamoli mpaBee Towry ~1, mpance ToukRE 1,
no jesee Touku 2 (pmc. 8), 8@aumT, x > -1, x> 1, B0 x < 2, a
moroMy x +1>0, x-1>0, x -2 < 0. Ho Torma f(x) < 0 (xar
WPOMSBEACHAE ABYX HONOKHTENLULIX K OAHOrO OTPHIATEXLHOIO YHC-
na). Mrax, aa scem npomexkytre (1; 2) BmonHaeTca HepaBeHCTBO
lix) <0,

O o———Pp X
-1 1 x 2
Pc. 8

3) BosbMeM moSyi0 TOUKY X H8 HHTepBana (—1; 1). Ora Touka
|[MCIOJOMOHS HA TUCIOBONE mpaMoil mpaBee Toukm -1, Jepee ToukE 1

13



PALIMOHANBHAIE HEPABEHCTBA M MX CUCTEMBI
—

> ® > O > x
-1 x 1 2
Puc. ¥

H Jesee Touny 2 {(pue. 9). Fmaupr, ¥ > -1, mo ¥ < 1, » < 2, a noromy
x+1>0,x-1<0, x -2 < 0. Ho Torga f(x) > 0 (xar npomssezenye
ABYX OTPHIATENBHRIX K OJHOIO MOJOKHTENLHOro uuchaa). Hrax, ma
BeeM mpomexyrie (-1; 1) prmoseserca Hepavencree fx) > 0,

4) Boaument, HaxoHelr, M0GYI0 TOUKY X B3 OTKPHITONO Jy4da (~00; ~1),
O9Ta TOYKa pacmonoXeHa HAa THCJIOBOR IpAMol nesee TourHu -1,
aeree ToUxy 1 m nopoe mounm 2 (pme. 10). Bro gmaver, uyro ¥ < =1,
x<1l,x<2.Homoraax+1<0,x-1<0, x-2 <0, a gEaunT, B
f(x) < 0 (xax npouasepeHue Tpex oTpuuaTenbHEX yucen). Mrax, ma

BCEM HpOMeyrza (—003 —1) primorpaarca mepgpamoren Hx) < O,

——) O O > X
x -1 1 2
Puc, 18

Hoasenem urorw. SEaKE BHpANKEHAA f(X) B BELACKCHANX NpOMe-
HYTKAX TaKoBbi, KAK moxasano Ha puc. 11. Hac Eurepecyor Te npo-
MEGXYTKH, Ha KOTOPHIX BHIONHAETCHA HepaseHerso f(x) > 0; omm
SHINTPHXOBARK HA puc. 11. 3maumT, Hepasencrso f(x) > 0 Brmoa-
HACTCA Ha mHTepBane (—1; 1} mau Ha orKpeiToM ay4e (2; +99).

- + - +
x
-1 1 2
Puc. 11

OrBeqm-l<x<l;jx>2

Hpamep 2. PemnTs HEPABEHCTRO
-1+ 1x-2)<0.

Pem e n u e. Kak u B npegsiaymem npuMepe, HapaedeM Beobxo-
AUNMYH EadopManmo B3 pHc. 11, 5O ¢ ABYMA NIMEHEHHMAME IO CDAB-
HeHHI0 ¢ mpumepond 1, Bo-nepprix, HOCKOJALKY HAC HHTEDECYET, UPU
KAKHEX 3HAQeHUAX X BRITOJHSeTCA HepaseHcTeo f(x) < 0, mam npm-
AeTCA BRIGDATH NPOMeXYTKH (~c0; -1) & (1; 2). Bo-BTOpPHIX, BAC YCT-
PAMBAKT i Te TOIKH, B KOTOPHX BRIIOARAETCA papeHcTeo f(x) = 0. Do
TOYKH -1, 1, 2, oTMeTAN HX Ha DPHCYHKE TOMHEIMHM KDYROUKAMH B
BKAOYHN B oTBeT. Ha pHC. 12 nmpeacTaBIens reoNMeTpHUYECKAS

14



1 - PALIMOHATIBHBE HEPABEHCTBA W UX CHUCTEMBI

Liliiliiis alillie e T
-1 1 2
Pwc. 12

WAIOCTPULIES DemeEns HePABEHCTBA, OT KOTOPOH HeTPYAHO nepei-
TH K AHAJHTHUECKOH sammcH.
OrBemx<-1; 1<x< 2,

IIpemep 3. PemeETs HepaBEeHCTBO
xi-x
x¥-5x-6
Peme H u e, PagNoxREM Ha MHOEHTONN YHCAATENL B SHAMEHA-
rens anrefpaudecko#r zpobu f(x), coaepxamefica B neroft uacThm
nepapeHcTsa. B ynciHTene EMeeM:
B-x=2(x-1)
TTo0M pAITOMETS HA MHOKHTENH KBRZpATESDT Thexywier x* - 5x - 6,
ropepxRamualica B 3EaMeHaresie apobu, Baftaem ero xopam. Ua ypas-
nenns x* - bx - 6 = 0 paxoanm: x, = -1, x, = 6. Suaunr,
B-5x-86=(x+ 1)}x - 6)
{ME cHOBA, KaK 3T0 ye Osiio B § 1, Bocmosassosanucs dopmyaoit
PHAIOIREHAA HA MHOMKHETENIN KEAZPATHOTO TPeXxdaena: ax® + bx + ¢ =
alx - xXx - x,).
Tem caMuiM MH NpeoGpasOBAIN GAAAHHOE HEDABEHCTBO K BHAY

x{x-1 <0

(x+1}(x-6)

‘wenEveas Apolu —(x:(;(xlze) ofpamaerci B 0 B roukax 0 u 1, a
sHaMeHaTeas ofpamaerca B 0 8 Tourax ~1 u 6. OrMeTHNM 5TH TOUKE
un ancaosolt mpawmoit (pue. 13), Tncnosas opaMan pasGHBAETCA YHA-
MHHEIME TOYKAMY HA NMATH NPOMEXYTHOB. Paccyiaa TaR e, RaKk B
upuMepe 1, IPAXOAAM K BRIBOAY, ITO HA KAXKIOM APOMEXKYTKE BHDA-
Morme f(x) coXpaEAeT DOCTOSHHLIE 3HAKR, NPHYEM SHAKH BHIPAXKEHRA
{(v) B BBl IeHHEIX NPOMERYTKAX TAKOBEI, KAK OKA3AHO HA pHc. 13.

< 0.

S~ o~ o~ - _’
yppeyy=y-) TTTTTTTTTTY TTTTTTTY T X



1 . PALUMOHABHBE HEPABEHCTBA W UX CUCTEMbI

Hac mHTEpECYET, Iile BEINOAHEAETCA HepaBeHCTBO f(x) < 0. Dro HMeer
MecTo Ha maTepsaie (-1; 0) wim ma BETepRANE (1; 6).
OQreem-1<xr<(;1<x<86,

INpumep 4. PemmT: HoPABEHCTRO

6x% - bx+4

ov-z-2 ° I

Peme mue. [Ipy pemenun panMOBANLHKX HeDABEHCTB, KaK
TPaBUJI0, MPEANOUNTAIT HMEeTE B MpaBo UaCcTH HepaseHCTEA uucao (:

Avd o By 4 A
=TI 10
6xF-x~2 i

Gx2~Bx+4-6x2+x+2 .
62" —x- 2 > 0;

—-4x + 6
Bx2 - x -2 = 0.

Ecay B mpasofi uacTH HePABEHCTBA COZePXHTCH JAHME YAcke 0,

yaofaes TpOBONNTD PACCY MALHUA, KOTES B Jepoll MaCTR ROpABOHCTBA
H YACIHTENb H SHAMEHATENb HMEIOT NOJNOMHUTENbHEIN crapmul Koad)y-

tunEesT, A wro y Hac? ¥V HAC B 3gHaMeHaTene ApOGH B 3TOM CMLICHE
pee 8 mopAare {crapmuill KosdxbuuEeRT, T €. Kos(ipENEeRT npH X%,
paBed 6 — NONOMUTENLHOR YHCIO), & B THCAHTENe CTAPIIEN Koo(hdu-
OHeHT (KoadhdEnEeRT IpH x) paseH —4 (OTPHUATENRREOS YHCIO), ¥ MHO-
HHEB olle YACTH HEPABCECYEA HA —1 B ASMeHAB OPB oTOM 3HAK HEPABeH-
CTBA HA IPOTHBONOICHKHEIN, NOIyYHM PABHOCHJIBHOE HEPABEHCTBO
4x-6
bf-x-2 %

Uucnurens apobn npeobpasyeM K BHAY 4(x - %). Y71o6H PAIIOIKETE

HA MHOETENH coflep:Ramuitcs s 35aMeHaTese Apoba KRaxpaTHE Tpex-
unen 6x® — x — 2, gafizesd ero kopEW. M3 ypareenns 6x2 —x -2 =0

R R G
HAXOARM: ¥, = 7, X, = - . BHavwT,

2y = -2 1
6x2 ~-x-2 8(:\: 31x+2}



1 - PALMOHANBHBLIE HEPABEHCTBA W MX CHUCTEMM

TeM caMEIM 38ISHHOE HeDABPHCTEBO ML NDe0o0DAS0BANH K BHAY

) )

(offe yacT HEPAPeHCTBA PA3ACTRAN HA NONOMHTENLHOE THCAO %).
PaceMoTpHM BHpaxeRue

8
‘fucaurens 310l Apobu obpamaerca B 0 B TouRe 3+ 8 SHAMeHATeNb —

L) ] 4
—gn--;—.mmmmmmnamomﬁnpauoﬁ[pnc. 14);

ui1a pagbuBAeTCH YRAZAHHEIMY TOUKAMH HA YeTHPE IPOMERYTKA, IPE-
JeM HE KARAOM TDOMeXVTHe BuDagenue flr) coxpawser mocToAH-
uulf 3HAK — 9TH SHAKHK YRKa3aHW Ha puc. 14, Hac nuTepecyr Te
HPOMEKYTKH, HA KOTOPHX BHIOJAHAETCA HepaseHCTBO f(x) <0; atm
HpOMesEYTIEN REIAeNeREr mrpayokenit ma pre. 15. Tlo yomorom Hae

umepecymnmemmx,nxompuxmomaena:apanemmﬂx)=0.
'AkAA TOYKA TOABKO OAHA — OHTO TOUKA X = 3 » TOCKOJABKY JIHIIL

N TOIREX

HPH STOM 3HAYCHRH JHCNRTEADb Zpobn (x) ofpamaerca B HyAb. Touxa

8
A = 5 OrMedeHa HA puC. 15 remHRIM KpyKOTHOM. TarkmM 06pasomM,
na pEC. 15 NpejcTaBIeHA IeOMeTPHYECKAA WIMICTPAIMA DelleHHA

+ - +

o1
nlmi)

Prc. 14

| " :
bo] =P
|-

Puc. 15
i7



PAUMOHAJIbHBIE HEPABEMCTBA W UX CUCTEMB

3aJaHHOTC HeDABEHCTBA, OT KOTOPOil HeTPYAHO HEPeifTH K AHAJATH-
yeckofl sanucH.
1 2 3
Orpemx< 23 3 <X X
B rampoM m3 paccMOTPeHHBIX NMPUMEPOB MBI IPec(pPa30BLIBAIH
SANAHHOE HEPABEHCTBO TAK, WIOOL IOMyuH/I0ch PABHOCHILHOS My Hepa-
BeHCTBO BuAa f(x) > 0 mim f(x) < 0, rze
*-a)(x-b)
)= e oa-a

BareM oTMeYAIH HA OCH X (HA YBCJIOBOH IpaMoll) TOuKE @, b, ¢, d &
ONDefeAANN 3HAKH BhIpaKeHHS f(x) HA BHJENEHHEIX HPOMEXYTHEAX.
SaMeTmaM, 4TO HA CAMOM IPDABOM M3 BHLIISJEHHKIX IIPOMEMKYTEOB Bh-
DoJIEAeTCA HepaBeHCTBO f(x) > 0, a aanee mo mpoMemxyTEaM (IpH ye-
ROBHE, UTO YRCAA 4, b, ¢, d monapHo pasaMuHEI) 3HAKK BRIpAYKEHES
f(x) sepenyiorca (pue. 16a). 310 uepenoBanme yA00HO RANIOCTDHDO-
BATH ¢ DOMOUILI0 BoxHOoOGpasHO# wpmBol, KoTOpAR wepTRTCA cnpaBa
HAJI6BO ¥ CBePXY BHES (pHcC. 166). Ha rex npomemyTRax, rie 9Ta RDH-
Baf (ee MHOTAA HAALIBAIOT KPUSOL 3nAK06) PACOOMOMKEHA BHIIE OCH X,
BLIMONHAESTCA HepaBeHCTBO f(x) > 0; HA Tex IpOMemYTHAX, FAe 9TA
KDHBAA DACHIONOKEHA HHXRe OCE X, BRINOJIHAETCS HepasercTso f(x) < 0.

SaNeTHM, ITO KOJIHIECTBO MHOMHTeAedl B YHCANTeNe E SHAMEHA
Tene Apo6m Momer OMTL MO0 (me o6AsATeNLHO MO ABA B YHCAA-
Tene U 3EAMERATENe),

Npumep 5. Pemursh Bepanencrso
a8 - Ty
@&+9@Ee-9 > O

Pemenne Hueoom:

an el
7 » 0
8 8 ’
2 x + - -—=
[x 2 3(:\: 3]
+ - + - +
o O — O > X
a b ¢ d
Puc. {éa
,x .
8 S B ¢ d
Puc. 166
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1 . PAUMOHATIBHLIE HEPABEHCTBA W UMX CHUCTEMBI

x(x - J7) (x + 7)

(+3)(-3)
2 3
{082 uaeTHE DReSLAYVINETS DEPOBLHOTEA VHIONULIR HA OOIOMRTONL-
Hoe queno 6).
Yroln BOCHOABIOBATLCA METOACM HHTEDBANOE, OTMETHM HA YHC-
.uonoﬁnp:moit Touxn 0, \ﬁ, -7 (B 9THX TOYKAX YHCAMTENL ADO-
0m, eanepmmeﬁca B Jepolt uacTE HepaBeHCTBA, ofpamaerca B 0) u

20

TOUKH -% n % (B 9TEX TOUKAX HAMEHATeNb YKA3AHHOH apobu ofipa-

maerca B 0). OOLIYEO TOYKH OTMEYAIOT CXOMATHYOCKH, YUHTHIBAR
TOALKO HODHNOK MX CNENOBAHES (KAKAS HpaBee, KAKAS NeBee) B He

ocobeHHO 00paman BHMMAHMA HA colaoaeHne Macmraba. fIcHO, 4UTO

=7 < —-% < 0. Caromxues (ecan nog pywoll HeT KaapKyaaropa) of-
- 8

CTOMT AeJI0 ¢ MMCAAME ] & re Hoctynuy Tak: PaccCMOTDHM KBag-

PATRI 3THX TRCEJ.

Hueen: (VTP =T, [%]. = %4

1 8
7-5. SHaumT, (J‘f)’ <[ET,

n DoTOMY '\ﬁ(%.

Hrak,
—J'?<-%<0<J'?<§.

OTMeTHEM YKA3ARHHEIC IATL TOYER B YKASAHHOM NODAfKEe HA IHC-
sopoft npamoft (puc. 17a). PaccTaBuM 3HAKH BLIpaMeHHA

- x(x—*ﬁ)(x+xﬁ)

[=+3)=-5

H4 DOAYYeHHEIX NPOMEeXKYTKAX: Ha CAMOM NPABOM — 3HAK ¢-v, & Aajee
snaxu gepenyercs (pmce, 176), HaveprnM KPHEBYIO 3HAKOE M BRIfe-
AUM (IITPRXOBKOH) Te NPOMEXYTRE, HA KOTODHX BEIIONHASTCA AHTE-
ecyimee Hac HepaBeHCTBO f(x) > O (pmc. 17B). Yurem, HakoHer,

f(x)

1¥



1 . PAUMOHANBHBE HEPABEHCTBA ¥ WYX CMCTEMbI

OO O o o -
T -3 o0 Ji 8
2 3
Puc. 178
- + - + - +
T, SR C— o O———p X
_3 8
-7 2 0 7 3
Puc. 176
- - - + "

O
Puc. 178

9TO Deub HAET 0 HeéCMpozom Hepasencmeéee f(x) » 0, sHAIAT, HAC
HETepecyRT H Té TOYKH, B KOTODHX BEpaskeane f(x) ofpamaerca

B MyAb. 9o KoDHE YnchaTend mpobe f(X). 1.e. Touxn O, J’? H -«J-;
OTMETAM HX Ha PHC. 17B TeMHLIMH EPY:HKO0YKAMR (H, €CTeCTBEHHO,
BiaiouuM B oTeeT). Bor Teneps puc. 17B AaeT noJsHyKH reoMeTpaue-
CRYI0 HAMKOCTPADMEIG DEIMeRNA 38RAHHOMO HEDABEHCTBA.

OrBerT: —wﬁ<x<-%; 0<x<sﬁ; x>%.

O6paniacM Ballle BHEMAHAE HA TO, WTO BCTPETUAINTCH PALHOHANL-
Hble HePABEHCTBA, IPH PEMICAHH KOTODHX METOX HHTEPBANOB CAENLYET
TPEMEHATE ¢ 0CTOPOMKHOCTLI), ¢ HEKOTODEIMHE DONDABKAMH. ITO MEL
ofcyauM B OCTANLHEIX IpHMepax maparpada.

Opumep 6. Pemars, HepasencTso
x-1P{x+2)<0.

P e m e n u e. PaccmorpEN BHpaxenHe f(x) = (x - 1P (x + 2),
OTMeTEM TOYKH 1 B —2 Ha uncaoBolf npaMolf (pre. 18) B onpezennm
3HaKH f(x) HA KAXAOM H3 TpeX HOJAYYEHHEIX HPOMEXYTKOR,

- + +

O "
-2 1



1 - PALIMOHANBHWE HEPABEMCTBA M MX CUCTEMbDI

Ecmx x € (1; +99), T e. x> 1, 7o (x — 1) > 0, x + 2 > 0. 3pavmT,
(x — 1¥(x + 2) > 0, CnemoraTensHo, Ha OTKPEITOM Jyde (1; +00) BLI-
HOJHACTCA HEPABeHCTBO f{x) > 0.

Ecnexe (-2;1), rne. 2<x<l,ro(x-1¥>0,x+2>0.
3mawwur, (x — 1Y%(x + 2) > 0. Taxnu obpasoM, na unrepsane (—2; 1)
RBITOJHAETCH HepaseHCTBO f(x) > 0.

Bemxe (-3 -2), Te. x <2, T0{x—-12>0,x+2<0.
BaawmT, (¥ — 1)%(x + 2) < 0. Hrax, HA oTKpETOM Ayue (—°°; —2) BHI-
NOAHAETCA HepaBeHCTBo f(x) < 0.

Buanm BerpamesEa f(x) CXeMATHYECKH HpeacTaBieHnl Ha puc. 18,
Hepasenerso f(x) < 0 Bunoanserca HA OTKpEITOM Jyge (—o0; —2),

OrBem x<-2.

3amevanne {. B npuwvepe 6 He GbINO TOTO YEPEAOBAHMA IHAKOSB, HA
KOTOpPOe Mbl OBPaTHNM BHUMAHME BLILLE, & MOTOMY M KPHBYIO 3HANOE Mbl
ECH MEPTHTL He cTanu. [PHBLIMHAA KAPTHHE HBPYLLEeHd H3-34 TOTO, YTO B
soip@nerin f{x) ectb mHoxmMTent (x — 1), MpumiTe COBET: 8CIH NOCTE Pas-
NOMEHMS HA MHOMMTENM YHCIIMTENA 1 SHameHatena anrebpavueckoi APObn
f{ x) o1 O6HAP Y MMAM MmHONMTENL BUAA (X — a)", rae n=2, 3, 4, ..., He NONb3YH-
rech KpUaoi SHaKOB, &8 ONPERerAHTE 3uanu Bbipaxenua f(x) 8 KaAOM 2
SLIABNEHHLIX HPOMENYTKOS NO OTASNLHOCTH, KK B Npumeps 6.

3amevanne 2. Ecrm 661 3apanH0e B npumepe 6 HepaseHcTEO Buino He-
CTPOMMM, T. 8. umeno eup (x — 1¥x + 2) < 0, To reomeTpuueckan HRMOCT-
PAUMA peUIBHMA U3MeHnacnL 61 TOuKM | M =2 CNefoBano OTMETMTL 3a-
HPBWEHHBIMM KPYIMOUKaMM U BRNIOWT B oteeT (puc. 19). Pewene nepa-
BOHCTBa UMmeno G TOMDA CNeRyOWMs BUA: X < —2; Xx=1,

bl ey, -9 b x
-2 1
Puc. 17

Opramep 7.Pemints BEDABEHCTBO
19-23-4x 8
49 - x* T+x’
Pemernue, IIpeofpasyeM HepaBenCTBO K BEAY

19 -x2-4x _ 3
49 - xt T+x

# 110paloTaeM ¢ AeBoft YACTHI0 MOJYUMBILEToCA HeDABEHCTBA:

<0

4



4. PAUMOHATIGHLE HEPABEHCTBA U MX CHCTEMbI

19-2-4x 8 _ j9-xf-dx 3T _
9-2 Tix G-na+m Tz
=19 --30 -0 2-x-2 _ Pizel
-7+ TR0 +n E-DE+D
(mcnmTens U HAMEHATNS ADOGH yremouTE He —1, 9O TOMACCTREN-
noenpeoﬁpaamne;;poﬁz),

Taxmy 00pasoM, 3a7ava cBOUTCA ¥ pelIEHHIO HODABEHCTBA

X2rx+2
——— 0.
G-NDE+n -

TIoNEITaEMCA DAYICKETE HA MEOKHTENM TECAATEND axrebpagde-
crodt xpobu, copepmametica » Menott wacTH HePABEHCTER, T. €. BRIPA-
memex’+x+2.Homn;pnmmﬂmwmomrpexqma
orpunarenem: D = 12 - 4 .1 .2 = 7, Suaunr, Ropreif ¥y TpexwieHs
HeT, & moToMy HOPMYyna ax® + bx + ¢ = a(x ~ x,)(x — x,) agecs Henpa-
MenumMa. Kax e Gpirs?

Ormnaammnpocnaermmns§1:emynnagpamom
Tpexanena ax® + bx + ¢ orpunarensart IACKDUMARAHT H TTOMOMKHT-
TeapREH craputili KooddpHmmenT, To TpexIIeE DO A O K U TO A e H
lpa Beex GHAYEHMAX x. Ho Torza ma HeTo MOKHO DasAeJdTh ofe
94CTH HOPABEHCTBA, He MeHAA agaxa HepaBeHcTsa (cM. B § 1 npa-

BaEAe 2%). Ioayunm;

. & ),
(x —THx +7) 0

BoconbzoBeBmACL MeTOROM unTepsanos (puc. 20), noayyaeMm B
KaveCTBe PEMIeHNA NOCHeNHErO (A 3pavuT, ¥ SAJAHHOTO) HODARSHOTRA
mrTepBan (-7; 7).

OrBem-T<x<7,




1 . PALIMOHANbHBIE HEPABEHCTBA M MX CUCTEMBI

3x® — 2x* — 2x <0
X

Pemen e Humeen: <0,1me8x*-2x-2<0

x
(vpu yoaoBHE, vro X # 0). Halizem KOpHE KBAIDATHOI'O YpaBHERRS
Mi-2x - 2=0

HIpaMep 8, Pemurs HepaBeHCTEO
x(8:2 -2x-2)

L]

1+ 2 _7+n o 14 {7
& Ay " -y "

X = *y‘a‘ = 3" 3
1+ T, 1-7
=Ty ¢ Ty

Komeuno, MOXHO, IDHMERUB GODMYAY
B -2x-2=3r-2)x-1x),

PPUHTE 3RJAHHOE HEPABEHCTBO METOZOM HHTepBanoB. Ho ans peme-
My KBAADATHEIX HEPABEHCTB ¥ HAC HMEeTCA IPOBepeHHLId B Haxex-
Hid ¥ METOX, KOTOPLIH MK BCIOMHRIH B HpeARYIeM naparpade, Or-
MeTHM KODHE X, B X, HA OCE X, YUTd UPH 9TOM, YTO X, < X,, B DOCTPO-
M (cxemaTmaeckn) napationy y = 8x2 — 2x - 2; rnaBEOe — YIECTH, TTO
wserBR 9TON NapaboiH HADPABAEHLI A

wuepx (pre. 21). BuibnpaeM DpoMexy- y
10K, HA KOTOPOM rpadHK PacnonoseH
WOA OCBIO X, — 3TO HHTEPBAX (X, X,).
hauze M oTMeTHEAH, 9TO X # 0, HpHAET- *\ 10 A x
rn TouRy x = 0 «BRIROTOTHs. Bor Te-
eps puc. Z1 AaeT DONEYI0 reoMeTpH-
YWUCKYI0 HAJIOCTDAIIHIO PEIIeHHA da- Puc. 21
ANITHOTO HEPABEHCTBA.

OrseT 1‘:—5‘!—_’{-<x<0; 0<x<1+3‘ﬁ.

§ 3. MHOMXECTBA M ONEPALMM HAR HUMM

1. MonaTME MHOXKeCTSa

SnaMeruTHE RTANBAHCKHN DHSHK, MeXaHMK, ACTDOHOM
» matemarur Lamuaeo Taxmnelt (1564—1642) nucan: ¢Benukas
siury [IpEPOAM HATECAHA A3EIKOM NATEMATHKHS, 34 MHOIOBCKOBYI)

23



1 . PAUMOHAMBHBIE HEPABEHCTBA M MX CHCTEMbI

HCTOPHIO PA3ZBHTHA YeI0BEUECTBA HE TONLKO H3MOHANKUCEL 3HAHNT -
Zell 0 3aKOHAX MPHPOAE!, HO M CAMHM CYIIeCTBEHERIM o0pasoM Me-
HuACH A3KE, BA KOTOPOM B P&3HEIE BpeMeRa OBLIH ZANECAHE 3TH
BAKOHK], — CAM ABKIK MATEeMATHKH.

Bor, manpusep, gurara H3 paborm «Kmrab anp-gmebp Baan-
Myralanas cpeaHeasHaTcKoro yuesoro Myxaumena mbu Mycu ax-
Xopesnu (mepsaa noaosuna IX 8. . 3.), KOTOPLI, IO CYIECTBY, IIED*
BLIM BEGA CAM TEPMEH <airelpas:

+...YTo RacaeTca KBAAPATOBR U KOPHell, DABHMX YHCAY, TO eCIH,
HanprMeD, TH CHAXEeML: KBEAADAT M JeCATR &r0 KoDHelt DapHEMW
39 nupxeMaM, TO 3TO O3HAYAET, UTO, €CHH JOOABUTE K HEKOTODOMY
KBQJIPATY TO, YTO PABHO JecATH KOpHaAM, nonyunTea 39. IIpasuno Ta-
Kopo: pappectt upene wopmalt, monyunmeg @ erald aapoue narr,
YMHOME 5TO HA paBHOe eMy, Gyzer 25. IlpnBiass 310 & 39, Gyner 64.
Magnexs B2 91010 KOpeHS, OyAer 8, H BEYTH H3 9TOT0 HOIOBHHY THCAA
Ioprel, 1. e. 5, otramerca 37 570 u Syzer Ropemb KBAADATA, KOTO-
PRIk TH HCKAJ, & KSAAPAT ecThb 9...»

C 3aMeTHEIM TPYAOM COBDEMEHHBIN THTATENDL DofiMeT, 4TO pedsb
HaeT 0 PpeIIeHNH KBAADPATHOrO ypasHerun x° + 10x = 39 u maxoxpge-
HHH oro KopHa: £ = -5 + 26 + 39 = -5 + V64 =3 (xopess x =—13
EooSme He DPACCMATDHEBAJACH).

CoppenmeHHENR maTemaTHuecKkult ssuik Gooee KPpaToK H B IEPBYIO
ouepesE BAMEHRAET CTECTBEHRMI, PASrOBODPHELLA ABEIK CIEAANLEEIME
OyKBeHHEIME B CHMBONHHEIMEM BHDaXkeEnsMu. OB Gozee hopMATHz0-
BaH H YHR)HOHUPOBAH, T, €. HOAXOLAT K PACCMOTPEHHIO CPA3Y MHO-
I'HX OQHOTHOHLIX ciyuaes, Exe Gonee ¢popmMannsopasnatl, HAIDHMED,
Daznwunrre garren mporpaMMupnEaaHg. B muy yme maremaroupomedt
HAZBIR [0 SKECTKHM H 3apaHee ONHCANHEMM NPABRJIAM NePEeBOARTCH Ha
AKX KROMIBIOTEDA.

B oron naparpate air poacexorpru opoorelmne mopastun n ofc-
3HAUGHHSA A3biKa MEOPUN MHONXECma, KOTOpH BoT yme Goisee
100 ner cocraBaser QYHASMEHT COBPEMEHHOTO MATEMATHUSCKONO ASLIKA.

MuomecrBo COCTONT B3 JICMEHTOB. ECIIH 9THX AIEMOETOE BOMBOTO,
To yaobHO BCe 3JIEMENTH IPOCTO NMepeYRCAMT: 8 KaxkoM-EuSyob mo-
Panxe., Yrobex Ee 3a0EITh, YTO DepeUnCAReMEle JJIeMEHTE 00 LeIRHEHET
BMeCTe B HEKUTOPO? MEOMECTBO, TAK(e IUDEYMCIWANE IDPOHUIBOJAT
BHyTpH Gurypanz ckobox { , }. Bor BekoTophle mpuMepsr.
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1 - PALUMOHAINBHLIE HEPABEHCTBA ¥ MX CHUCTEMbBI

Caonecmoe ONECANRS HoanemenraOe i
nepeuncrenmeM
MEOEECTES ONNCAENE MHOXECTRS o azeMeiion
Undprs gecgrmumolt | Muomerrso cocromr | 10,1, 2,3, 4,5, 8,7,
cHCTeMH cumMcneRns |ms uadp 0, 1, 2, 3, 4, 8, 9}
56,789
Taacasie SyxBM Maomecrse cocronr | (A, E, B 2, 0, Y, B,
pycexoro andesnra | us 6yxs A, E, B, H, 3, 10, A}
0, y’ H’ 9, m'g
Kopem ypasBeHEA MHOMECTBO COCTORT {-13: 8}
»® +10x = 39 H3 qrcen 3 1 -13
Heppmil 1 propoft Mao:ecTB0 COCTONT {Brsoau, Ty}
IpeangenTH N3 ABYX Jiogeii:
Pocertickoll Pepeparmn | Emsomea n llymana

DISMEHTH MHOMECTEE MOXHO OEPEUACAATS 3 HPORSBOILEOM IO~
piare. OT MGMeHEeHEA MOPAAKA NEPEURCIEHHA SIEMEHTOB CAMO MHO-
WecTBo He Menserca. Hanmpumep, {4, E, E, H, 0, V, b, 3, 10, A} n
W, H. B, 3,10, 8, 0,¥, A, E} — 3710 0RHO & T0 Xe MEOIRECTBO,
rOCTOSIIIee B3 BCEX IAACHEIX GyKB pyccroro aagasnra.

Jamevanne {. Ecrm MHONMEBCTBO COCTONT M3 WHCEN, TO NP MX NEPEuMC-
nerim MHOTA3 yacOHee uCNONb3OBaTL He 33NATYIO, 3 IHAK NPENKHAHKA
e} » — TOuKY C 3anATOH. BoT Trmumeii npumep. 3ammce {—13; 3} acHo
YHa3LIBABY, UTO MHOMECTED COCTOMT M3 ABYX ucen —13 i 3, a 8 3anuen
{=13, 3} «nepeuwcIuTenLHYIO» 3ANATYIO MOMHO CNYTaTL C «QECATHHNONHD
1NATON M NIORYMATE, YTO MHONKECTBO COCTOMT K3 ORMOTO OTPHUATENLHOrO
wcna —13,3.

Yame Bcoro MH (yfieM SaHEMATECA %RCAOCHIMU MHOMKOCTBAMH,
¥, €, MHOMECTEAMH, 3eMeHTAMY KOTOPHIX APAANITCA yrcaa. Jiaxa ume-
MOBLIY MHOMECCTE €0TL SCTSCTEROHHEH mopapow nepeumeneunsg mX
A1EMEHTOB OT MEHBIIEro YHc]IaA K GonnileMy YHCTY.

NDpamep 1. MEOKeCTBEO A COCTORT M3 BeeX KOpHelt ypasHeHuUs
ot - 6x=0,

a) PemnTth 5T0 ypapHeHHe.

0) 3anaTL MHEOKECTRO A TMepedHCASHHEeM eT) HIeMEHTOB.

B) SamHCATE Bt BOGMOMKHEIE COOCOOLI HEPETHCIEHRS 3X€MEHTOB
MIIOJECTBA A,

¥ H



1 . PALIMOHANBHLE HEPABEHCTBA U MX CUCTEMB

1) CKOALKO BCero HMeeTca cnocoloR NepeuncieHmA INCMEHTOB
MHOKecTBA A?

Pemennme a8)x* + 22— 6x=0;

xXx2+x-6)=10;
x=0mm 2 +x-6=0;
x,=0,x=-8, x,=2.

8) Tlepoupcnew gopun, HanpEMep B nopgnee poapacramag, Tio-
ayqam: A = {-3, 0, 2}.

B) HaMm clregyer TPE DAsSHEIX YHCIA PACCTABHUTL IO TPEM DASHBIM
MecraN. Ecnn ns meproM MecTe cropT —3, TO AAS ABYX OCTARIIMXCS
ypcel H ABYX OCTABIOAXCH MECT €CTh AB4& Bapmanra: (-3, 0, 2} n
{-8, 2, 0}). Ecnu na meproM mecTe cromr 0, TO TAKIK® mMeerca ABa
sapaanra: {0, 2, -3} 7 {0, -3, 2}. EcIiu HA mepROM MeCTe CTOMT 2, To
MMeeTCA eme asa Bapuanra: {2, -3, 0} u {2, 0, -8}.

Taxem obpazoM, moaydaeM 6 BApHAHTOR 3ANHCH MHOMECTRa A:
{-3. 0, 2}, {-3. 2, 0}, {0, -3, 2}, {0, 2, -8}, {2, -3, O} {2. 0, 3.

r) Bce cmocobil mepevncAeHAS Vive HalifeRsl B nyurTe B), Ux 6, $

Honyerum, aro B upumepe 1 peus Baer me of ypasmenmu x® +
+ x* — 6x = 0, a o6 yparsennn x*™® + 2008 = 0. Tax xax % +
+ 2008 » 2008 > 0 gna xroboro x, TO B OYHKTE &) CAEAYET OTBETHTh,
qr0o Kopre#t per. A Kak 6uTh ¢ nyERTOM 6)7 Bear mepeuscadaTs TYT
Hewers. Jng paspeieHER 8T0H CHYYANEY MATEMATERE ERCIH CIAME-
agsuoe obosHaverne . Tax o003HAYACTCH NYCMOe MHONECMBO, T. €.
MHOKOCTBO, He COpep:Ralllee HW OZHOTO 3leMeHTa. PrArypanle cxob-
KE y smaxa 2 Oc CTABAT, TAX K&K HAKRAKOTO ICPOYZECICEES JTOMCH-
TOB IYCTOTQ MHOJKECTBA HE MPORCXOAUT: ITHX 3JeMEHTOB IIPOCTO HeT.

Ecnu aucHo 3TeMeHTOR MHOMKECTEA AOCTATOMHO BeARKO {HANpH-

e 3 A AL AT MY bk h APAASY LA A Al 41 A4 e ) divada Arwivasl E LT e

HEYHO (HAIPENEeD, MHQMKEeCTRO BCeX HATYPAJBLHRIX MM MHOMKECTEO BCEX
TeabIX IHCea), TO ABHOS NEPEYHCAPHUE 3IEMEOHTOR TAKOT0 MHOJKECTBa

HoaRNaMMREN. CNneofitd aaTamuwy, NMTECAHUS TARUY MHNMAMNTR RACRMA
W e A § A w— F WAL RAASANE kWA RAAE

— ' AR iy TGN o kel W e e

pasEoc0bpasEsl. BoT HEKOTOpHE H3 HHX.

Muomecrno CromecHOS: ODNECANEE MHEORECTRL
1) | {10, 15, 20, ..., 90, 95} | MEOACCTEO BCeX ABYSHAYHKX THCEN, KpaT-
HEX b
2) {1, 4 9, 18, 25, 86, ...} | MEoecTBO BCeX KBARDATUB HATYDANBHEIX
qucen




1 . PAUMOHANBHLE HEPABEHCTBA WU HUX CUCTEMbBI

Oxonnanue maba.

MuoxecTso CaopecBoe OHECANNE MEOXECTES
3 N MEOMXecTB0 HATYDAILEMX IHACEIN
4) Q MHOMECTBO DALHOHAMBHBIX TIHCes
5 xl2<x<m MrioaecTno Beex YHCed, KOTOPhle Soxnime

2 m mesmme 7

6) 27 MuosecTBo BCEX WHCeN, KoTopule Goasie
2 n meupme 7

B cayuaax 1) u 2) mo HeCKOABKHUN NPESHABACHHEIM 3JENEHTAM
MHOKECTBA ME IO AHAIOIAR JdozadvieaeMcs 0 TOM, KAK YCTPOEHO BCe
MEO/MKECTB) METUKOM. OTOT cnocod B TOM BAY HHOM BHAC BCIMIBIYET
¢JAoBecHEHT 0GOpPOT «..H TaK Jaiees.

Heroropnte YHCIOBHE MEOAKECTRA CTOND YaCTO BCTPEHAIOTCE B Das-
AHYHLIX DABRENAX MATEMATERE, 4WT0 JAE EAX BBEIH CIeDRANLELIS
odozHavenun, FIMeHHEO TaK 0OCTOHT AeNO B CAVUAax 3) u 4), a Taxxe,
wATPHUMED, ZAA MHOKECTRA eNKIX MHCeT, KOTOpPoe 0603HaYAKT Z, BN
NS MEOOSRECTBA BeMOTBRTONLILIX GHeen, KoTopoe ofoguaqmor R.

B cnyyae 5) MHOEECTEQ 3a48HO ¢ MOMOIILIO €0 XapaKmepucmu-
YcCikozo ceolicmaa. DTO OAEH H3 CAMKX PACHPOCTPAHGHHHIX CHOCOGOB
& upomacres, Coveon ¢ | » 2uyTpn durypunry cxofiox geng-
etca 3aMeHOd KOMOEHANMHM CAOB ¢..TRKHX, 9TO0..». MOXHO mpown-
1aTh samreh {x |2 < x < 7} mar 3a marox:

CaMnox Kar unraerca
{oee} Muoatecrro...
{%...} Muoimasenn poax x,.
{% (...} MEOKeCTBO BCEX X TAKEX, TTC...
xl2<x<?) MBRoM#ecTBO BCEX X PARMX, YTO S < x < T

Harosen, B caydae 6), Kak 4 B caydasx 3) ¥ 4), MHOXKECTBO
WHJAHO ¢ NOMOIOLI0 CHNenHANLHOTO 0003HAYEeHHA. 3ZeCh ME HMeeM
ACIO ¢ OAHMM H3 HauGojJee THOHYHKX OPEMEPOB YACAOBEIX MHO-
weCcTB — ¢ HHTepRaaoM, Hapany ¢ RHTepBANAMH ME O9Y€HE 34CTO
heTpeaaeMCcE M € ADYTHME “UCA0SWMU npomexymxanmu. Hanpuwep,
{x|a € x < b} = [a; b] — oTpe3OK ¢ KOEmaNH @ u b; {xix < b} =

( o3 b) — OTKpPHITHIE AYY ¢ KOHIOM B TOYKe b,

7



1 . II PALIMOHANBHLIE HEPABEHCTBA U MX CUCTEMDI

N poaep 2 Mo yeagapmony SARAHA MHORACTRS JATE OTO
CAOBECHOES ODNMCAHUE:

a){0, 2, 4, 6, 8); 06){2,4,86, ..., 18, 20}; =2){12, 22, 32, ..., 92};
rn {1, 8, 27, 84, 125, ..\

E X142 IR T Y}

Pe e H u o CropecHRe ONMCAHUA OHOIO H TOIQ 3He MHOMKe-
CTBA MOIYT BHTIAAZETH MO-PasEOMY. Beab B eCTecTBeHHOM, PasroBOp-
HOM S3KIKE OFHY & T¥ iK€ MbICAR, BAER B T. O. MOMKHO BEIPARATH IO-
pasHoMy, IIosToMy B cKOGKAX NpHBeJEeM H APYTHe BOGMOMHEIE BADH-
AETH OTBETOB.

&) Mmomectso Beex ueTBEIX Undp (Bee mudpar, npowe madp 1,
85,79

6) MHOMKECTBO BCEX YOTHHIX HATYDAALHEIX YHCE], KOTODBIE MEHb-
me 21 {pce umEcan, DoUyYeHBRe M3 uuced 1, 2, ..., 8§, 10 yMBomennen
Ha 2);

B) MHOMRECTBO BCeX ABYSHAUHEIX WHCeJ, OKAHYABAKINHXcH mad-
poii 2 {Bce wiciaa BEAa 10x + 2, rae x HenyheBas widpal;

T') MHOXKECTBO BeeX KyDOB HATYDAJNBHBIX YHCeN (MHOMKECTBO 3HA-
yenndt GpyHKnER y = x* N8 BATYDAILELIX 3HA4YCHEN aprymerTa x).

IIpramep 3. Pemus cooTBeTcTBYIOIIEe HEPABEHCTEO, ZAITHCATE
BANAHHOE YHECIAOROe MHOMECTRE) B BHAe YUCAOBOIQ IIPOMESKYTKA:

a) {x|x* + 1> 0} B) {x|%>0};

6) {x|E+22=1, 0 L1, 1) {x |3522 < 24x + 35).

3 5 15]°

Peme n 1 e, a) [Ipourem 3anuck {x {2® + 1 > 0} mar aa marom,
Caenyer HANTE MHOKeCTBO BCEX X TAKHX, 4T0 x* + 1 > 0, 970 Hepa-
BEHCTBO BEpHO Ain Beex fAeficTERTensEMX umcen. ITodygwaem OTBer:
BCH YMCHOBAA IPAMAA; B CHMBOJEHOH sammem: (—oo; +00) nan R,

6) Caeayer HaliTH MHOMKECTBO BCeX X TAKHX, UTO

£ 22-1, 5, L1
3 5 15’

T. e. DeIINTh 9TO HepaABeHCTBO., BEro Mu yse pemmig {cw. § 1, mpn-

Mep 1) u noayunnn OTBET: (—00; —Iz"f )

18



1 . PALIMOHAJHHBIE HEPABEHCTBA M MX CHCTEMB

B) Crnegyer HaliTH MHOKeCTBO pemeHHN (MOKHO I'OBOPHTE KOpO-
1
ue: pemeHHe) HEPABPHCTEA i 1. Hmeenm:

1 1 1 an - 1
2>l 2=-1>0; —= >0 =2—= <0,
x x X X

BocmoabaosaBmmECk METOROM RAHTEpBANOB (pEc. 22), moayuaeM B
KavgecTBe peIneHEH Bepapencrsa mHTepsax (0; 1),
r) 35x% < 24x + 35; 36a% - 24x - 35< 0;

12+ 122 + 85 12+ 41869 1237,
= 35 - N

85 8

s

g=

xl=:-—=—%, x8=

gl
o =q

Bersn napabons y = 35x° — 24x — 35 manpapnennl sBepx. IIoaToMy
MHOKECTBO pemenmli HepapeHcTBa 35x2 — 24x — 85 < 0 — 3T0 OTpE-

30K NEKIV KODHAMA X, = —% mx = % (pne. 28).

OrBer: a)R;6) (-00; -1—27); B) (0; 1); T) [—%; %]

Prc, 22 Puc. 23

Taxue caopecHEIe oBOPOTE, KAK 4dJIEMEHT X HPHHAZJCHKHT MHO-
MECTBY A» I «X SRIHETCA SJeMEHTOM MHOMKECTBA A», AOCTATOYHO
AIUHHET B He BCETAa VAOOHLI B 3almcl pelleHn KOHRPeTHEIX SAZAY.
I3 MaTeMATHEKE 5TH BHPAREHHA GoJee KPATKO SAMMHACHIBAIOT TAK: X € A
(ME y:ke moAB3OBAAMCH 9THM ofosHaueHmeM), CMBICH 3HGKG NPURGH-
ACHCHOCMU € JETKO SAHOMHNTE! € — 5HTO ImepepepHYTAHN Gyxnpa «Js,
1. €, OyKBa, ¢ ROTODO#l KAK pA3 M HAYMHACTCA CIOBO ¢ieMeHT». Ha-

AZY CO GHAKOM DPHHANIEKHOCTH € HCIOAB3YIOT H er0 «0TPHIAHHE —
19



1 - PALMOHAJGHBIE HEPABEHCTBA W WX CUCTEMbI

SHAK €. SaBcE X € A 0SHAYAST, ITO X HE ABIACTCS SJMeMEHTOM MHO-
mecrea A, [IpuBeeM ODpHMeph! HCOOIL3OBAHMA STHX JHAKORB:

8¢1{1,38,5,7,9,a13¢{1,8,6, 7,9

YelA,E, B, H,0,¥,bl,3, 10,4, 80be {A,E, £, H,0,V,
Hsa’msﬂ};

2007 e N, torna Kak 200,7 ¢ N;

Oe{x|86x2< 24x+ 35}, a2 ¢ {x|36x* < 24x+ 35} mr. .

BameTHM, 9TO €CJIH HeBepPHO, IT0 X € A, TO BepHO, uTO X £ A. Ha-
ofiopoT, ecilE BEPHO, 4YTO X € A, TO HEBEDHO, 49TO X € A.

Ipumep 4. BepHo au, uro:

2)0eN; 6)0e2Z mlef{xlx’-6x+3x*+1<0};

n te {z|vaF =2 > a2

Pemue aue. a) Her, 0 He #BNAeTCA HATYDATLHLIM THCNAOM, 3HA-
yur, 0 ¢ N.

6) da. Bomes Toro, camo ofiognavennme Z MBMUROCTRA TATEX THOET
IOAYIeHo oT neppoil GYKBM CoRa <Zero» — HYIb.

8) Ja. Iloacrasmm x = 1 B mepasencreo x” — 6% + 8x? + 1 < 0,
Tlonyunw BepHOR aHCHOBOE HeDABeHCTRO —1 < 0,

r) Her. IIpu x = 1 He onpezeNeHa AeRas YacTh HeDABCHCTEA

Jx2 -25>30. @

3ameuanne 2. MyHKTs! B) 1 I} NPumepa 4 NOKasLIBAOT, KaK NPoBepaATL
CTPIBEAMMBOCTE YTREPMZEHHMS X € A B TeX CNYHaAX, KOTRA MHOMECTEO A
330aHO C NOMOLLLIC XGPAKTEPHCTUMECKOrD CBOICTRA. CnenyeT npocTo npo-
BEPUTbL, BEPHO 3TO CBOWHCTED AN KOMKPETHOro HMena X unu net. OteeT sgaw
OSHEYAAT, YTO X € A, 3 OTBET «HET» O3HaMaeT, YTto X & A.

2. NORMHOMECTED

OnemenTr, ofpasywiine JaHHOE MHOXECTBO A, MoXHO ofpern-
HATL He CPA3Y BCO BMeCTe, 4 TPYNIOHEPYS HX B PASHLIX KOMOBHAREAX,
Tax MOX¥HO NOAYIAT: PASNAYHELS ROOMRONECMEE TAHHOTO MBOYKECTBA,

Hanpusep, ecin MHOMKECTBO COCTOHT H3 37eMeHTOB 0, +, @,
MOKHO COCTABHTE POBHQ TPH IOAMHOM(ECTRA, KOTOPEIE COCTOAT HB
ABYX anementoB. 910 {00, +}, {00, @} u {+, @}, PaccMoTpuM mpHMep
DoCJIoEHee.

HDOpumep 5. Hanoae s cocrase GyrOonsHol KoOMAHAR! HOMHEEL
BLUATH qBOe HATIAJAIOMIEX, A ¥ TPEHEPA KOMAHAL €CTh YeTHIpEe KAH-
Aupara ¥, y, 2 1 { HY 9TH DOSAGHAH.

30



1 - PALMOHAJIBHBIE HEPABEHCTBA W MX CHMCTEMbI

a) H3 CKONBLKAX BAPHAHTOB NPRAETCA BHOAPATHL TpeEepy?

6) Kax U3MeHHTCA OTBET B 4), €CIH HIPOK X He MOMKET HIDATH
nMecTe ¢ ATPOKOM Y7

B} Kax uaMeHHTCA OTBET B 8), €C/IH UIDOK 2 MOJKOT UTPATEL TOIBKO
uMecTe ¢ HTpoKoM 17

r) Kak HaMeHHTCA OTBET B A), eCAH HA DOAe AOMMHE BRATH
Tpoe HANAZAIOMIUX?

Peme n n e, CHauAnA MEI ZOMMKHR! NORATE, OIPA 9€M 306CH MEO-
WECTBA, 3JIOMEHTH M IOJMHOMOCTBA. A = {X, ¥, 2, t} — 3TO MHOEe-
B0, B3 KOTOPOTO TPEHEPY CACKYET BHODATE ABOHX HANALAIOIAX, T. €.
wGparThk (Ba neMenTA. BHAYHT, 3a4UA CBENACH K BLIGODY pasiwaHnIX
ABYX3NIEMEHTHHIX ITOZMHOMRECTB AAHHOTO MHOMecTBA A = {x, g, 2. t}.

a) HepeurcinM BaPHAHTH, B KOTOPHIX YHACTBYST HTPOK X. DTO
{v, ¥}, {x, 2}, {x, t}. Ina ArpoKa { ogMH BAPMAHT {X, y} yiKe YuTex,
ocranHch BapuantH {y, 2} 1 {y, t}. Iag arpoxa z Zpa sapEaHTa {X, 2}
u {y, 2} y¥e yTTeHH, OCTANCA OJUE BAPMAHT {2, #}. Hxs urpoxa ¢ Bce
MIPHAHTH BRIXOJA HA AIDY yie yKasaRe. Hrex, TpeEepy IPHAICTCH
;'uﬁl}lparh m3 mectH Bapuanros: {x, ¥}, {x, 2}, {x, t}, ¥, 2}, {y, t},
2, T

6) M3 nepeurcNeHHENX BAPMAHTOB cneayer ybpark {r, y}. Ocra-
I1CA ITATH BADHAHTOB,

B) U3 nepeyrc/seEEKX BAPEAHTOR caexyer yopars {x, z} = {y, 2}.
(XTAHETCSI UETHpE BAPMAHTA.

r) Tyr cnegyer DOCUUTATE BCe TPeXSJeMEHTHHIe NOAMHOM(ECTEA
AngHOTO MEOKecTBA A = {x, p, 2, t}. Bor omn: {x, y, 2} (orcyrersyer ),
{x. y, t} (orcyrcrsyer 2), {x, z, t} (orcyrereyer y), {y, 2, t} (oTCyTr-
ereyer x). Beero wetmpe BapuanTa (puc, 24),

Orser a)b;06)5;8)4; 1) 4.

A CKONBKO BCEro MMeeTCs NOAMHOKECTB y MeTHIPeXaleMeNTHOTO
muoxecrsa? BymeM paccy:eaaTs Kaxk B npmuepe 5. Colepen Bee cpe-

AcnHg B TabnAny.
{2, y, 2}
Z_.-: {x, y, 8}

{x’ ¥ 2 t} _b{x, 2, t}

={y, 2, &}

Prc. 24
"
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YHCA0 HATAZAIOIMEX,

0 1 2 8 4
Bapuantn  |Hanagamouux | {x}, (g}, {{x, ¥} {x, 2} { {x &, 2}s [ {% ¥ 2, 8}
COCTABOB mer copcem | {z}, (& {{x &L w2} | {0 t)s
HaNAAAIOIAX Wizt ) {x, 2,1},
{yt 2y 3}
Komuecrso 1 4 6 4 1
BAPAAHTOR

Hrax, y YeTRIpEX3/IEMEHTHOTD MHOMECTBA €CTh 4 OJHOSNEMEHT-
HHX NOAMHOEECTEa, 0 ABYX3eMEHTHEX TOAMHOMKECTE, 4 Tpexoae-
MERETHEIX DOAMBMKEOTRA, 1 9erhIpexaneMeHTHOS MOTMHOKONTRO
u 1 noaMuOoxecTBO, B KOTOpoM BoOGIme HeT 3JIEMEHTOB, T. &, IIYCTOR
mEOMEecTBO. Beero monyunnocs 1 + 4 + 6 + 4 + 1 = 18 pasarx nog-

MHEHNH MR

e N Ve

B ofmem BRAe onpefencHHEe IIOJMHOMKECTBA BEINJIAART TaK.
Onpegenetive {. Ecnn xamputt snemesT MHOMeCTBA B apns-
eTCHA WIeMEHTOM MHOEECTBA A, TO MHOReCTBO B HASLIBAIOT IIOAMHO-

MeCTBOM MHOEeCTBA A, Ofosmauenme: B C A, 38AK ¢«C» HASLIBAIOT
SHAKOM BEIIQOUSHMEA,

Ecnm wuoxecrea A u B gaagioTea RAOCKEME PETypaMe (TovHee,
MEOMECTBAMH TOYEK, H3 KOTOPMX cocTofT Erypr A m B), To Brino-
genae¢ B c A osHavaer, wro durypa B meamrom pacrmonoyReHa B dn-
rype A (pac. 25).

Npumep 6. Hapuc. 26 H300paxeHsl 9eTHPe ILIOCKHE (PHUTYDRI:
KpYyT 4, OPANOYTOALEUE 5, TPeYIONLHEK C ¥ [) - 4acTh IIOCKOCTH,

A

%B C D
Vi /\ 5

BcA

Puc. 25 Pwc. 26
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CcA DcB Cch

Puc. 27

orpaEuyeHHas opagoM. Kakme ns sxmouennit A — B,C c A, D c B,
AcD,CcB DcA

) pepmur; §) mesepmn?

PemeHHe a) Bknouerna C c A, D — B, C — B pepan. Mu
usofpasumM Mx momapHO (pmc. 27),

0} Brmoverns A c B, Ac D, D c A gesepHH. M Tak #e uaolpa-
MM HX TOTIAPEO B B K&XKIOM CIYJYAP OTHENLHO OTMETEM HEKOTOPYIO
TOURY, KOTOpAS NPHHALIEKHT JIEeBO YacTH BKJIIOUEHHA, HO He ODH-
HALNEXHT npasod wacth (pac. 28).

3ameuanne 3. 3naKku NPUHARNEIKHOCTH € M BITHOUEHMA C HECKOMLKO
NOXGMM ADYF Ha apyra. OHAKO 3TO NPMHUMNMANLHO PAasHbi@ SHaKM M MX
He cnepyeT nytats. Hanpumep, sanuce 1 < {1, 2, 3} ownbaura, Tak Kak
& &6 NEBOI YACTH HAXOAMTCA HE MHOMECTBO. B TO e spema ¢ 3anuceio
1 € {1, 2, 3} sce B NOpAAKe: OHA ©O3HAYAET, YTO YWCNO | ABNASTCR
mnemenToM mHowecTsa {1, 2, 3}, 3anucs [1; 2] € (0; 3) owwBouna, Tak Kak

A A A
°
B
\_/ D D
Herepno, uro A c B Hepepuo, wro Ac D  Heeepao, wro DC A
Puc. 28

* Mopaxosd, 9 xx., 4. 1 33
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%x
0 1 2 3
Prc. 29

B 2€ NeSOH YECTH HAXOOUTCH e 3NEMEHT MHOMECTBA, 8 HEKOTOPOEe MHOME-
c1B0. A BoT 3ammce [1; 2] < (0; 3), Kak roBopAT, KOPPEKTHA; FEOMETPHUECKH
OHA O3HANAET, YTC OTPes30K [1: 2] uenmKkom copepmutca s uTepsane (0; 3)
{pwe. 29).

3. NMepeceverme 1 obbeaMHeHe MHOXKECTB

Hzolpaxense MHOMECTB B BUAe RAaocKux duryp ouens yaobuo
LAA HAPAAZHOIO O/bACHERN PA3IMYHEIX OREPaliil Ha0 MHONECNEAML,
Of6Ei9E0 MHEOZECTBA OIPH 9TOM HE300PREAT B BHfEe HEKOTOPRIX KpY-
roB. Taxwe Xpyra HA3LBAWOT kpyzamu Iiizepad B YeCTDb BeARKOTO MIBeii-
uapcxoro MarteMarnka Jleomappa ditnepa (1707—1783), roropriit

Boaroe spems paboran B Poccrmn. HauneM ¢ onepanim nepeceieHus
MHOECTE,

Onpegenetine 2. NepeceucnneM MuoxecTs A B B HaASLBAIOT
MOOIRECTES, COCTOMINSS HY pocX ofImEy ameMonToBR MEOWeCTE Az B,
T. €. A3 BCeX ZJIEMEHTOB, KOTODHIEe NPAHAANEKAT M MHOMECTRY A, n
mMHOXecTeY B (puc. 30). Ilepeceuenne MHoMecTs A 1 B ofoszavaior
rax: 4 N B.

Henonraysd y3¥e H3BeCTHHE CIocODHE 3afARNA MHEOMECTB, 9T0 OI-
peRenenye MOXHQO HepeBecTH H3 cnopecHOB dopmir zammcu B Gop-
MYyJIbHYIO:

(AnB={x|xeAnxeB}.)

Puc. 38
34
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Il prmMep 7. Haltrm nepecenenne MuOxecTB A 1 B, ecar:

a)A={11, 22, ..., 88,99, B=1{3,6, 9, ...k

6) A — MHOMECTBO PASTUYHKX OYKB, HCIONLIYEMEIX B CHOBE «¢IIe-
pepacapenenentes, B — MHEOMKeCTBO pasiIHUYHHX OyKB, HCNOAL3ye-
MBLIX B CJIOBE OBAHEES.

B)A=(1; y10), B=N.

Pemen e a) A — 5TO MEKGKECTBO BCEX ABYGHAYHEIX YECEJ,
sparsux 11, B — 370 MHOMKECTBO BCeX HATYDANLHRIX YHCEN, KPAT-
unx 3. Iucao x npEHAZNEHNT H MHOKECTEY A, H MHOMeCTBY B, ecnn
N0 ABYSHATHO H KpaTeO Kax 11, rar m 3, T.e. kpatrO 38. Takmx
wicea umeerca poBmo TpR: 33, 66 u 99.

Hrak, A N B = {33, 66, 99).

0) Boommmem Bee BCTpeUANOMMEcH B YVKASAHHEIX cnoBax OYKEBH IO
opnHONY pasy: A={m, e, p, 4, ¢, &, A, H, u}, B={p, e, d, 0, M, u, B, a, H}.
 1CCMOTPHEM 1O OMepenH Bee 3IeMEHTH NepBoro MuoXKecTea. Tak Kak
n+ A, BO T &€ B, T0 OykBa «ni» He ABNAETCH OOmMeR ANa MHEOKeCTB A
B Beamr, ne AN B, Tak Kak e € A ¥ e € B, 70 Gykea «@» ARAA-
erca o0medt ans MHOKecTE A u B, 3mayur, e € A N B, Iepebupas
TTKENM e 00pazoM OcTAanbHEEE OYKEH MHOMeCTE A H B, moayuaem:
AN B={e p, & A1, u.

B) Ynucno 1 npueazae:xur MuEOxecrsy B = N, #0 He npuHagie-
wur MEOKecTRY A = (1; JI_O): KOHeH, METEePBAJIA He EXOANT B CAM
sirepsai, 3gaunT, 1¢ AN B. Tak Kax 8 < 10 <4, Tounena 21 8
HPBHAANEHKAT H MEOXKECTREY A, ¥ MHOXecTBY B. 3uaunr, 2e ANBu
#+« AN B. Bee paTyparsbAEe YRCIA, BAYHHAS ¢ 4, Te)RAT BRE HHTED"
aasa (13 J1o ). 8B89HT, BCe 3TH WMCIA He OPHEHAJIEMAT Iepecede-
suw A N B.

Hrax, A N B = {2; 3} (puc. 31).

B
4 //\\
e LU
e x } ® & o> P x
o 1 2 3 4 6 1 2 8 4
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A

AnBnNncoC

C
Puc. 32

MoskEO paccMaTpHBATE MePeceUcHUA HE TOJLKO ABYX, HO H TpeX,
"ersipex M T, 4. MEOKecTs. Hampunmep, nepecevenuesn muoxect 4, B
1 C HasLIBAIOT MHOMKECTEO, COCTOHIHEe H3 BCeX BJIEMEHTOE, KOTOPhHIe
NPRHALICIRAT X MHOKECTSY A, 1 MEMKecTBY B, B MEO#ecTsy C (puc. 32).
ITepeceuenue maomecrs A, B m C obosaauaror Tax: A N B N C,

3amevaune 4. Bor knaccuueckuii NpuMep U3 pyccKoii iMTepaTyphbl,
CBASSHHLIA ¢ GRHOBPEMEHHBIM BLINOMHEHMEM HECKONbRMX YCrobii. B Kome-
am H, B, Torona «XennteGan rnaeHan repouus, Heeecra Aracgbs TuxoHos-
Ha, paccyaaet Ta: «...Ecnu 61 ryGel Hiukanopa Msasosuia aa npucTaente
K nocy Meana Kysbmiva, ga 83T cKONbKO-mMbyae PassasnocTh, KaKas y
banrasapa bantasapuma, a3, nowanyii, NpubasuTb K 3TOMY ewie LOPOAHO-
<™ Meana Maenosuua — 3 Gk Toraa Trotyac Gbl peLLMaacs, .. »

Y uwethipex pasHbiX MeHHXOB ecTh HeTuipe PasHbIX CBOWCTE, ¥ HeasecTa
Mmeutaer o Tom, utobbl monopoi yenoeek obnanan cpasy Bcemu CBOACT-
samu. C ToMKM 3penna Teopum muoxecTs Aracdss TuxoHosHa uccnepyer son-

M LT AT r‘ﬂp.“l.lﬂlll‘ﬂ AL T | >4 BFILAAMLAL 1Y b LAY AL TR
wu W i w i wr i T g arnanr T Tl b % [Tt IPY S MR TR R

Hcnonnzopanne onepaldnd MepeceTeHAs MEOKECTE B MATeMATHRe
COOTBETCTBYET HCHOJABLIVEAHHI COI3A ¢H» B PYCCKON sAsnke. Poa-
CTBeHHEI eMy COI0S «HAU» cBA3AH ¢ Apyrodt onepanuelt nasx MHEOXKe-
CcTBaME -— onepayucit ofsedunenus,

Onpegenenne 3. O6regunenneM MHOZCCTE A H B HashBAIOT
MHOKECTBO, COCTOHINEE M8 BCEX JJCMEHTOB, KOTOPEE NDRHAZACIEAT
X0Ta G OZAHOMY N3 9THX MEOMECTE — HJAN MHOMECTBY A, AIU
MHOXKeCTBY B (puc. §3). Ofregunenue MHOMeCTE A H B o6o3mavaior
Tax: A U B,

36
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AUB
Pur, 33

Kax u B cryvae mepecedeHus, 2T0 OOPENeNieHHe MOKHO IEDEBEC-
™ u3 canoBecEON GoOpMLI 3anECHE B GOPMYNBEYIO:

(AUB={x|xeAmxeB}.)

IlprMep 8. Haliru ofpeAHEEHRE MHOKECTE A B B, ecan:

a) A — MHOEecTBO gearreacit uncna 105, B — MaomecTro neau-
et unena 56;

6) A — mmoxecTe0 DUDP 3anucy yucya 3, B — muomecrso nudp
MATHCE 4YHCHa 2'°;

B) A = (1; VI0), B =[2; 4}

r) A — MHOMXEcTBO TOYEK KOOPAMHATHON IIOCKOCTH, ¥ KOTODHX
abcrtucea Gonrme 3, B -— MEOMECTEO TOYEK KOOPIMHATHON mmocko-
oTM, ¥ ROTOPHIY opnuaarTa Be fomeme 2

Pemenue.

a) PaanoxnM Ha opocthie Maoxprenn aucaa 106 m 55, Tar rax
Wim3-5-7,a85=5-11,704=1{1,8, 5,7 15, 21, 385, 105}, a
8-{1, 5, 11, 55}. BoseMeM Bce dIeMEHTE MHOJKECTBA A, a 3aTeM Te

WICNEHTE MHOKecTEA B, KoTOpile He BCTpeuaauch E A, T.e. goda-
aum 11 z 55, Bragurn,

AUB={1,3,5, 7,11, 15, 21, 35, 55, 105}.

6) 36 - 243’ 210 - 10240 Bnam'oA - {29 33 4}3 B= {09 19 29 4}.
lHoeTymuM Kax B B nyaxre a), [oaxyanm: AU B={0, 1, 2, 3, 4}.

B) TyT ynobree paborars ¢ amciaosoll mpamoit, JaBAnle MHOMe-
PYua (ducaOREIe IpoMesyTru) A = (1; 10 ) = B = [2; 4] mepecexaior-
31, HO HE OTHO M3 HNX HE COAEPKMTCHA MEIMKOM B ApyroM (puc. 34).

37
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Pwc. 34

L]

AUVB

Puc. 33

HCHOJIBBYGM AJA 9THX MHOXXECTB PDAR3IHATHEE HITPDHXOBKH H 3a-
TeéM DOCMOTPHM, Kakoe YHCHN0B0e MBOSKECTBO B HTOT'e MhEI 3AIITDHXO

sama: A U B = (1; 4] (pac. 35).

r) 3aech ToxKe vaolHee HCHOALIOBATHL uepTeam. MEoKecTE0 A —

8T0 MHOJKECTBO BCEX TOUEK, JEKAUIHX OpaBee BePTHKAALHOH npamMoi

x =3 (puc. 86). Muomecrso B — 3T0 MHOMECTBO BCEX TOYEK, JNeXa-
HIAX HEAE NOPAIOHTAALRHON npamol ¥ = 2 mmm Ha camolf sTolf npa-

Moit (puc. 37).

P ANAN RUNNNEANAN
oy xf/ff/zjuuf/f/x
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Y ZATA A
d ;/////1
i 2
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A O A 3
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Torga A U B — 9T0 MHOMXECTBO BCEX TEX TOUEK IUIOCKOCTH, KOTO-
(e MH SAIITPHXOBANHE NEPBHM HIH BTOPHM cmocoGom {puc. 38).
(wMeTHEM IS OPEMEpa, 9T0 TOYKA (3; 2) IPHHAANEHRHT olBpeAKHE-
nmie A V B, a rourn (2; 3) n (3; §) emy me nprragaexar. @

Kaxk u ana nepecevenuif, MO}XHO PACCMATPHUBATE O0TeARHOHKS HE
TOJLEO ABYX, HO H TpeX, YeTHpPeX M T.x. MHomecTs. HanmpuMep,
offsedunenyues MHOEecTB A, B 1 C HA3HBAIT MHOXKECTBO, COCTOH-
Hie¢ B3 BeEX SMCMEHTOB, KOTOPLIC IPHHAINECKAT HIH MHOMECTRY A,
WAM MHOKECTBY B, HIHM MHOMecTBy C (pac. 39). OfbeanpenAe MHO-
wrerB A, B m C ofosmaqaior Tak: A U B U C,
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3amevanne 5. 3naxu nepeceuenmn «N» 14 oSvegmemn «Us yusupecs
4acTo NyTaloT. BoT HECKOMNLKO COBATOB MO MX 3AMNOMUHAHMIO. 3Hak obbean-
HeHua «U» noxox Ha nepsyro Syksy awrnmiickoro cnosa Union -—— obvepw
Heune. [pyroi cnocob: onepauns obvegmens U — 370 OTKPLITEIM me-
WIOK, B KOTOPbEA CCHTIAOTCR INBMEHTHI 06 BEAUHASMBIX MHOKECTE, 3HauMT,
A U B copepror 8 cebe sce anemenTol o6omx MHOMeCTs A u B u He copep-
IKHT HMKAKMX APYMMX 3nemeHTos. Ecny Bbl xopowo 3anomHMm aHak ofve-
AxMeHUR «U's, TO SHBK Nepecesend «M» — 3T0 NPOCTO APYToH O CTABLWIWACH
3HAK. MOHO TAKXKE 3AMETHTb, UTO «{13 HECKOMBLKO HANOMKHEET PYCCKYIO
6yxey all», c KOTOPOM HAUMHAGTCH CNOBO «nepeceueHues,

§4. CHCTEMbI HEPABEHCTB

PaccMoTpHM ABa OPBEMEpPa, PeIIeRHe KOTOPHX, KAK ME
VBHAMM, OPHBeAET K HOBOH (IAA Bac) MaTeMATHIecKkol Mogennm —
CHCTEMEe HEPAREHCTB.

HDprmep 1. Halite ofaacTs onpepeNeHMsa BHIpAMCHAA
f@)=2x-4+ 8-x.

PemeH ¥ e. Bupaixenre, cofepixanieeca Nox 3HAKOM KBAAPAT-
HOPO KOPHA, AOMEHC OHTP HeOTPEIUATENLRHEM, 3HAYKT, AOJMMHED
CAEOEPLNMOEE O BLONIEITLCT mepapererEat 2y - 420
8 — x » 0. B rakax cayuasx rosopAar, YTO 3aaa4a CBOAMTCA K peme-
HHIO CUCTHENU. HEPOGEHCME

{2::-4 »0,

8-x20.

Ho c Taxolt maremaraveckolt Mogeasio (cucreMolt HepaBeHCTE) ME
ellle He BCTPeYuANHCh. BepHeMCA K pellleHHI0 3TOT0 IpEMepa MO3aHee.

Npumep 2. Jagymans naryparszos uwmons. Wgesorme, ume
BCIH K KBagpaTy safyMaRHoOro uuciaa npubapurs 13, To cymma 6yaer
Gonnme TPOM3BEACRHEA 3RAYMANHOTO WHCAAa H dncaa 14. Ecam ke
X KBAanpary aZYMAHECTO umona mpufapEts 45, 7o cyMma Symer
MeHEBIE NPOH3BEACHAA 3ANYMAREONC Yacan H acaa 18. Kakoe umeno
3anyMaHo?

Pemen ue, Ilepsuft sran, Coemasaenue mamemamusecioi:
Moderu.
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Hyers x — sagyMaHROe 9HCI0. II0 NePBOMY YCAOBMIO CYMMA MH-
coa 22 7 13 Goanme ymena 14x; 10 SHAYHMT, YTO AOMKBO BRINOIEATECH
nepasercTso x* + 13 > 14x. Ilo BTOpOMY YCROBHIO CyMMA uHCen x2
u 45 menmpme umcna 18x; 9T0 3HAYUT, YTO AGEHO BHIIOJHATECH
nepaBescTeo x2 + 45 < 18x., VkasaHHEe HEePABEHCTBA AMDHHE! BRI-
NOJIHATHCA OZHOBPEéMEHHEHO, CISA0OBATENBHO, PeYbh HAET O peIne-
NIUH CHCTEME HeDABeHCTB

{x2 +18 > 14z,
x? + 45 < 18x.

Iloka OpuaeTcA NOBPEMERHTD ¢ DEPEX0IOM KO BTOPOMY STAITY pe-
INGHHS 2a]la9H — STany paboTh ¢ cocrapaeHuEol MareMarsueckol Mo~
Acae0, CHaYANA HAKO H3YIHTE HOBYIO MOAEAh — CHCTEMY HeDABEHCTSB.,

Onpegenenne. Hecxonbxo mepasencTs ¢ oguolt nepemennolt x
ofpazyior cRcTeMY HOPABEHCTE, SCJIH CTABHTCA 384a4a HANTH BCE Ta-
#Me SHAYEHHA HePeMeHHOlN, OPH KOTOPEIX KAMKA0S H3 3ANAHHEIX HE-
MBEHCTB ¢ mepeMeHHo# 00palaeTca B BePHOE YHC/IOBOE HEPABEHCTBO,
Jliboe Taroe 2HEAYCHME X HABKIBAXT pelieHHeM (HIH YACTHEIM Penre-
smweM) CHCTOMEI HOPABEHCTB.

MEoxecTBo BCex pemreHHE (qacTHHX pemeBWi) cmeTeMil Hepa-
MCHCTE IpeacTasiger cofolt ofimee penteEHe CHCTOME HEDABEHCTB
(Mallle TOBOPAT NPOCTO — PelIcHHe CHCTEML! HEPABOHOTR),

HepaBercrea, ofpasyiomme cucremy, obbenmugiorca paryproik
eicolKolf (TAK ke, RaK BRI 3HASTE, OUCTOHT [elo M B CHCTEMAX YpaB-
nenit), Hanpamep, sanmcs

{2:: -1 3,
3x-2<11

@mayaer, ro Hepasenctsa 2x — 1 > 3 u 3x — 2 < 11 obpasywr
CUCTENY HEDABEHCTE.
Huorza HCHOMB3YVETCA 3AMMCh CUCTEME HeDABEHCTE B BHae dsoii-
HulO Hepasencmes, Hanpuwep, cuCTenMy HeDABEHCTE
2x-1> 3,
{2:: -1<11
MOJKHQ 3AMHCATE B BAAE ABo#HOro HepapencTea 3 < 2x — 1 < 11.
PaccMOTpEM CHCTEMY HEPABEHCTB
22x-1> 3,
{3:: -2<11.
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MosxHo noo0paTE HeCKOALKO €€ YACTHHX pemennit, nanpaMep x = 3,
x=4, x = 3,5. B camoMm aene, npu x = 3 neppoe HePABCHCTBO NPHHEK-
Maer Bug § > 3, a Bropoe — BHa T < 1l. Nonyuunuck apa BepHHX
TRCIOBHX HEPABEECTBA, SHAYAT, X = 3 — YACTHOE PEIUCHHE CHCTEME]
HepaBeHCTB, TOUHO TAK e MOXKHO YOeAHTLCH B TOM, 4TO X = 4,
X = 3,5 — YACTHEI® PeIeEHA CHCTeMH HEPABEHCTE.

B 10 ¥e Bpena sHaueHHe X = B He ABAAETCA YACTHLIM POlUeHAeM
CHCTeMH HepapencTs. LIpE x = § mepBoe HOPABSHCTEO MPEEKMAET BAL
9 > 3 — BepHOe YNCIOBOS HEPABEHCTEO, a BTOpoe — BHA 13 < 11, ato
HEBEPHOE YACAOBOC HEPABEHCTEO,

Pewums cucmeny nepasencme — saauuy HallTh Bee ee wACTHEIE
pemresnd. fIcHO, 4TO TaKoe YyrajklBaHHe, KOTOpoe NPOReMOHCTPHPO-
BAHO BHIle, — He METOA PEINCHHAS CHCTEME HepasemceTe., Kar e

f(x) > 0,
g{x) > 07

IIyers X, — pemesue gepaBeHcTBa f(x) > 0 (MHOMKeCTBO uacT-
Hux pemenuit), a X, — peuenne HepapeHcTBa g(x) > 0 (MmoxecTBO
YACTHEX DemerHai). Hac HATEDECYIOT T¢ H TOALKO T IHAYEHHMA X,
KOTODHE OPHEANNENXAT H MHONECTBY X, U MEOMecTsy X,. 35aunt
(cu. § 3), mac nETEpecyer MEOwecTBo X, N X, — 9710 MEpeceuenne H
ABIAETCH PENISAHAEM 3ARARHON CHCTEME HEDARCHCTE.

PENTETEL CHCTEMY HODARCHCTB {

IIpeMep 3. PemnaTt cHCTEMY HEPABEHCTB:
2x-17> 8, 2x-1> 3. 2x-1< 3.
¥ lsx-2<11 8x-2»11 B |3x-2>11.

Pe e s u e, a) Pelnas nepsoe HePaBeHCTB0 CACTEME], BAXOXIM:
2x > 4; x > 2, Pemas BTOpoe HEPABEECYBO CHCTEME, HAXOZHM: Sx < 13;

13 1
x<-é-,r.e.x€4§.0-rmnumnpommnmqnsoixoopnn-

HaTHOM DpaMoil, HCTIOABL2OBAE IAA BHAENeHHA NePBOrO NPOMeKYyT-
KA BePXHIOI IITPHXOBKY, 4 AJH BTODOrC — HHKHIOKW IITPHXOBRY
{puic. 40). PeluenneM CHOTEMEI HePABEHCTB OYACT fepeceucrue peite-
Huit HePABOHCTE CHCTEME], T, €. HPOMEKYTOR (HIH HeCKOJIbKO IpoMe-
JYTKOB), E8 KOTODOM of¢ ITPUXOBKY cOBOANM. B paccMaTpHBacNMON

OpUMepe MOXYIACM HHTEPBAI [2; 4%)
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1 . PALUMOHANBHLIE HEPABEHCTBA U MX CHUCTEMbBI

2 4%
Puc. 40
d ;Wx
2 4%
Puc. &1

0) Pemas neppoe HEPABSHCTBO CHOTeMEl, HAXOMUM: X > 2; pemasa

ATODOE BEPABEECTBO CHCTEMLI, BaXOJUM: X # 4%. OrMeTHNM 5TH HIpo-

MEXRYTKH Ha 0ZHON KoopaEmEaTHOR npamoli, HCIIONBL3IOBAR AJA Hmep-
BOIC NPOMERYTKA BEPXHION IITPHXOBRY, & AAA BTOPOTO — HHMKHIOK
mrpaxosKy {puc. 41). Pemennem cucTeMrt HepaBeHcTs OyAer mnepe-
cieHHe pemenMili HePpaBeHCTE CHCTEMEl. B paccMaTpHBAaeMOM IpHMe-

pe IOMyIaeM ayd [4%; +°°].
B) Pemas mepeoe HEPDABCHCTBO CHCTEMEI, HAXORHUM; ¥ & 2; pemas

1
#TOPOE HePABEHCTBO CUCTEMEl, HAXOAUM: X # 4% . OrMeruM o1 Opo-

MWRYTEH 28 oaHo# KoopanuaTHON npamoli, HCOOAL3ORAR AJIA NEPBO-
re OPOMEXYTEA BEPXHION MTPHXOBRY, 4 IS BTOPONO — HHEHKOK
mrpuxoBKy {puc. 42). PenlenneM cHcTeMH HepapeHeTs Gymer mepe-
ceyeHRe pellleHult HePABEHCTE CHCTEME, T, €. IPOMEXYTOK, HA KOTO-
uwoyM 00e MITDHXOBKY coBHANY, Areck Taxoll oOmedt wacTu mer, ama-
UT, CHCTEMA HEDABCHCTB He MMeer pemennii.

OrpeT: a)2<x<4%; 6) x > 4%; B) Her pemennit (mHOrZA
#T0 CAOBOCOICTAHHE, HAIIOMHEHM, 3AMCHAIOT CHMBOJOM IYCTOI0 MHO-
wmecTBa J).

Ofofmuu paccy:KaeHds, ThoBeAeHHLEe B DACCMOTDEHHOM ThMMeDe.
lipegmonoxumM, YTo HAM HY}KEQ PEIIHTE CHCTEMY HEDABEHCTE

{i:(x) > g,(%),
f(%) > g,x).
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Hyers, nanpamep, sHTepBaa (a; b) apigerca pemeHneM HepaBeECTEA
f,(x) > g(x), a maTepBan (c; d) — pemerAeM HepaBeHCTBA f(X) >
> g(x) (puc. 43). Pewienuem cucmemb. HePABEHCME AGAALTNCA NEPe-
cevenue peisenuii HepaseHcmes cucmembvi, B paccMaTpHBaeMOM CIy-
gae 310 HHTepBan (c; b) (pme. 43),

eGdedelcblabel el ypepppepypyy O %

o c b a
Puc. 43

Tenepr mpt Bes 0coboro TPYZA CMOYKEM PelIATH CACTEMY HeEpa-
BEHCTB, KOTOPYIO NONYYMIM ELUNe, B MpHMepe 1:

2x-420,
8~x20.

Pemasg nmepeo¢ HEPABEHCTBO CHCTEMM, HAXOREM: X 2 2: Demasg BTO-
PO€ HePABEHCTB) CHCTEMEI, HAXOAHUM: ¥ & 8, OFMeTHM 3TH NPOMERYTHE
(nyun) Ba opmoit KoopamBEaTHOH mpamoli (prc. 44). PemennaeM cnacTe-
ME HéDABSHCTH Gy.ue-n nepecoueHae peneEwit HOPABCHCTE CHCTEME —
orpesok {2; 8]. 910 ofxacTh ompeseleRHA TONC BLHIPAMEHHSA, O KOTO*
POM ILIA PedYs B OIpHEMepe 1.

rrrrr@iriprpippdd b ey
2 8
uc. 44
Pagymeerca, cHCTEMA HEDABSHCTR He ofidaaTempa0 AODEKHA COCTOSTE
13 IrEeNARX HePABCHCTB, KAK GBIIO 0 CHX IIOD; MOY'YT BCTPETHTLCA
nofsle pANEOHAJILELE (a B fanrbHelilueM B Xe TOJRKO PANEOHANLHEIE)
AepapeReTBa. Texraveckn pafiora ¢ cneTeMoell PATHOHATRREX HETH-
HelHEIX HePABEHCTB, KOHCYHO, CHOMHER, HO IPHEOANAAALEC HOBOIO
{00 CPABHEHHIO ¢ CACTEMAMH JRHeHHLIX HePABCHCTR) 3AeCh HHUETO HeT.
IIpumep 4. Pemurs cucreMy HepaBeHCTB
{x' =920,
‘51 - x’ > 0.
Peme n ue, 1) Peruum mepaBencteo x° - 93>0, 1. e,
(x-3}x+3)»0.
OrMerHM TOYKH —3 B 3 Ea YHCAoBoi mpamoit (pac, 45), OHH pas0n-
BAKT IPANMYIO HA TPH HPOMEEYTRA, [IPHYEM HA KaXA0M IPOMCIKYTRS
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+ - +
wx
-3 3

Puc, 45

mpazkenne p(x) = (x — 3)x + 3) coxpanser NOCTOSEBEINA 3HAK — 9TH
SUAKH yKasaHu Ha puC. 45. Hac uBETepecyT IPOMERYTHH, HA KOTO-
WX BMOOIHASTCH EcpaBensTBo p{x) >  (oER samTpuUXOBaNA
na puc. 45), 4 TOUKH, B KOTOPHIX BRNOARACTCA paBeHCTBO Pp(x) = 0,
t. €. TOUKH X = -3, ¥ = 3 (0OHH OTMEYeHH HA pHC, 40 TeMHLINK Kpy-
woaramm). TaxuM ofpason, HA paC. 45 NPeRCTABTCHA MeQMETPHICCRAR
WITIOCTPANHEA PEeeHRsa NepBoro HepaBeHCTBA.
2) Peminm BepaseneTBO S — 2220, T, €,

25-x)20,
- + — x
0 b
Puc, 46

Ormeran Touxn 0 7 6 5a uacropod npamoii (nuc. 46). Onx pazlbueg-
WT OpAMYI0 HA TPH NPOMEKYTKA, MPHYEM HA KANKAOM IPOMEXYTHE
muapaxesne g(x) = 25 — x) coxpanser mocTOARHEI SHAK — 9TH BHAKH
yxnaasH Ha buc. 46, Hac maTepecver,; rie BRUIOTHAETCS HEPARSHCTED
gix) > O (cooTBeTCTBYIOLME NPOMERtYTOX SRINTPHXOBAH HA pme. 46);
WY(HE] HAM H TOUKH, B KOTODAIX BEITIOIHSETCA PaBeHCTBO g(x) = 0,
¢ 0 Touky x =), x = B {oHY oTMeuenrs Ha pue. 46 TeMHEIIMBE KDV-
mouxanu), Takum o6pasoM, Ha puc. 46 npeacrasiaeHa reoMeTpude-
$xhd HUMOCTPANEA PelIeHnd BTOPOrC HOPABEHCTBA CHCTEMEI

5_]) Orueronu maligenorie OHHA MePROTO H BTODOT) HEDARCHOTE

SucTeMH HA ORHOH KoopamEATHOM mpAmoil, ECNONL30BAB AJA pemie-
Aufl NepBOro EepaBeHCTBA BePXHIOID INTPEXOBKY, & JIA penieHuil BTo-
pore — EmmHmio mTpexoBry (poe, 47). Pememsenm cuoreMir mepa-
#riicTB Oyaer mepecedenne pelleHHit HepaBeHCTE cucTeMEl, B pacemar-
PpHBAEMON OpHMepEe 9To oTpesok [3; 5].

Oreem 8 x<b.

el e— ey Gy ekl e—. 4
-2 0 2 5

Puc. 47
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Opurmep 5. Pemwre cucTeMy HepaBeHCTB!

2x-1> 3, 2x-1>3,
AV 1xsx+2<0; B+rx+250,

Peme nue. a) Ha nepeoro Eeparencrsa maxoaam: x > 2. Pac-
CMOTDHM BTOPOE HepaBseHCTBO, KBaaparanifi Tpexuwmen x° + x + 2
Heé MMeeT JeHCTBATENBHBIX KopHell, a ero crapmufi KosdpduumenT
(xoaddunnenT npn ¥*) nonoxmrenen. Smaunr (cM. § 1), mpm Beex x
BEIIOJIHAETCS. HEPABEHCTBO X2 + x + 2 > (), a moToMy BrOpoe Hepa-
BEHCTBO CHCTEMEI He mmeeT pemreamnit, YTo 9TO 3HAYMHT ANA CHCTEMEI
HepapeHeTB? OTO BHAYAT, YTO CHCTEMA HE HMeeT pemmeHmii,

0) H3 nepsoroe HepaBeHCTBA HaXomquM: X > 2. BTopoe HepaBeHCTRO
BHIOONEACTCA NPH MOOHX 3HAYCHHEAX ¥, YTO 3TO 3HAYHT AAA CHCTE-
mul mepaseHcTs? To, uTo ee pemmenHe COBIAAEET ¢ PEIIEHIEM TIEDBOTO
HeDABEHCTBA.

OrseT:a)d; 6)x>2.

JanHufk npUMEp ABAASTCH HAAIOCTDANMSN ANA CASKYIOMHX TIO-
JIe3BEIX YTBepsRAeHmil:

1, Ecnu 8 cucmeme uz HOoKORRKUY Hepageneme ¢ 0duoli ; Mo

A W Lt i et R E D W s b AT

Holt 00HO Hepaeencmeo He uUMeem petierull, mo u cucmema ne uxeem
pewenull.

2, Ecan & cucmeme u2 deyx nepasercms ¢ 0duoli nepemennol
O0HO HEDABEHCMEO SHNOAHACIMER NPU AVOLIX SHAYCHURAX NEPeMeH-
HOtt, MO PeutenueM CUCTNEMb CAYNUN PeuleRue dpY2020 RepaseHcmsa

AHATO Akl
-

e T

Sapepman maparpad, BepHeMcA K ODpuBedeHHOR B ero Havaje 3a-
Aade 0 3aAyMANHOM YHCHE H PeIINM 8¢, KAK TOBOPHTCH, HO BCEM Ipa-
BH/IAM.

IIpamep 2. 3agyMaHO BHaTYpajbHOe uuciao. MasecrHo, uro
€CAH K KBAAPATY SaAyMaHHOro yucaa npubaeute 13, To cymma Syger
Gonbime MpOMSBeReHHA JAMAYMARHOIO uHCAA B upcna 14, Ecam xe
K KBAZPATY S8AYMAHHOIO YHCAA NpnlaBuTh 40, TO cyMMa GyaeT MeHRIIe
ODpoON3BEAeEHA 3GAYMAHRHOTO uMcan 1 uncna 18. Kakoe umexo sany-
Mago?

Pe m e B 1 e, [Ieperilt aran. Cocmasaenue xamemamuseckols uo-
denu,

SaayMaHHEOE YHCAO X, KAK ME Bunend suie (eM. ¢. 41), gomsHo
VAOBJSTBODATE CHCTEMe HEpPABEHCTB
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——

2+ 4b < 18x.

Bropoilt a1an, Pafoma ¢ cocmaerennoil modervw.
IIpeoOpasyeM Nepeoe HepABEHCTEBOG CHCTEME! K BUAY
x2-14x+ 13> 0.
Hatigem KOpHM KBAAPATHOrQ TpexwyieHa x* — l4x + 18: x, = 1,
x, = 13, Narepecynimee 5aC HEPABEHCTBO BHUIOJHAETCA IpH x<1
wam x > 13 (pue. 48).
IIpeolpazyeM BTODOe HEDABEHCTBO CHCTEMB X BHIAY
x2-18x+45<0,
HaiizeM xopHHW KBafparHOro Tpexunena x® — 18x + 45: x, = §,
&£, = 15. Huarepecyomes 268 BSPABCHCTBS BLIDGAHASTCH, €CAK
3 < x < 15 (pme. 49).
IlepeceuenneM BalineHRHX pelueHnl cnymar maTepBax (13; 15)
{puc. 5O).
Tpemndi aran. Omeem Ha sonpoc 3adavu.

Hac uaTESpecyeT HATYPAALHOES YUCIO, MPUHALACIRAICe METEPBANLY
{13; 15}, TaxuM SucHoM ZBAKETCHA uueno 14,

O T B e T 3aayMaHO yucao 14,

{x’ +13 > 14x,

Puc. 48 Prc. 49

x

Prc. 50
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OCHOBHbIE PE3YIbTATLI

e B s7oil rmaRe BM DOZHAKOMHIWCE ¢ OOHATHAMH, OTHOCAIMIUMMCS
K PeIleHMIK) HEePABEHCTE ¢ OOHEOH mepeMeHHOM:
92CTHOE pelmerRHe, ofimge peollcHHe, polucHie HEPABEHCTES;
PAIIHOHANBH(OE HEPABEHCTEO;
PABHOCHJILHEIE HEDAREHCTBA, PABHOCHILHOE OpeoldpasoBanEne Hepa-
BEeHOTHAS
CHCTEMA HepaBeHCTE;
PeleHNe CHCTEMEl HEPABEHCTB,

¢ BH MOSEAKOMMAHCE ¢ METOJOM METCDBAJOB, KOTOPH AKTABHO
HCIIOAB3YeTCH NPH PellleHMH PALMOHANLHHX HEPABEHCTB.

e By nOsHAKOMMINCEL ¢ BAYANTEHIIMM MTOHSTUSMY OSMATDMEATOTO

B MATEMATHKe ASHKA TEOPHM MHONCCCTR!
SMIeMEeHT MHQMKECTBA, MOAMEOMKECTBO NAHHOTO MHOMKCCTBA)
ofzenuneRMe U MepeceUeRNe MEONOCTE;

e e . 3t LEE— -

OycTOoS MHOMCECTBO.



2 CUCTEMbI
YPABHEHWA

§ 5. OcnHoBHbIe NOHATHA

§ 6. MeTtosni pewenns cucrem ypasHeHms

§ 7. CHcrems! ypaBHeHHH KaK MATEMATHYECKME MOLCTH
POBALHBIX CHTYBLME
OcHOBHbI® pe3ynbTaTht

§ 5. OCHOBHBIE NOHATMA

C cucremMamm ypasBHeHHN BLl ViK€ BCTDEUANMCE B KVNCe
anrepe 7-T0 Kaacca, HO 970 GBLIR TOABKO CHCTEMH ABYX JHBeHHBX
ypupHeHRM ¢ aByMa nepeMeHHEMH. Termepr MEH NOMOROPHM O perme-
1M CHOTeM HeNHHENREX vpaBHenH ¢ mrvMs mepeMeHEHHMA; TeM Go-
Jtg YTO TaKWe CHCTeMBI AOBOJBHO 9acTO HpPeAcTABIAIOT cobolt marte-
MATHYECKHE MONENH H3yJaeMwX curyamuii,

Nprwmep 1 Ilpucramm B r C maxoasrca HuKe mpucrasm A mo
TeUEHHIO pPekH Ha 30 KM u 45 KM cooTsercTBeHHO (pHC. 51). Morop-
nasd JoAKa OTXOAMT OT MPHUCTAHE A, moxozur a0 C, cpagdy noBOpavTH-
®eeT HAsan ¥ NpEXoanT B B, sarparaB Ha Beck myTh 4 v 40 mmn.

, B apyroit pas eTa xe mOgKa OTOmMIA OT DpHCTaHH C, ZomIa A0 A,
£pasy MOBEPHYJA HA3AA W OpAnLia » B, saTpaTus HA BeCh OYTH T 9.
Yomy paBHLI COGCTBEHHAR CKODOCTS JIOAKH M CKOPOCTL TeUeHNS pexu?

Pemenue. Beegem aBe nepeMennsnie:

X ¥M/9 — cOGCTBEHHAA CKRODOCTD JOZKH,
¥ KM/4 — CKOPOCTh TEYCHHA DEKH.

Dl raax
L
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2. CUCTEMbl YPABHEHWA

Toraa x + y KM/4 — CKOPOCTE ABMIKEHHES JOAKHA IO TEYEHHI0 PEKH,
X — iy KM/Y — CKOPOCTE ABMMKENHS JOAKH DDOTHE TEIeHHA DEKH.,

PaccMoTpuM nepsuiil pelfic soaxku. On cocraBan 45 kKM 1o Teve-
aaw oT A ao C 1 15 xM nporus revenus or C zo B. 3nayur,

48
mq — BpeMd ABM)KEHHA JOAKH oT A no C,
15

*=¥y

Y — BpeMs ABMIKeHHUd JOAKH OT C J0 B.

Bceero ma nepssii peiic aoaxa sarpatuaa 4 1 40 MuH, T. €. 4§=1—4m

3
TaxsM 06pazoM, NOIyYaeM YpPapHeHHE
45 + 15 _ 14

Paccmorpum sTOpoft pelic aogkn. OB cocTaBua 45 KM IIPOTHE Te-
yedgus oT C 20 A 1 30 xM no TewenHo oT A o B. Buaunr,
4ib
x_yq—npemammemnomnngoA,

30
x+yu—npammennaaommo'rfi mo B.

Beero Ha Bropolt pefic nopka saTpat™ana T u. TaxkuM ofpasoM, moay-
qJ86M YpABHEHHE o
+——.=7,
X=y Xx+y
MareMaTHYECKAS MOJENs 3afAYH NpeAcTaBager coboll cHeremy
OBYX YpaBHEHHI ¢ ABYyMSH IIeDpeMEHHLIMH

AR
L1

&
—
o
H LR
o

*t+y z-y 8°
45 80 _
X-y x+y

Ko pemurs 21y moMTY, ME! IONS HO 2EAEM, MPURSTCS BEDHYTLOS
K Heil noagsee (910 Gyaer cpenano B § 7), HO cHAMANA HANQ CO3KATH

HeoOXoAHMYIO0 TeopeTHYecKyI0 Oasy.

1. PaupoHanbiible YPaBHEHMS C ABYMS NEPEMeHHbIMM

Qammuue_l. PanmoEaisH0oe YPARHEHHE ¢ ABYMS MePeMeH-
HBHIMK %, § — 9TO ypaBHEHHe BHXA h(x; y) = g(x; y), rae k(x; y),
&(x; y) — panHOHAALHBIC BHIDAYKEHHA, T, ¢, AArefpardecKHe BRIpa-
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2. II CUCTEMbBI YPABHEHWA

JEeHNA, COCTABJICHHEIE M3 THCEJ H IIePeMeHHEIX X, JJ ¢ DOMOMmLIO OIIe-
pauali cnOsKeHHs, BEMMUTAHHS, YMHOKCHHAA, NEJICHAA W BO3BEACHHA
B HATYDAJLHYI0 CTeIeHb.

Tippmeprr panpouNANEOLrY ypammenoil o ARYMS DODOMOTIILIM
X+ =58 y-x=4; 2y +x*=0;

-~
o

and
&

=2y-1 m T A

x+y x-¥

KoHeYHO, MQ/KHO PECCMATPMBATE PAIMOHAILHLIE YPABHEHHA U ¢
APYTHMHA TepeMeHHBIMEY, He 00S3aTeNbE0 ¢ X B Jj; HanpuMep, 4° — bt =
= 8ab — panuonancHOe YPABHEHHE ¢ ABYMSA [epeMeHHLIME &, b.

PannonaxpHOe YpaseeHue R(x; ) = g(x; y) Bceraa mMoxkHO mpeol-
pasoBars X BRAY px; ¥) = 0, roe p(x; ) — panMOHAILROE BHIpAXNKe-
Hue. Jlna sTor0 XOCTATOYHO HepenucaTh YDPABHeHHMe Tax: A(x; y) —
~ g(x: ¥} = 0. Ecau p(x; ¥) — MHOroOwWIeH, TO D{x: ¥) = 0 HA3LIBAKT
YERBIN DOUUOHAADHIM YPAGHEHUEM,

Qnpesgenenne 2. Pemennem ypasuenns p(x; y) = 0 Hasssawr
BCAKYI0 HAPY wHcen (x; y), ROTOpAH YHOBNETBOPHET HTOMY YpaBHe-
HHIO, T, &, OOPAIIAST PABCHCTRO ¢ TDepeMeHBEIMEA p{x; ¥) = 0 B BepHOE
YHCNOBOE PABEHCTEO,

Hanpumep:
1) (3; 7) — pemlemme ypasHemma x% + 2 = 58. B caMoM zene,
3% + 72 = B8 — pepmoe wHOIOBOS DaBSmOTED,

2)(@;—6)—pemenneypammax’+y’=58.neicmmnmo,
(V22)* + (-6)* = 58 — Bepmoe uncAOBOE paBeHCTBO (22 + 36 = 58).

3) (0; 5) — pemienne ypaprenna 2xy + x° =0, mockonsky 2:0:5 +
+ 0% = 0 — BepHOE UMCJOBOE DABEHCTBO.

4} {1; 2) me spaserca pemecnAeM ypasmenna 2xy + x*=0.Bea
MoM pene, 2:1:2 + 1® = 0 — meBepHOe DABEHCTRO (DOJYYASTCA
5=0),

MIpamep 2, Pemmre ypasHeHHe (2x — 8)° + (¥ + 8)'=0.

PemeHH e. IIpE mobpx 3HATCHHUAX X, [/ BRINONHAKTCH HEpa-
sencTea (2x — 8)% » 0, (y + 8)* » 0. 3EaunAT, NeBAA YACTH 3AZAHHOTO
YPABHEHHS BCETAA HEOTPHIATENbHA, IPHYEM PABEHCTBO €€ HYJII BO3-
MOEHO JHINb B OZHOM CAy4YAe: ROTZA KayKAOe H3 OBYX CIATAeMBX

E3 |



2. II CUCTEMBl  YPABHEHMA

obpamaerca B Hyns, Taxuu 06pazoM, 3agstdua CBOZATCH K PEIIeHUIO
@x-8y =0,
(y+3)y =90

u2 KoTopoli nonyuaem: 2x —8=0,r.e. x=4;y+3=0, T, 0, y=-3.
OrBem (4; -3).

NDpamep 3. Haltru Bce meaouncieHHsle pelIerAs ypapHeHAA
x-y=10.

Pemeunne Ecnu x =k, ke Z, To ypasHenue x — y = 10
mpuHEMaeT Bug kB — y = 10, oTkyaa nosxydaenm: y =& — 10; aT0 nenoe
YHCA0. SHAMHT, IENOYHCICHHEIMH PelleHHAMN YPABHEHHS CIYKAT
nmobeie napet supa (ks k— 10), rne ke Z,

Ecnn faHO Denoe PAIHOHANLHOE YPABHCHHE ¢ HECKOABKHUME Ile-
PEMEHHEIMH H ¢ NEJCYHCAeHHNME KodbOHIACHTAME H €CaH IIOCTaD"
neHA 3ajaug HaliTH pmenoumcaensne (AnH, B Gonee obmeMm cayuae,
PARIIHOHAJNEHEIE) €r0 PellleHHs, TO MOBOPAT, YTO 3AKAHO duod)aNmoso
ypasHenue (B 1€CTh ADCBHETPEICCKOrO MatTeMaTeKa [laodanta; npen-
nonoxarensuo 111 B.). TnodanToro ypasHenne BASLIBAIOT TAKXKE Heo-
npederennvin ypasneruex, HeonpeeeHHOCTD 3ARTIOUASTCH, BHAHMO,
B TOM, 9T0 TAKQ¢ YPABHEHHe, KAK NPABHAO, HMeeT GecKOHeTHOe MHO-
JReCTBO pemenuii, KaK 3To 6RO BHIIE B IpHMepe 3.

B DONBUIRECTEE CAYYACE peIIEHRe NMOPAHTOBHIX YPABHCHHHA cO-
OpPAKEHO ¢O FHAUNTEALHEIME TpynEOcTEMEH, HHEOTER OHE upeopgome-
BRIOTCE € MIOMOIOEK) CBOMCTB NEJRAMOCTH LEILIX uncel.

CHCTEeMH YpABRHeHRE {

Npumep 4, HaitTu neJouncieEHNe PelleHHA YPABRHEHUA
2x + 3y =17.

Pemesrn n e Iyere (x; ¥y) — penlerne ypasreHusa. Torga
17 — 8y = 2x, Tak xax x — nenoe unucno, To wacHo 17 — 8y yerno. Pac-
CMOTPHM OTOEILHO Cayual, KOTAA Y YeTHO, H Cyuall, KOTOA i HEYETHO.

1) Ecnu y — ueTHOe 4HMCAO, TO 3y 4YeTHO, & 17 — 3y HeweTHO Kax
PASHOCTH BeueTHOrO uncha 17 u werHoro uncaa 3y. 3maumur, sror cay-
qaif HaM He HOAXOAHT.

2) Ecyma y — HeudeTHOE YRCAO, To ¥ = 2k + 1, rae k — menoe umncao.
Torpa 17 - 3y =17 - 32k + 1) =17 - 6k — 3 = 14 — 6k = 2(7 — 3k).

Tak xax 0o yeropuio 17 — 3y = 2x, 1o noayqaem 2(7 — 3k) = 2x,
x="T- 8k

Hrax, ecom (X; y) — pemrenme xaHmoro ypaBHemus, To X = 7 — 3%,
apy=2k + 1, rge k — penoe uHUCIAO.
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2. |I CUCTEMbi YPABHEHWA

IIpoBepEM, 9TO BepHO H O0paTHOE, T. e. ecam x =T — 8k, a
¥ =2k + 1, To {x; y) — pemeHue ypaBHeHHa 2x + 3y = 17.

IIpoH3sBegeM NOACTAHOBKY:

2¢+By=2(7T-8k)+3(2k+1)=14 -6k + 6k + 3 =17,
3uguur, mobGaa napa pupa (7 — 3k; 2k + 1) apnderca pemenmneM
ypapsenus 2x + 3y = 17.

Yrobnl Bam SR DOHATHEE DONYUeHHHH pesyIbLTAT, KAZHM DAPS-
MeTpy R HeCKOUIBKO KOHKPETHEIX DEJ0YHCIEHHHX 3HaueHHI,

Hyers & = 0; Torga napa (7 — 3k; 2% + 1) npespamaercs B (T3 1).
llogcrasne saavenna x = 7, y = 1 b ypapuerne 2x + 3y = 17, noxy-
uum: 14 + 3 = 17 — pepHoe paBeHcTRO,

Iycrs k = 1; roraa napa (7 — 3k; 2k + 1) npespamaerca B (4; 3).
lopcrasue saaverna x = 4, y = 3 b ypasaeane 2x + 3y = 17, nony-
uuM: 8 + 9 =17 -— pepHOE PABEHCTEO,

ITycrs k = 2; Toraa napa (7 — 3k; 2k + 1) upespamaercs B (1; 5).
llogcrasne sHadenna x =1, y = 5 B yparnenne 2x + 3y = 17, mony-
wuM: 2 + 15 = 17 — BepHOE paBeHCTEO,

Ylyers & = —1; Torpa napa (7 — 3k; 2k + 1) npeBpamaeTca B
(10; —1). IlogcTaBrue aeauenusa x = 10, y = —1 r ypanHerue 2x +
t 3y =17, nonyquum: 20 — 3 = 17 — BepHOE PABEHCTBO,

Ana BAMIARHOCTH CBefEM IONYYCHHEIE PeSY/BTATH B TAGIHILY.

k *2=T7-2% y=2+1 2x + 3y

0 4 1 2:-7+3-1=14+3=17
1 4 2 2:448-83=8+8=17
2 1 5 2:-14+3-5=2+156=17
-1 10 -1 2-10+3:(-1)=20-3=17

Taxr e ofcTOHT Aeno cO BCeMH OCTANBHBIMH LeJOTHCACHHBIMK
waueHHAME OapaMerna k.

OrserT: ('f—Sk; 2k + 1), rpe ke Z.

IIpumep 5. Halirm nenovncaeHAsle PCIICHAA YDABHCHHA
4x + Ty = 20.

Pemenmne, Hpeoﬁpaayeuypannemexmyx=§’%m H
mee=x=28+—1_7£, 'r.e.x=7—zy4;1. Baavemne x OyaeT DeJInIM
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2. CUCTEMbI YPABHEHIA

TOrga M TOMBKO TOTAA, KOTAA BLIpa:reHHe p(y) = Ty — 1 geamrca Ges
ocTaTia Ha 4. 1A 1eJloro HeIa ¥ 0 OTHOmMERAI) K YHCely 4 uMenT-
¢d 4 BOIMOKEOCTH: OHO KPARTHO YHCTY 4, OHO AaeT NpH LelcHErd Ha 4
ocTaToK 1, OHO AaeT NpH JederMH Ha 4 OCTATOX 2, OHO JaeT NpH Je-
JIeHHH HA 4 OCTATOK 3. PaccCMOTDEM KAMAVIO K3 aTHX BOSMOMKHOCTeN
0 OTAEABHOCTH,

Vy=4n.Toraap(i) =Ty -1=7.-4n - 1 = 28n — 1. 310 uncno
He geaurca Ha 4.

2)y=4n+1.Tormap(y)=Ty-1=T74n+1)-1=28n + 6. 910
YHCAC He AeNUTCH Ha 4.

Vy=tn+2.Torgaply)=Ty—1=T4n + 2) - 1=28n+ 13. 910
YHCIO HE AIHTCH Ha 4.

Dy=4n+ 3. Tormap(y)=Ty-1=T(dn + 8) - 1 =28n + 20. 310
qHons RenHTos Ba 4.

Hrax, y=4n+8. Torpax=7- Lol g 8420 _y_qp

+5j=2-Tn.
OrpeT:(2-Tn;4n+ 3), rpe ne Z.

IHIprmep 6 Halirn neaouncienssic pelicHAS YPABHEHHHA
4x2 - = 11.

Pemenae [lepnerfi cmocol, IleperrmenM ypaepEEHUE B BUfAE
(2x — yX2x + y) = 11, Jlepad 4acTh VPABHEHHA NPeACTARAAeT colofl npo-
H3EEAEHMEe JRYX IIennlX upcest. OHO MOKeT paBHATECS 11 Amme B yeTH-
PeX CAyUAAX: ROTAA mepeblt MuoxmTens pasen 1, a propo#t 11; xorma
mepBeilf MEHOMATENE paBeH —1, a Bropoii —11; Koraa mepBsl MHOKITEIL
pasen 11, a sropoit 1; xorga meppeidt MEOM¥MTENL pased —11, a propoit
—1, B@avnT, 3a7aMa CROFHTCH K PeleHNI) YeTHPEX CHCTEM YDAEReHHN:
Z-y=1 |2x-y=-1, |2k-y=1, |2x-y=-11,
2x+y=11; |2x+y=-11; |2x+y=1; 2x+y=-1
Hs mepbolt carcTeMbi HaxoguM: x = 3, y = b; #s sTopold: x = -3,
v = —b; B3 Tperpeii: x = 8, y = —5; u3 werseproiil: x = -8, y=65.

OrBemr (8 5), (-3; —8), (8; -5), (—3; b).

JJiin ypasHeHHH ¢ AByMH NepeMEHHLIMHM, K8K U JUA YPABHEHHH ¢
onuofl mepeMeHHOMd, MOMCHO BBECTH IIOHATHE PABHOCHIBLHOCTH.

Onpegenenne 3. Nra ypapuenna p(x; 4) = 0 u g(x; y) = 0
BASHIBAIOT PABHOCHILRKME, €CJIH OHE HMEIOT OAHHAKOBEIE PelIeHns
{B 4aCTHOCTH, eCIH 008 YPABHeHHS He UMEIOT pelneHpit).
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2. CUCTEMbI YPABHEHWA

Ofsruu0 OpR pelleHAN YPABHOHHMS CTADRIOTCA 3AMEHWTL AAHHOE
ypapEeAHe OoJee MPOCTHIM, HO DABHOCHNBLHMM eMy, Taxyio 3aMeHy
HAZEIBAIT PABHOCKILEEM IPeoGpazosannem ypasaennsn. JBa ocHOB-
HBEIX PABHOCHALHEIX NMpeobpasoBaHMA YHASAHH HH)Ke,

1) ITeperoc ¥aeHoe YpasHEHUR U3 0FHOL LaCTU YDAGREHUR 6 dpYy-
S0 € NPOMUGOROIONHVMG SHAKGKY,

Hanmpumep, 3aMeRa ypasEesus 2x + 5y = Tx — 8y ypabuemmeMm
2x — Tx = —8y — 5y ecTh PABROCHALEOE NMpeo(pasoBaHHe ypDABHEHHA,

2) ¥Yaunoncenue uru dererue oleux wacmell YpasHenus Ha o0HO U Mo
M€ OTRLBLHOE 0N HYAR NUCKO URU SYLDANCCHUL, 100y OMALNHOE OM. HYAS.

Hanpumep, aaMena ypapHenHA 0,51 —0,8xy =2y ypasHeHHEM
6x% — 8xy = 20y (06e uacTH YPABHEHHA YMHOKHNH NOYiNeHHEO Ha 10)
~CTh PABHOCHALHOE NMpeolpasoBaHHe ypARHEHHS,

HepasnocHABHEIME npeo§pPaloBaHAAME YDABHEHHS, KAK H B (Y-
‘ae ypasHeHHMHA ¢ OfHONH NepeMeHHON, MOTYT OKA3ATHCA:

a) oceoloxcdenue om 3Hamenamexell, cODEPIALUX NepeMerHble;

6) sozeedenue obeux wacmeil ypasHenus & xeadpam.

Ecmu B npollecce PemeHHs YPARHEHHS TPHMEHSIOCE OJHO H2 YHa-
JAHAHX HePABHOCHJIBHLIX MpeoGpa3oBaHuil, T0 Bce HalileHHEe pelre-
HAA HAZO DPOBEPHTEH NOACTAHOBKON B MCXOAHOe YPARHEHME, HOCKOIb-
KY chefn HHX MOTYT OKARATHCH NMOCTOPOHHHE pelleHHdA, T. €. TAPH
wHceN, He VAOBJETBODAIOIINE NCXOFHOMY YDABHEHWIO.

2. Fpachuk ypasHetssi ¢ ABYMA NepPeMeHHbIMM

Ilyers paHo ypaBHeHHe p(X; ¥) = 0, MBo#ecTBO TOUEK (X3 ¥) KO-
opauHAaTHOR rrockocTH X0y, TARKHMX, 4T0 (X; ) — peIneHUe YDaBHE-
nug p(x; y) = 0, BassBaIOT 2paduror YpasHeHus.

ODprmep 7. ITocTpouTs rpadux ypaBRCHHA
3x+4y-12=0. 1)
Pemen H e H3 xypca anreGpsl 7-r0 KRAcCCA BAM HW3BECTHO, 9TO
rpaduKxoM JHHeAHOTO YPaBHEHHA ¢ ABYMS NepeMEHHHMH ¢x + by +
t ¢ =0, rae xord 611 ofHO B3 YHCeNA &, § OTIMYHO OT HYAN, ARNAAETCH
IpAMAS JRHHA. 3HAYHAT, rpadHE ypaBHeRHa (1) — nopamad, 1A oo-
CTPOCHESA KOTOPOH XOCTATOUHO YKAJZATE ABe TOYKH, eli mpuHafmesa-
imue. Ecau B ypasuenue (1) nogerapurs x = 0, T0 OHO IpUMET BHJ,
4y — 12 = 0, OTRYfA HAXOAUM: Y = 3; HTAK, ((; 3) — TouKA, KOODAM-
naTH KOTOpo# yaoeaeTBOpAOT ypasHeHHK (1). Ecan B ypapuenne (1)
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2. CUCTEMBl  YPABHEHMA

™
P
oo =
P

~2xm Q4

wl,/

[m) |
F
bk 4
1
2(

Puc. 54

noAcTaBHTE ¥ = 0, 70 o#o mpuMer BuUA 8x — 12 = (), oTKYHES HaAXOZAMM;
x = 4; Aarak, (4; 0) — rouxa, KOOPAHMHATH KOTOpO# YAOBRETBOPAIOT
ypaepsenmwo (1).

Tiposenen vepes toukH {0; 3) # (4; 0) npamyio — aro u Gyger
rpadnx ypasmesna (1) (puc, 52), @

Ecam yparuenne p(x; i) = 0 ynaerca mpeofpazorats K BUAY y = A(x),
TO rpadbuk pyEKRUA ¥ = f(x) ceATASTCA OTHOBPEMEHHO H rpahRKoM
ypasaesna p(x; y) = 0.
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2. || CUCTEML! YPABHEHIA

Mpumep 8. IlocTponTs rpadmx ypaemennma y — 2x2 =0,
P e m e m u e. [IpeoSpasyem ypasresme K Buay y = 2x°, I'padm-
xom bymarumm y = 232 aengerca napabona (pmc. 53). M
MHpumep 9. Hocrpouts rpadax ypasHEeHUS xy = Z.
2
Pemenne.ﬂpeoﬁpaayeuypanneunmy=;.l‘pa¢nxou
2
Gyuxman y = © sBxaerca ranepboxa (puc. 54). @

3. DopMmyna pacCTOSHMA MENAY ABYMS TOYKAMM
KoopaMHaTHOM nnockoctm. Fpadi ypassenus
(x—ap+(y—by=r

Crpos rpaduRM YpaRHeHuH B OpEMEpPax 7—9, MH OOHDPAINCH
ANIOE B& MATEPHAJ, H3BCCTHELY BaM H3 Kypca anreGpui 7--8-ro Kiac-
soi! rpadpkamu OpIE OpaMas, napafona, runepbona. B stoM mymx-
Te MBI PACIIEPAM KPYT MeOMETPAIECKNX GUTyp, KOTODEIE MOIyT CIy-
MaTE IpadEKaME YPABHOEHN ¢ ABYMSA HUCPEMOHHBIMM,

Paccmosnue mewdy mosxemu A(x;y,) uw B(xsy,)

Teopena 1 roopdunamiod naocxocmu xOy svivicazemes 1o
dopaynre
. 4B = (3 ~ =) + @ — g
i
T
B ¥y ¥= 4y
\ 7=7,
——
c ¥ A
_’__.
%2 a9 *if E
= x, x=x
1 1
Puc. 55
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2. || CUCTEMbI  YPABHEHWA

Hoxazareuscrro. Coexnaum Touxu A(x; y,) un B(x,; y,) or-
PeSKOM M IpOBeAeM IDAMBIE X = X, ¥ = X, ¥ = Y, ¥ = Y, (puc. 55).
PaccmorpuaM npamoyronbEsi TpeyroasEny ABC. JInuna karera AC pas-
EA DACCTOAREIO MESKAY TOUKAME X, B X, OCH X, T. e.AC=|xs—xlI.I[Jm-
Ha Karera BC paBHA PacCTOAHMIO MEXIY TOYKAMH Y/, B J, OCH ¥, T. €.
BC=|y2 - y1|. TIo reopeme ITndaropa AB® = AC® + BC3, 1. e,

AR = |x, -2 |2+ |y, ~ |2 (2)

Tax xax |al? = a?, To dopmyny (2) MoXHO DepenHcaTh B BUAE
AB? = (x, = x, V¥ + (u, — ¥, )%

3sauuT, AB = J(xg -0 + (% - 1. TeopeMa moxazana.
Brrugenmu, manbEMen, pacerognme Mewpmy Touxamy (@ —1) o

(2; -25). Homyamm: f(2 - 9) + (-25 + 1) = VT2 + 24* = 625 = 25.

Fpaduxom ypaenenus
x-af+@-bp=r @
Teopema 2 RGAAEMER OKPYMROCMS Ra KXoOpIunamuol nrocro-
cmu x0y ¢ yenmpom ¢ mouxe O’(a; b) u paduycom
r (r > 0) (puc. 56).

| vi
(x—a)+(y-8y=r
———

7 \gfk(x; 7y
/ P
_{ Ar

\ |
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HdorasaTexascrso. Bossmenm molyio Touxy M(x; y) oxkpysHO-
eva. Ilo Teopeme 1 O'M = f(x - @) + (y - b)*. Ho O'M =r, auaunr,

reJ(x-ay +(y-bP, ne
w-af+g-0f=r.

Hrar, roopaanatel moboii rouxn M(x; y), npraagmesameil ok-
PY;RHOCTH, YAOBJETBOPAWT ypasHeHmo (3),

Ecnm rouka P(x; y) B AeRUr HA OKDY:KHOCTH, TO aubo OP <r
{ecnm TouRa P pacuonoixena BEYTDE OKDY:RE0CTH), Irbo O'P > r (ecan
TouKa P PacHoJIOKeHs BHe OKPYRREOCTH). H B TOM B B APYIOM caydac
ypaBHEHHO (3) ROODAMEATEI YOUKHA P ¢ YIOBIEIBODAIGT.

CnefoBaTensH0, TOYKH OKPYRKHOCTH H TOALKO OHA YAOBAETBODH-
1ot ypapHenuo (3). Teopema noxazaua.

Iipamep 10. TocTponrTs rMMadnk ypaseeHud x° + y* = 16.

P e m e u & e. [lepenmmen ypasrerne B Buge (x — 02+ (y — 0F =
= 43, JIo Teopeme 2 rpadurOM STON0 YPABHEHHS SBIAETCH ORPYIK-
uucTh ¢ HeRTpOM B Touke O(0; 0) B pagmycoM 4 (pmc. 57).

IIpamep 11, IlocrponTe rpadur YpDaBBEHHA:

A)(x-1P+(y-2=9; 6)at+y*+4x=0.

Pemenme. a) llepenumem ypapaenue B Buze (x — 1)°® +
1 (y — 2)* = 3% I'paduKoM 5TOTO YPABEEHHA IO TeopeMe 2 ABNACTCH
UKDYKHOCTE ¢ NeETpoM B Touke (1; 2) u paguycom 3 (puc, 58).

! y; y'

4] ¥@+)i=16 x-1P+(y-2¢=9

PaEREN -

4 N {
\7' 2
r\ 7 rel A /I
}_ I \lo N
\( / TN 1 F
™
i
Prc. 57 Prc. 58
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6) INepenamen vparEeHENe B BHOE (xF + 4x + 4) + =4, T. €.

H Janee

(x+2F+ =4,

(x- (-2 +(y-0p=2

TpadEROM 5TOrC YPABHEHHs N0 TeopeMe 2 SRIATCH OKPYAHOCTD
¢ nenrpoM B Touke (-2; 0) m paguycom 2 (pac. 59). @

(x+2)

Puc. 5%

OdopMuM OCHOBHLI® PDE3yNbLTATHL STOTO MYHKTS B BHAE TAGHIMIL.

ARannTHqecEan Caosecuasn
MONAIE MoFens
x+p=r ORpYRHOCTE HE KOOPAU-

HaTHON NIOCKOCTH ¢ HeHT-
DOM B HAUATE KOODXHMHAT

H PAAUYCOM T

-af+@-bp=r

OEDY;RHOCTE EA KOODIH-
HATHOH NA0CKOCTH ¢ UeHT-
poM B Toure (a; b) B pa-
OHYCOM F

40



2. CUCTEMbI YPABHEHWIA

4. CucTemnl YpaBHeHMH € JABYMA NEPEMEHNLIMN

Onpegenehue 4. Ecnn nocTapneHa 3agada HafiTH Bee Takme
napul umcen {x; y), KOTOPhle OAEOEDEMERHO YAORNCTBOPSIOT YPARHEe-
xuwo p(x; ¥} = 0 u ypasgermo g(x; y) = 0, TO FOBOPAT, UTO YKa3aHHEIE
yphuHEHHA 00pasyioT cHCTeMY YPABHeHHH:

{p(x; ¥)=0,
2x ¥ =0.

Tlapy uwmeen (X3 ), KOTOpAA ORHOBPEMEHHO ABIACTCH PemmCHHENM
¥ NepBOYO H BTOPOIO YpABHeHA# CHCYEMEI, HA3HBAKT peHIeHRCM
oncreMEl ypasaenmnik. Pewtums cucmemy ypaenenuli — 10 3HATHT
HafiTH BLe ee DEIICEHA BAH YCTAHOBHTH, IO pellicREl Rer.

HanpaMep, mapa (3; 7) — pelleEAe CACTeME YpaBHemmit

[x2 + y* = 58,
1y—x=4. @

B camom nene. sTa OapA VAORAETRODAET KAK NMEDROMY, TAK H BTODO-
MY YPaBRHEeHUIO CHCTEMLl, 3HAWUMT, ARIAETCA ee pemenuem. OOHIMHO

r= 1
puryr Tak: (3: 7) — pemenme cHCTeMH, AR {y _ ,;, — pemenne
SMCTENE.,

A mapa (5; 9) He gBaAeTCH pemeEneM cucreM:l (1); oHA He yHOBR-
ACTEOPACT IOPBOMY YPARHEHMID (XOTA H YIOBIETBOPAET RTOPOMY
YPABHEHUID CHCTEMEI).

PasyMeeTcd, NePeMEHHEIe B YPARHEHMAX, oOpASYIINHX CHCTeMY
ypapReHHi, MoryT OBITH O003HAUEEE B APYTrHME OyKBaMn, EAOpPH-
Mep gatAECKAME @ a b, s m f, ¥ B v B T. 4. Ho B arofioM cnywae mpa
BANTHCH OTBETA B BAAE NAPH YHCEN HCIONBSYIOT JeKcuKozpadu Leckuli
Memod, T.e. Ha IePBOS MECTO CTABAT TY H3 ABYX GYRB, RoTOpad B
JATHHCKOM andaBUTe BCTPEYARTCA PAHBME,

Hnorpa yRaeTca DeIIATL CHCTENMY YDaBHeHnit zpaguveckum Me-
modom, KOTOPELL 3AKAIYAETCA B CHeLYIOIIeM: NOCTPOMTE rpadHK
nepBOrO ypapEeHHA, IOCTHOATE 'padEK BTOPOrO ypapEeHEHA H, HAKRO-
nett, BafiTH TOYKH nepeceYeHNd rpadmikoB; KOODIHHEATH KaxKRoR TOY-
KW IEPECeICHAA CHAY/RAT PEIIeHHCM CHCTEMEl YpaBHEHHH.

(1]



2. II CUCTEMbI YPABHEHWA

NDpamep 12, Pemurn cucteMy ypasHeHuit
{x’+y’ =16,

y—x=4,

Pemesnue, 1) Hocrponm rpadur ypasHenus x® + y2 = 16 —
OEPYAHOCTD ¢ IEeHTPOM B HaudaMe KOODIHHAT H pagaycoM 4 (puc. 60).

2) Ilocrpoum rpadmr ypasEeHRd ¥ — x = 4, D10 IpaMas, Opoxo-
mamasa gepes ToukH (0; 4) a (—4; 0) (puc. 60).

3) Oxpy:KHOCTE B IpAMAadA IepecekaoTed B Tourax A ¥ B (puc. 60).
Cyna no mocrpoenHoii reomerpmruecKoll Mozenn, TOUKa A mmeer
roopamaaTH (—4; 0), a Touxa B — goopamnare: (0; 4). Ilposepxa no-
KA3LIBAST, IT0 Ha camoM gene mapw (—4; 0) | (0; 4) asamores peme-
HHAMHA 000HX ypaBEeHHN CHCTeMbl, A SHAYNT, H PENICHHAMN CHCTEMEL
ypasseHmit, CrefopaTennLu0, 3aAHHAA CACTEMA YPABHEHHN MeeT ABA
peuternaA: (—4; 0) u (0; 4).

O rBemr (—4; 0); (0; 4).

Dprmep 13. Pemare cHCYeMYy ypaBHeHHH

2xi-y=0,
xy=2.
7k
y-x=4 v y = 2x
4
P B ™A
p.f N \
J \_ \\I (]
A A 9
AR E /|_’ h( v
N 4l/ 0] T 51 (¥
N 4
e
'xfyu'w
I |
Pc. 60 Prc. 64



2. CHCTEMbl YPABHEHWA

Pemer 7 e 1) Ilepenucas nepeoe yparHeHne CHCTEML B BHJ@
¥ = 2x*, DpAXORAM K BMEBOAY: rpadMKOM YPARHEHNSA ABIAETCA NADA-
Gona (puc. 61).

2)Hepenncanmpoeypamennecncremnmey=%,npm-

AUM K BHIBOAY: MpadHKOM YPaBHEBRHA ARAAETCHA rmmepbona (puc, 61).

3) HapaGona 1 rEnepboNA nepecexaTed B Touke A (puc. 61). Tou-
Kh IepeceveHHA TONLKO OAHA, ODOCKOIBKY IPABAA BETBb Iapabomst
CAYIRHT IpadRKON BOspacTaromedl QYEKIUM, & IDABAA BETBL IHIED-
fumm — ySmeatomeil. Cyna mo mocrpoeruolt reomerpuueckoll Moge-
An, TOIKA A EMeeT KooparHATH (1; Z). IIpoBepKa IOKAIHIBAET, 9TO,
AeficTBETEALHO, mapa (1; 2) apaaerca pememmeM ofomx ypasHeHHAN
CACTEMEI, A 3HAYHT, NI PEIIeHAESM CHCTEME yparHeHm. CreoRaTens-.
MO, 3a18HHEAA CHCTEMA ypaBHeHMIH HMeeT OxHO pemerne: (1I; 2Z).

Oreem:(1; 2).

Tpajmsecknit MeTOs pemeHna cHCTeM ypaBHEeHMIL, Kax B rpadm-
yeeKHft MeToZ pelmeHHA ypapHeHMH, KpacHE, HO HeHagexeH. Bo-mep-
PLIX, IOTONY, YTO PpAdMKN YpABHEHUN ML cyMeeM IOCTDONTE AAJe-
Ko He Beerga. Bo-BTOpRIX, Afaxe ecnm rpadmka ypapmeHAR yaanoch
ROCTPORTD, TOIKHN DEPECeTeEnA MOrYT OEITE He TAKHMHA «XODOIIAME®,
KAK B CHenUaNeH0 NoAolpadseIX npumepax 11 a 12, a To n BoBCe
NOTYT OEASATBLCA 34 NPEACNAME WEPTeHA. SHAMHAT, HAM HYEHO Pac-
fI013raTh HAZGKHLIMY ANTe0panTecKHMH MOTOZAMH DEIleHNS CHCTEM
Aepyx ypapHenuif ¢ AByMd nepeMeHHnMH. B yacTHOCTH, mpuMep 13
MokEO GBII0 PpEmATL METOAOM IOACTAHOBRH. M3 mepBoro ypasseana
Buxoxmm, wro y = 2x°, Ilogerasus 24 BMecTO ¥ BO BTOPOE YpaBHeHHe
BHCTEMML, moayunM: x* 2x*=2; 2x*=2; x'=1; x=1.Ecim x=1, 10
Mo dopmyae y = 2x* gaxogum, 710 y = 2. Ioayqaem: (1; 2) — pemre-
‘Wue CHCTeMEL

Ioapobuee 0 METONAX DEIICHHMA CHCTEM YpPABHEHAN MOTOBODHM B
‘Snegyiomem naparpadge.

5. HepaseHcTea u OMCTeMbI HEPAREHCTS
C ABYMA NEePeMeHHbIMM

B 910M NYHKTe MK HOTOBODHM ¢ DEIIéEHHA HEDABSHCTE BHIA
2x ¥) > 0 (p(x; y) < 0), roe p(x; y) — anrebpamdeckoe BLIpaKeHUE.
Onpegenerne 5, Pemeuuem Hepasencrsa p(x; y) > 0 Hasul-

MIOT BCAKYIO NADY 9HCET (X3 ¥), KOTOPAA YAOBAETBODAOT 3TOMY

63



2- CUCTEMbl YPABHEHI#A

HEpPABEHCTBY, T. €. OOpAIIAeT HEPABEHCTRO ¢ mepeMeHERIMA X; ¥) > 0
B BePHOE THCAOBOE HEPABEHCTEQ,

Hanpumep, mapa (2; 1) aBiaeTcsa pellleHHEeM HepaBeHCTBA
2x+ 3y >0(2-2 + 8 - 1 > 0 — pepuoOe YACHOBOC HEDABEHCTBO), A
papa (0; —1) me aBnaerca pelleHneM HTONO HepaBeHcTBA (IpoBepETEl).

Yroli maliry Bee pelleBHsd HEDPABEHCTRA ¢ FRYMS mepeMeHHELIMI,
Yamie BCErc omupamrca Ha rpadux ypasmenna p(x; ¥) = 0. Kax pac-
CY/KAAIOT BANBING, ODOKAKEM HA UPVMEpax.

Npamep 14. Pemurs sepasencrso 2x + 3y > 0.

Pemopue Ipapmxom ypappepua 2y + 8y = 0 aunaeres opa-
Mad, OPOXOZAINTAA Yepes HAYAKO Koopaunar (0; 0) u, maupumep, T04-
ry (3; —-2) (roopamE=EaTH ofiemx TOHWEK YAOBIESTBOPAWY YDABHEHHIO
2x + 3y = 0), Dra npayaa maobpamens ma pue. 82. Ipeofipagyem 2a-

JAHHOE HEPABEHCTEO K BHAY ¥ > -%x. Teneps ACHO, YTO HAC HMEHTE-
pecyioT Te TOYKH KOODIHHATHO# IIJIOCKOCTH, KOTODBIE HAXOZATCR
BH e NocTpoeEHO# npamoi, Takam o6pasoM, bee peIOeHNA 3ajan-
HOIO HePABEHCTEA FeQMEeTPUYECKN B305PaKaI0TCa TOUKAME HOAYILIOC
ROCTH, pacTionoxennoli Bume npamolt 2x + 3y = O (pue. 63). o

IIpasTHgeckuit coper, Ilocne Toro Kak GRII mocTpoeH rpadHkK
YpaBHeHMd, MOXKHO OLUIO paccy:RiaTp TAK: peIeHHA 3AJAHHOICG He-
DARPHCTRA HAOHDAMANIOTCH TOYEKAME TOIVIIIOCKOCTH, DACTONOREHH0l
aubo pnime, A0 HUEe DoCTPOeHHOH npamoli, UrofH NpaBHALEO

vk T 1 vk
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2. CUCTEMB YPABHEHUA

suifpaTe HY!KHYIO DOIVIAOCKOCTE, BOIEMEM Jo0yio TOUKY OZHON ma
HUX H NOACTABAM HKOODAHHATH TAKOH KORTPONsHON TOUKH B 3a7aH-
Hue HepapeHCTBO. Ecoa moayqdaATcd BEPHOR TACIOBOE HEPARGHCTEO, TO
NOAYILAOCKOCT: BHOpaHa BepHO, eCIM HET — TO HeT (37eck darTu-
YEeCKH HCOOJBIVETCA YTBEPKIeHNE, KOTOpOoe MOXKHO JOKASATL JHAIE
CpPEeACTBAMH BEICIIel MATEMATHKN: eCAH rpadaroM pAnAOHANBHOND
ypasaeHRE p{x; y) = 0 aenaerca aaaea L, T0 Do ogHy H 0 ZPYTYIO
cropory or L Brpakenne p(x; y) coxpanseT NOCTOABHLIN zHAK).

BossMeM B RaueCTBe KOHTpOALEOH Toury (1; 1) u3 RepxHei mo-
AYILIOCKOCTH B NOACTABUM €@ KOOPAHHATH B 3aAAHHOE HEPABEHCTBO.
Nonyaum: 2+ 1 + 3 - 1 > 0 — BepHOE YACAOBOe HEPABEHCTBO. 3HA-
NUT, reOMeTpHYecKOl MOAEALo pemennit 3aJaAHHON) HEPARCHCTBA AR~
JHETCA HONYIIOCKOCTb, PACIOAOMCHAAA BEIme npanolt 2x + 3y = 0
(puc. 63). Hoaumars 5TOT BEIBOJ CAESAYET TAK: KOODAEHATH JI060l
TOUKH MHAOKECTBA, 3RLITPHXOBAHHOTO Ha pHc. 63, obpasyor mapy
yuces, COYRKAMYI PeIIcHAEM HepaBeHCTBa 2x + 3y > 0.

ODpumep 15 Pemurs HepaseHCTBO § — 2x° < 0.

P e m e B u e. I'padicon ypasHeRREA y - 2x% = O cayxur mapabo-
M g = 252 (puc. 64). O5a JZeaMrT KOOPAEHATHYI0 MIOCKOCTh HA SBe
WMCTH: OAHA PACIIONOEEHS BLINNIS, & APYTad HIDXe Dapabonul. BosnMeM

1 . yl

P
7 T TR
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YA "’l\'&\\“‘
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TAZVONING T [

/17 | SN
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2. CUCTEMbl YPABHEHVA

B KavecTBe EodrpoasHoll Touxy (0; 1), pacmonoxeaHyio BHIIe mapa-
Goant, IlogcTaBuE KOOPIHRATH 3TOR TOUKH B 38 aHH0E HEDABEHCTBO,
noayunmM: 1 ~ 2 + 0? < 0 — geBepHOE THUCJIO0BOE HEPABLHCTBO. 3HAYHT,
B Ka¥ecTBS NeOMOTPHYECKON MOAENH poelncHHN JAFANHOIO HepabBoeH-
CTBA CAEAYET B3ATH 9ACTb KOOPDAMHATHON ILIOCKOCTH, PACIOI0:EEH-

HY® He BEITIe, & HEKe mapabonsr (pac. 64). |

Onpesenenne &, Ecak mocraneHa safava mafirm Bee Taxme
naph qacen (X; ), KOTOPHE OZHOBPEMERHO YAORISTBOPAIOT HEPaBeR-
cteaMm plx; y) > 0 m g(x; ) > 0, TO POBOPAT, UTO YRABAHHKIE HEDA-
plx; y) > 0,

g(x: y) > 0.

Tiapy uncen (x; ), KOTOPag OABOBPEMEHHO SBAACTCA PellleHHeM
H NepBOTO M BTOPOTO HEPABEHCTE CHCTEMEI, HASLIBAIOT POICHACM CH-
CTeMEl HEPABCHCTS. POIINTE CHCTEMY HEPABCHCTB — 3HAYHT HAKTH
BCe ee pelleHnd (MAR YCTAHOBHTH, YTO peIIeRHl Her).

BeHCTBA 00pA3YIOT CHCTEMY HEPABEHCTE {

2r -8y <6,

i 16, P
pamep 16 emmcucmuynepasenm{x+y+7>o.

Pemerre. 1) ocrponn rpadrx ypasuerns 2x — 3y = §. 310
opaMag, DpoxXofaias depes ToukH (3; 0) & (0; —2). BossMem B xave-
cree Koprpoaseclt Toaxy (0; 0), pacnonoxenmsyio BHIOe NocTpoeHBON
npaxolt; ee ROOPEARATN YHOBACTEGDAIGT Hepasencrsy 25 — 3y < 6.
BHAYATY, FEOMETPHYCCKAN PeMIeHAEM HePBOI0 HEPABCHCTBA BAXARHON
CHCTENHI CAYEHAT HOIVILIOCKOCTD, PACIOVIOMEHHAA BHINE OPAMOK, H
caMa IPANMAR {IGCRO/THRY SATAKAOS HePaBeHCTEG — HecTporoe) (puc., 65).

2) Ilocrpoum rpaduk ypasgeada x + y + 7= 0. D10 npamas, opo-
xogsmaa depes Touka (—7; 0) m (0; —7). Bossmenm B EauecTBe KOHT-
poapaoii Toury (0; 0), pacnoaokeHEYI0 BHIE NocTpocHHEC N npamoii;
ee KOODOHHATHE YAOBJIETBODAIOT HepaBeHCTSY X + ¥ + 7 » 0. 3mawaT,
PeOMeTPHYECKHM DellleHHeM BTODOYO HeDABEHCTBA 3ALAHHON cHCTe-
ME! CAYKAT NOIYILIOCKOCTE, DACTIIOMEHHAA Bhime npamolt, ® cama
opamas (puc. 66).

3) B rauecTne pemeanlt sagaEEofl CHCTEMEL HEPABEHCTB CJIEXYeT
B3ATH BCe ofmme TOYKH IOCTPOSHHMX HMOAYIAOCKocTel, T. €. HX Oe-
pecevenwe (3amMTPAXOBAHO HA puC. 67). |
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2. || CHCTEMbI YPABHEHI#A
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2. CUCTEMbI YPABHEHWA

§ 6. METOZIbI PELLEHWA CHCTEM YPABHEHMH

B 31oM naparpatde ME 06CYIAM TPH METOJA DelleHHS CH-
cTeM ypasHeHH#, Gonce HageXHble, YoM rpadpudecKHM MeTom, KOTo-
Peiff paccMOTpPeNN B NPeARAYIGeM uaparpacde.

1. MeTOL NOACTANOBKN

STOT MeTOX MEl OPAMEHANN B T-M RJacCe IIA PemcHRA CHCTEM
nunettwrix ypasHenwuif, Tor axropmrM, xoropult 6 Bripaforal B
7-M Kjacce, BIONHEe NPHIONeH AAA pPelleHHsd CHCTeM JIpOEIX ABYX
ypaBHeHH (He 0043aTeALHO AHHeHHEIX) ¢ ABYMS DepPeMEHHBIMI X M
y (pasymeercs, nepeMeHHLle MOTYT SHTL 0603HAYEHE I APYTHAMH GyK-
BAMH, 9TQ He HMeeT 3HA&YEHHT). DARTHIESCKH ITHM AJITOPATMOM Mb)
BOCOOJBIOBAMMCE B HpeANAyRieM naparpade, KOria 3aBepIOANH Das-
TOROp O mpHMepe 12.

(" 3
AJTOpPETM HCIONBL3OBAHESA METOAA NOACTAHOBKH
IpH PelIeHHH CHCTEMM ABYX ypasHeHml
¢ ABYMS NePOMEHHEIMHE X, |/
1. BripasaTts y 9epes X H3 OAHOrO YPABHEHMA CHCTEMEL

Z. oacTapuTh DOTYYeHHCe BHIDAYKeHHEe BMECTO J B APYTOoe YPaB-
HeHHe CHCTEME!,

3. Pemurs noJydeHHOE YDABHOHHE OTHOCHTAILHO X.

4. IloacraEnTe Kaxanll N3 HafileHHEIX Ha TPeThEM liare KopHelt
VPABHEHHS UOOTEPENHO BMECTO X B BRHIPDANKEHHE i Yepes X, mo-
JY9eHHOEe HA OepBOM IAare.

5. BanmcaTs OTBeT B Bufie map 3Hauennit (x; y), Korophie Gmiam
HalileHK COOTBETCTBEHHO HA TDETheM M YeTBeDTOM IHATe.

»,

IlepemeHnne X ¥ Y, PATyMeeTCH, PABHONPABHEL, IOITOMY ¢ TAKHM
e YCHeXOM MBI MOXXeM HA OepBOM INAre ANrOPHTMA BEIDAGHTH He y
Yepes X, & X 4depesd y M3 ogHoro ypasHemna, OO0nimo Brfupaior TO
YDABHeHHE, KOTODOe MDeACTABIAETCH 50766 MPOCTHIM, H BRIDAMKANT
TY HePeMeNHYIO H3 Hero, [LIf KOTopoil 9T DPONEAYPa OPeACTARIASTCS)
Gosee npocToll.



2. CUCTEMbl YPABHEHMA

MpurMep 1. Pemmurs cucreMmy ypasHeHnlt
{x +8y=5,

' xy - 20

Peme nue. 1) Bupasuu x wepes y U3 nepsoro ypaBHEHUs CH-
premel: x = 5 - 3y.

2) IToacTaBMM DOJMYUEHHOE BEIDAYKEHNE BMECTO X BO BTOPOE Ypas-
Lnue cucteMsl: (B - 3y)y = 2.
[v 3) PemnM nosrydeRHOe YDPABREHHS!

5y~ 3y? = 2;
3y~-by+2=0;
2
h=1 y=3-

4) IlomeraBuM mOOYEPENHQ KayA0e M3 HalileHHEIX 3HATeHN® Y

calne

Gupmyny x=5-3y. Bemay=1, 7o x=0-3-1=2; ecam y =

x=58~ -§=3.

5) Hapw (2; 1) i (3; g) — pellleHAA 30AaHHOH CHCTEME YpaBHe-
n »

OrseT (2 1) (3; %).

2. Mertop anreGpamecKoro CRoMXess

UTOT METOA, KAK M METOA NOACTABROBKH, 3HAKOM BAM H3 Kypea
r:Gper 7-re MIaces, rAC O IPEMCHRACE ZAR DOIICHESR CHOTCM JE-
Auex ypaBEeEH#. CyTh MeTOA HATIOMHAN HA CAEAVIOIIEM IIPHMepe.

iprMep 2. PemmTh cHCTEMY YPABHeRHH
2x+xy+2=14,
4y+3xy+30=0.

PemeHu e, YMEOKAM BCe WIEHH NEDBOr0 YPARHCHHA CHCTOME
$, a BTOpOe ypaBHeHne ocTaBmm Gea mamemerwma:
Gx+3qy+6=10,
dy+8xy+30=0.

&7



2. II CUCTEMbl YPABHEHWA

BriureM BTOpOS YpaBHEHHE CHCTEME M3 €€ NepBOTO YPABHCHUA:
6x+3xy+6)—(dy+3xy+30)=0-0;
Gx—-4dy—24=0
8x-2y-12=0.

B pesyaprare aarefpamyecKoro CJAOMEHHA ABYX YpaBHeHH#t uc
XopEoli CHCTEMEI IOXYIAAOCE YpaBEEHEAE Goslee MPOCTOR, TeM mepB:
H BTOPOE YpABHEHHSA 3AJAHHON CHCTEMLI, DTAM §0Jdce IIPOCTHIM ypan

HeHMEM 3AMEHHNM Joboe YpbaBHEéHNE 3aA8HHONU CHCTEME, HATTPHME |

eropoe. Toroa sagaEmEas cmecTeMa ypaBHEHHE saMeHRHATCA Goflee mpo
croit cHcTeMoin:

OTY cHCTeMy MOXKHO DEIlIAThL NMETOfOM HopcraHoBka. Ma Bropor:
YDaBHCHESR HAXOREM: ¥ = —— 2 ITopcraBas 5TC BoIpAKEHAS BMEtTY
Y B TIepBOe YPABHEHHEe CHCTEMH, IIOIYIAM:

_19
L T

2x+x-3‘2‘ +2=0;

4x +38x2-12x+4=0;
8x2-8x+4=0;

x, =2, %= g

Ocranock DOACTABATE HAalZeHHHe 3HAYCHHA X B QopMyay

P=3x-12. Ecau x = 2, TO F=m="& ecam x = E’ o
2 2 3
8.2 12
y: —?—-—=_50

Taxam ofpasos, ME HAMIAR ABA peMleHEma cacreMmnl: (2; -3) v
2, _
(2 -5).

OrreT (2; -3); (%, —5).

7o



2. CHUCTEMb]  YPABHEHWA

3. Mertof srefieHMA HOBLIX NepeMeHHbIX

C MeToa0M BEeAieRHA HOBOH NepeMeHBOl IpA pemeBUN YpaBHeHA
0 onEOft mepeMeHAON BEI DOHAKOMBANCE B Kypce anredpid 8-ro Kaacea.
Cy¥b 9TOM0 METOEA TPN PEIICHMH CHCTEM ypABHEHWN Ta JKe CAaMaH,
N0 ¢ TEXHH%ECKON TOYHRHA 3PeHHAA AMEIOTCH HEKOTOphle 0coleHHOCTH,
KoTopEe M B oficyIuM B npEMepax 8 H 4.

Opumep 3. Pemure cacremy ypapHennii

vy &

x2-y2 =3
Pem e 5 ne. Beesem BHOBYIO IepeMEeHHYH 3=§- Toraa nepsoe
YPABRHEHHE CHCTEMBL MOKHO OyaeT mepenmcars B 60aee IPOCTOM BHAE!
! I-:-= 2,6. Pewmm 370 ypABHEHHe OTHOCHTEILHO IIEPEMEBHOMN f:

-
tW-I-T—? =0
26 +2-5t
£ ¥
2t
282 - Bt + 2=0;

1
tl = 2, tﬂ = E .
Ofa prex 3EAYEERA YAOBIETROpADT yoroemm 2t 2 0, a moromy

AHRIAIOTCE KODHSAMA PACCMATPHBAEMOrO YPABHEHHA ¢ IepeMeHHOH f.
Ho t = %, sEagAT, JES0 % = 2, OTKyJA HAXOQHUM, WTO X = 2y,

» [

x 1
Jubo -;=-2-, OTKYJA HAXOOHM, 470 I = 2x.
TaxnM ofpazoM, ¢ DOMOLILIO METOAA BEEACHHA HOBON mepemen-
noil HaM yAan0ch Kak OK paccJOMTh MepBoe YPABHEHNE CHCTeMEI Ha,
Ana Godee OPOCTHIX YPABHEHMA:
x=2y; y=2=x.

Yro me gaxeume? A paasine Kamjoe M3 ABYX HOJYYeHERIX IPO-
CTHX YpaBHeHHH HY:XEO HOOUeDeHO PACCMOTDOTH B CHCTEMe ¢ Ypas-
uenpem x2 — J® = 3, 0 KOTOPOM MEI MOKA He BemoMmEajgn., MHEmvu
CHOBAMY, 3afAMA CBONHTCH K PEIIeHHIO ABYX CHCTeM ypaBHeHMil:
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2. CUCTEMBI YPABHEHWHA

B-pp=3 x-2=3.
Hago maliTa pemelas oepsoil cacreMsl, pemeHns propolt cucreMu u
BCE MOAYYEHHE® [TapLl BRIXOYHTE B OTBET.
PemnM mepsy cHCTEMY YPABBOHREN:
(x =2y,
1x2 - yz = 30
BocroaksyeMcs MeTOAOM HOACTAHOBKH, TeM Gosee uTC 33eCk ANA
HET¢ BGe I'OTOBO: MOACTABAM BhIPaKeHEE &y BMECI) X BO BTUDOE Ypak-
HeHHE cHCTeMEl. IIoMyaraM mOCHeA0BATELEO;

@ -p=38
4 -y =3;
3yt =3;
¥=1
y=1, yy=-1.
Tak Kax x = 2y, TO HAXOAUM COOTBETCTBEHHO: X, = 2, x, = —2. Ten
caMEIM TOAyYeHEl AB6 PellieEnsA safaEmol cucremss: (2; 1) m (—2; -1).
PemuM BTOPYIO CHCTEMY YPaBHeHmI:

y=2x,
x2-pyt=3.
CHOEa BOCTIONB3YEMCSI METOROM NOACTAHOBKM: MOACTABMM BHIDA-

MeHne Zx BMECTO I BO BTOPOE YDABHeHUe CHCTeME, [ToayiuM mocae-
ZOBATEIBHO!

{x=2y, {y=2x.

12— (2x) = 3;
xt—dxt=8;
~-3xt = 3;
x2 =1,
O10 YPaBHeHHUEe He MMeeT KopHef, 3HAUAT, M CHCTEMA ypaBHeHM
He AMeeT pemennit. Takam 06pa3oM, B OTBET HAJO BXIIONATE TOJILEKO
pemeEnsg mepeofl cHcmemML

OrBem (2; 1) (-2; -1).

MeTon BRefeHHsI HOBRIX NeDeMEeBHLIX IDH DElIeHHH CHCTEM ABYX
YPaBHeHH ¢ ABYNS NePeMeHHHMH NPHMEHSETCA B ABYX BADUAHTAX,
Iepsuiill sapuanm; BEOAATCH OXHA HOBAS IePEMEHHAA W HCIIOJIL3YETCH
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2. CUCTEMB  YPABHEHAA

WVILKO B OGHOM YPABEEHAH cucTeMbl. MMemno Tak oficroano zeo B
Bpumepe 3. Bmopoii sapuanm: BBOATICA ABe BOBEIC NEDpeMEHHRIE B
RCHOILIVIOTCA ONHOBPEMEHHO B 000HX YPABHEHHAX CHCTEMEL, Tax
Syuct obcToaTs AGNO B mpuMepe 4.

Mpamep 4. PemuTs cucTemy ypapHennit

2 3
P * ix+y
8 9

x-3y - 2x+y

Pemenmne. BBGJI;BH ABeé HOBEI¢ HepeMeHHLIE: 4 =

b 2xiy' YaTeM, uTO TOTAA ﬁ= 4a, x_gsy = 3b.
9T0 MOSBOJAT IMEPLIACATL GAAHHYI0 CHCTEMY B SHAUHTENABHO 6o-
/ioe IPOCTOM BHJS, HO OTHOCHTENLHO HOBHIX IEDEMEHHBIX & H b:
a+b=2
{4a -3 =1.
IIpameHnM ANA DEmMEeHAR 2TOH CHCTEME METOJ aareSpauvecKoro

CAKEHH A,
+{3a +3b=86,

x-38y’

Tax kak ¢ = 1, 10 B3 ypasHenua ¢ + & = 2 maxopum: 1 + & = 2;
= 1, TaraM ofpasom, OTHOCATENEHO NePEeMEHHRIX G 11  MEI DOAYIA-
W OfHQ pellleHue: L

{b=1.

Boappamasnch K NepeMeHHEIM X # i/, TOJIYUAEM CHCTEMY YpABHEeHMN

2 —
{x—ay_l’
3

2x-+y=1'
x-y=2
2x+y=3.

T. cl
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2. CUCTEMb! YPABHEHWIA

IIpuMennm Ina pemeRna o1off CHCTOME MeTOR ANreGpPAMYECKOrOo
CHAOIKEeHAAS

11
Tax Karg ¥ = <, 70 us ypasuennsa 2x + y = 3 naxomam: y =3 — 2% =

11 22
=3-2-7=3-?=—%.Tamoﬁpaaou,omocn'remonepeuen-
HBEIX X ¥ ¥ MH IIOAVYHAA OOHO DellleHHe:

ool

7’
__1
y= 7"

OTBeT: (Ié; —l].

SasepmEM 3TOT naparpad KpaTKHM, HO AOCTATOYHO CePhLe3HBIM
TeopeTHIeCKHM PAITOBOPOM, BRI y¥e HAKQMWIH BeKOTOPHI OOBIT B
pellleEMN DA3NHYHLEIX YpaBHeHRHA: AnHelfiHHX, KBAZDATHHEX, PAIAO-
HaJILHMX, HPPANHOHANLEEX. BLI 3Haere, YTO OCHOBHAS HAEA pemre-
HASA YPABHEHHSA COCTOHT B DOCTEHCHHOM IIEPeXOfe OT OJHOTO ypABHE-
HHA K ApyroMmy, Goznee mpocTOMY, HO DABHOCENLHOMY 34AaHHOMY.
B npeanizymenM naparpatde mbl BEenn NOHATHE DABHOCHNBHEOCTH AAA
ypagHeHN ¢ ZpyMsa nepeMeHEHERIMHE. Henoabsyior 9170 DOHATHE M AIA
CHCTEM YpaRHeHMit.

Onpegenenue. e cucreMil YPABHCHAE ¢ DEPENEHHLIMA X ¥
Y HASHIBAT PABHOCHALEBIME, ¢CJAH OHH AMEIOT OAHH H T¢ e peme-
mmmoﬁecnmmnemempemennﬁ.

Bce TpR MeTOHA (MOACTAROBKH, ANre(paHYeCcKOro CI0XEeHHES H BBe-
JeHHR HOBHX IepeMeHEHBIX), KOTOpHe MH olcYZRIH B aTOM HAPArpa-
de, ROPPERTHEI ¢ TOYKH 3PEeHAS PABHOCANLEOCTH. HENIMH choBaMm,
UCNIORLIYR IMU Memodbl, MbL JaMEHALM OFHY cucmMemy ypacrenui
dpyeott, 6oace npocmoil, RO paerROCUABROL NEPBONGYAALHOT Cucmexe.
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2. CUCTEMbl YPABHEHWIA

§ 7. CUCTEMBI YPABHEHWA

KAK MATEMATMMECKME MOJLEIM
PEAJIbHbIX CHTYALUSA

Bam nspecTHO, YTO CHCTeMA ABYX YDABHeHHE ¢ ABYMA Ile-
PeMEHITEIME MOMKeT CAVIEETE MaTeMaTHyecKol MOAeNBI) peanLuoil cu-
ryampma. IepBoilt ONKIT B pelenun TAKEX 38489 BHi OPHOGPEA B KYpP-
¢e aarelpur 7-ro Kaacca. Ilpasfa, TaM BCTpEYANACh TOALKO CACTEME
AsyX JuHefiuux ypasnennlt ¢ AByMa mepemeHnuMu, Tenepr Mu yme-
#m pemats Godee caoKHEEHE CHCTEMH ypasHeEn#t, 3HaIAT, HaM BIOJ-
Ne II0 CHJAM ¥ pemeHHe Gosee CAOKHBIX 3a784.

IprMep 1. B palinenTpe Ara KHHOTeATPa — «daxens u «Caa-
sas, nepeuilf — ma 400, a eropolt — Ha 600 mecT. B 3pHUTEALHOM
pane KrHoTeaTpa «Caaras HA 4 paaa Goanine, YeM B KHHOTEATDE +Da-
Keil», H, KPONe TOI'0, B KaXXJA0M DALY HA § MecT OoabIle, UeM B Kn-
Horearpe «+Darens. CKOIBKO PANOB B IJPATEILHOM 3all¢ KHHOTEATDA
eDakens, ecid MIRECTHO, UTO B KAXKAOM DALY KMHOTeaTpa «CaaBas
Gunee 20 mect?

Pemen ue. Ilepeul oran, Cocmasrenue xamenamuveckoil mo-
deru.

IIyers ¥ — 4nCAC PANOE B KMHOTEATDEe «Pakeis,

¥ — 9HCI0 MeCT B KaXA0OM DALY KHHOTeaTpa «WDaress,
Toraa x + 4 — uncao pagoB B KAHoTearpe «Caasas,
¥y + B — uHCIO MeCT B KaxJoM pAAy KmHOTearpa «Ciasas.
8uag uen0 PAJOE M YHCJIO MECT B PAAY, MOXKHO BaltTu ofmee qacao
MECT B KAJKAOM KHHCTEATDE!

X} — QHCAO MEeCT B KMHOTeaTpe «dakrels,

(x + 4}y + 5) — uncno Mecr B xEHoTEaTpe «CaaBas.

1lo yeropuo B kuHOTEaTDE ¢Dakxens 400 MecT, T. €. xu = 400, a B KAHO-
reaTrpe «Caasas 600 mecT, T, 2, (x + 4y + 5) = 600.

Tarnm o0pazoM, MH ODPHXOAHM K CHCTEéMe ABYX ypaBHeHm#

¢ TRVMSA IeneMeHHRIMN;

{xy = 400! (1)

(x +4)(y + 5) =600,

I'Ae X, § — HATYDAJIbHEIE 9ACHA.

75



2. II CUCTEMbI  YPABHEHWA

MaTeMaTHIecKAT MOJSTL 38789H COCTABJICHA.
Bropo#t sTan, Patoma ¢ cocmasaernoli modexvio,
Hmueenm:
g = 400,
{xy+4y+5x+20=600;

xy = 400, g
xy + 4y + 5x = 580, @
IIpaMeRMM MeTOn anrefpamuecKoro cJOKEHNHA: BLIYTEM HepBOE
ypaBHeEHE B3 Broporo. ITomyamm:
{xy + 4y + bx) - xy = 580 ~ 400;
4y + 5x = 180.
SameHHM oTHM YPABHEeHHEM BTOpOe YpaBHeHHe cncTeMH (2):
xy = 400,
{4y+ 5x = 180, @
Cucrema (3) HecKoaBbKO Tpomie, Yem cucTema (2), ee MOMHO pe-
HINTh METOAOM NOACTAHOBKM. BHpasum ¥ yepes ¥ N3 BTOPOTO YpAB-

/0 — 8x

ye TloacTaBAM 5TO BHIpAXKEHHE BMEC-
TO J B EpBOE ypaBEeHEAe cHcTeMHl (8):
180 -5x
4

HeHUHA CHCTeMH (3): ¥ =

x = 400;
x(180 - 5x) = 1600;
52 - 180x + 1600 = 0;
x2-36x+3820=0
(ofe yacTu npenrAyIIEro YpaBHEHEHNA NOWICHHO pasaeamau Ha b);
x, =20, x,=18.

Tax xax y=#, TO noaydaeM; ecau x = 20, To y = 203

ecn x = 18, To y = 25.
Hrar, cmeTema (3), 4 sEAYHT, H DABEOCHIbHAA eil cHcTena (1) Mme-
o7 asa pemernnd: (20; 20) m (16; 25).
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2. CUCTEMbI YPABHEHWA

Tperuk sran, Omeem na gonpoc sadavu.

Onmpadce BA DoayYeHEEIE PelleHNsd CHcTeMEl, MH JOIKHEH
DPOAHANH3ADOBATE ABE BO3MOMKHOCTH: NGO B KMHOTEATDe <«DaKem»
30 panor no 20 mecr B KaxknoM paay, aubo 16 paaor no 25 mecr B
RaAoM pany. Ecau BufparTs NepeBymn BOBMOMKHOCTE, TO B KAHOTEAT-
pe «Caapas Oyzer 24 paga (mo ycnosmmw TaM HA 4 paja Gonnime) mo
25 mecr B xapoM paAxy (Mo YCHOBHIO B KAXAOM pagy «Cnasni» ma
b mecT Gontiie, YeM B «Pakeser), IT0 HAC Hé YCTPAMBAET, MOCKOIBKY
o YCJAIOBHID B KayKAoM pAny <CnaBm» Gosee 25 mMecr. PaccMorpam
ITODYI) BOSMOXKHOCTE: B «Daxenes 16 pazor no 25 mecT B KamaoM.
Torpa B «CaaBes Gyler 20 pafioB mo 30 MecT B KAXJIOM, 310 HAC yC-
rpanBaeT.

Hrar, us AByx pemenuit cucreMmul BrupaeMm ofmo: x = 16,
J = 25, a 870 03HAYAET, YTO E KAHOTeATDe «Parens 16 pamos.

O r18eT 16 pagos,

Ha caMoM Jefle 2TA 38JaYa He SBJIAETCH AJH Bac HOBON, MH pe-
maaa ee B yuelmure sAmrelpa—8s, HO DO-ADYTOMY: MATEMATHYCCKON
MOZeAbIo 387898 OHIC PALEOHAJBHOS YPABHEHTE ¢ OZHOH IepeMen-
noit, [Ipunegem rkpaTrue HaAGPOCKM ANA COCTABRICRMS TArKoR mMomems:

X — YHCAO PAAOR B KUHOTEATPE «DaKels,

%— THCIO MECT B KAMAOM DALY KHEOTEATPA «PDaARens,

x + 4 — queno pagos B kaporeaTpe «Caapas,

600
T +4  THCIO MECT B KASKAOM DAAY KHHOTeATDa «Cranas.
600 400
TlonyuaeM ypapHeHUe c+d  x = 5. 910 MaTeMaTHYECKAA MO-
AcIb 3aAYH.

CpaprEM JBA BapHAAHTA PelllcHHs 387aYi. B mepsoM papHaHTe
Suina Gonee CHIOMKHEAS MATEMATAYECKAS MOJENs (CHCTeMA YpapHeHN),
auguw, foges TpyAERIM fan ropoll sTAN — pabora o cocTARTeEHON
MOZENEo. 34aT0 MeHee TPYAHHM OB OepBHIA 5Tam, cama MATeMATH-
yeckas Mofiens GHaa cocTaBneHa derde @ Grcrpee. B npueEnpme BuI-
MIHEeS YIPOUWATE pafioTy HA NepROM 3TATe — HA 2TANE COCTARIEHUS
MaTeMaTHvecKod Momeau sagagan. IlosToMy BO MHOIHX cOoydadx Ie-

secoolpasaee Padorars He ¢ OAHOM, & ¢ ABYMA NepPeMeHHEIMM,

IIpumep 2, IIpucraEn B u C HAXORATCA HMME IDHCTAHW A IO
TeqeHMIO pexH Ha 30 KM 1 45 KM cooTBeTCTBeRHO (cM. puc. 51 Ba c. 49).
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2. CMCTEMbL  YPABHEHAA

MoTopHAR JOAKA OTXOART OT OpucTaHE A, foxogaT go C, cpasy moBo-
PAYHBAET HAZAM ¥ IPHXOAXT B B, 3aTpAaTHE HA Beck nyTh 4 u 40 ManH,
B ppyro#t pas eTa Ke Jogka oromaa ot npmcramd C, momaa Ao A,
CpPa3y OOBEpPHYJNA HA34A M OpHIIAA B B, sarparue mHa Bech NyTH
7 4. Yemy pasEE co0CTReRHAA CKOPOCTR JOAKH M CKOPOCTh TedeHM#
pexu?

Pemenue, [Jeppuit sran, Cocmasrenue xaomemamuvecxol
xodeau. 910 yme chenaso suime (cM. opumep 1 B § 5):

45 15 _14
x+y x-y 8°
45 80 =1
X~y x+p

Baeck x KM/9 — cobeTBeHHAS CHOPOCTH JIOAKH, ¥ KM/ — CKO-
POCTB T€YEHHSA DeKH.

Bronoili saran. Paffoma ¢ cocmasrennoli mpdeani,

Qg pemeHEns CHCTEMB YPABHEHWH BOCIONEIYEMCH METONOM BBE-

ZeHKs HOBLIX HepeMeHHEIX. Ilyerh 18 =a, 12__».
x+y x-y
Torza cucreMa NPEMET BHZ
14
3a+b = 3
20+3=17.
Pemnp 3Ty cCHCTEMY ABYX JHHeNMHBIX ypabHeHWH ¢ ABYMA mepeMeH-

mnmanb(cnea:aﬁ-resml),nomm:a=1,b=§.

Hrax,
15
x4+ 5y
16
x-y
Ocraerca pemnATs COBCEM IMPOCTYIO0 CACTEMY YPaBHeHMH
x+y=15,
{x— y=9

=1 re x+y=15;

=§, rex-y=9

Honyvaem: x =12, y=3.
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2. CUCTEMbI  YPABHEHWA

Tpetufi oTag. Omeem na aonpoc 3adavu.

Tpefyeres ompeaeMTh CROPOCTE JOAKH B cToadeli Boge A cKOPOCTE
reyerna pexd. ITepeyio ckopocTs MEI 000SHAYMAM GyxBO# X, mOMY-
auan X = 12; sEAYAT, colcTBeHHAH CKOPOCTE JOZKH COCTABIAET
12 kM/q, CROpPOCTEL TedeHHs MEl obosmavman Sykeol y, moayunim
¥ = 3. BHAUMT, CKOPOCTD TeUeHHA PEKH COCTABIAET J KM/q.

OrseT: 12 KM/9; 3 KM/u.

IIpumep 3. MacTep H ero yueHHK ILIAHNPOBANM coolmia BH-
TNOAEUTD HEKOTOPYIO pabory 3a 6 aneli. CHavana 3a Aeno eaguca yue-
REK, BO, BHnOARRE 209% agannd, om saboxex. Jeramsnan pabora
NPMIILTACE HA AONI0 MacTepa. B HTOre BEINGNHCHWE 3ANAHHA DACTAHY-
Aock Ha 11 gmefl. Ba cROALKO AHeH Mor G BHIOJAHATL BCE 3aZaHHE
MACTED M 3A CROABKC REeH yseHHE, ZelitTBYAR B OZUBOIRY, SO M3-
BECTHO, UTO KOAWYeCTBC AHelf BEIpA/KACTCA IE/IHIM YHCIOM?

Pemenue. llepBuli aran. Cocmacnente Mamemamuvecxkoii mxo-
deau,

Ecnn pevs BAeT 0 BHIOJHEHWH HeKoTOpol paGoThl, He 0XapaKTe-
pH30BARHON B KOAMYeCTEBEHHOM IIAHe (T. &. He CKA3AHO, CRONLKO Ie-
Tajell HAY CAENATh, CKONBKC Ky(OMeTpOB 3eMJH BHHYTH M T. 4.}, TO
ofbeM paboTH CUHTAIOT paBHHM 1, a 4ACTH PabOTH BEIPAXKAIOT B X0-
AAX efUHHNN.

IIycss & — uucao Aaell, He00XOAEMBIE MACTERY, TT00MN BHIO/-
HHTH B OHHOUKY BCIO pafoTy, a y — Ao AHeli, HeoOXoqUMEIX yye-
HHEKY, YTO0H CHPABUTHCS B OAMEOUKY c0 Beedi paborofi. Ecau ofpem
Beelt paboTwi (. e. 1} pasgenuM Ha uHCAQ AHel, HeoOXOAMMBIX AJid
BHIIOJHCHHA Beed pafoTH, TO y3HEEM AQMIC PAGOTEHI, BHIOIHAEMYH)
aa 1 gene, Hrax,

%—no.ua paboTH, KOTOPYK BHIDOXHACT MacTep 3a 1 Aens,

1
;—ma paboTh, KOTOPYX® BHITOAHACT YWHHE 3a 1 penb.

IIo yeaornio, pafoTas BMecTe, MACTEP M YYeHHK MOraH OH BEI-
DOAHATH BCR 3amammc 3a § puelt. [Noma paboril mMacTepa sa G Imuelt
. Jona paboTH YIeHAKSA
1 6

3a 6 aueit pmpaxkaerTca dopmynof ; -6 1. 0 ;

Bl

BHIpaMaeTeR (popuMyaol %—6, T, 8.
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2. || CUCTEMbl YPABHEHWA

IocKoabKy BMeCTe OHHU BHIROJAHAT Beio padory (T. e. 1), cocras-
JIAeM ypABHOHHE:

9-+£=1.

x ¥
II¢ ycnoBHI YUEHHK BHIDGAHWUA, TPYAACH B OOMHOWUKY B0 cBoell

Sonesnn, 20 % sapamud, T. e. % 2acThb Beefl paGorhl. Cxoabpxo BpeMe-
HE OH noTpaTtua? EctrecTBenHo, 4TO -;- qaCTh TOro EDENEHH, KOTOpoe
HY3KHO eMY Ha RLHIMOAHEeHHe Beefi paGoTHL, T, €. %-y zaeii. [Torom npa-
ey MACTep, CHeNAJ] OCTARINTyIOCA pabory, T.e. % BaAAHHA, HA YTO
3aTpaTHI -:—~xnneﬁ.

Tlo ycroBMIc BHIIONHEHNE 3aJAHAY PACTAHYIOCH Ha 11 ameli, T. e.

E 2: .
5+ & 1%
y + 4x = 55,

TaxkuM 06PasoOM, MATOMATHYECKAA MOJAENE 384a4H COCTABICHA —
CHCTOMA KBYX YDABHCEHI! ¢ RBYMS DEDOMEHHEIMH:

Tae X, y — OEaHe THCIA.
Bropoli atan. Padoma ¢ cocmasaennoll Modersio,
BocmonanzyeMcs MeTOZOM HOACTAHOBKH. BHpasmM y depes x w3

BTODOTO YDABHEHHMA CHCTeMEl: ¥ = 55 — 4x. IToncrasEM BHDAXKEHHe
55 — 4x BMECTO ¥ B IIEPROE YDABHEHHWE CHCTEMEL:

6 6

PRy i (4)

Pelnas 370 panmoHANLEOR YPABHEHEE, ROCHSAOBATEALHO MONYUAEM:

ek 4.
g=== 65 uoan _
x  B-4&x =0




2. CUCTEMBI  YPABHEHWI

6(55 — 4x) + Bx—x(55 — 4x)
2(55 — 4x)

4x* - T3x + 330 =0;

=0;

x, =10, xz=%.

(Ofa BalieHENX JEATCHAA YAOBIETROPAIOT YCIGBHEIO X{55 — 4x) # 0,
T, @, ABIAIOTCA KOPHAMH ypaBHeHHA (4).

OcTanock BANTH COOTBETCTBYIOmHE sHATCHNA V. A 5TOre BOCTIOND-
gyemcs cooTuolmmenueM y = 55 — 4x. Eeiu x = 10, 10 y = 15; ecan

33
x="r,TOY= 22,

Hrar, COCTAB/ICHHAR CHCTeMa ypapHeHH{t HMeeT ABA PeINeHHMA;

(10; 15) n (ﬂf; 22).

IIo yenopmo xonpuecTso predi, HeoOXOZUMBIX KAK MACTEDY, TAK
# YIEHHKY AN BHIOAHCHHA B OAMHOUKY BCero 3ajaHMA, BHIpAIRAET-

sl DeNEIM YHCAOM. SHAYHT, mapa (% 22) HAC He YCTDAKBAET.

Tpetuit aTan. Omeem na sonpoc sadaui.
On yxe monyuen: x = 10, y = 15,

O 7B e 1 10 guelk; 15 guel.

3amouanne. O6patute BHUMAHKE Ha TO, YTO, PELLad CHCTeMbI Ypab-
HEHMIA, COCTABNEHHBIE B PACCMOTPEHHBIX 3aRa4aX, Mbl MPMMEHUIM BCe Me-
TOAL], © KOTOpLIX tUNa peYb B NPAOLAYLLEM naparpade: M NOACTIHOBKY, H
arebpamueckoe CNONEHE, M BBEAEHME HOBbIX NEPEMEHHLIX.



2. CUCTEMbl YPABHEHVWA

OCHOBHLIE PE3YJIbTATHI

¢ B aro¥i rnaBe BW NOBHAROMMINCE ¢ HOBON MATEMATHYE-
CKOX MOReNRIO, KOTODAR UACTO CAYKHT ONMCAHHeM MAaTe-
MATHYECKON CYIMHOCTH DealbHHX NPOMEeCccOB, — CHCTEMOfi ABYX

YpaBHeHHE ¢ AByMs DepeMeHHEIME,

¢ BN IIOZHAKOMAIHCE ¢ HORMMHK MATEMATHIECHHMA TORATHIMI!
ypaBECHNE (HePABEHCTBO) ¢ ABYMSA IepeMeHHbIMM;
PelleEnMe YPABHEHHA (HEPABEHCTBA) ¢ ABYMSA IeDeMEHHEIMM;
CHCTEMS ABYX ypapHennit (HepaBeHCYS} C ABYMA DeDEMEHHBIMNH;
pelleHNe CHCTeME! ARYX YPaBHeHWH ¢ ABYMA IMEDEMOHHLIMIT
PABHOCHJLHOCTE YPABHEHMN ¢ IBYMA NEPENEHHLINM, PABHOCHIL-
HOCTHL CHCTeM YpPABHeHMIL

MeTOZ BBeleHHS HOBLIX nmepeMeHHEEX.

¢ Mgz ofpaTHIN BHHMAHME HA TO, YTC MeTOA BBeASPHHMS HOBNX Iepe-
MeHHRIX IOpPH DellleHWH CHCTEM ABYX YpaBHeHHH ¢ ABYMS mepeMeH-
HLIME DDHEMEHAETCA B ABYX BapHanTax. Ilepprilt BapHAaHT: BEOXHT-
¢A OJHA HOBAS IEPeMEHHAA H HCIOIL3YETCS TOILKO B OAHOM YpaB-
HeHWH CHCTeME. Bropoli BADHAHT: PBOAXTCA ABE HOBHIE IepeMeH-
HEle H HOTIONB3YIOTeH OAHOBPEOMEHHO B OJOMX YPABHCHHMAX CHCTEOMEL,

e M= goxasanm, 910 (X — @)® + (¥ — b)® = 1" — ypaBHeHHS OKPYIKHO-
CTH, IOCTPOEHHONA HA KOODAHHATHON mwrockoeTy x0y, ¢ OEeETPOM B
Toure (¢; ) ¥ paguycom r. B uacTeOCTH, x? + y? = r® — ypaBHeHHe
OKPYKHOCTH, IOCTPOCHHON HA KOODAHHATHON miockocTH xOy,
C NEHTPOM B Ha4Yaje KOOPAHHAT M DAZUVCOM I,
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§ 8. Onpegenstma uncnonon yHiLmn.
Obnacrs onpegenenun, obnacrs sxadenni QyNKumm
§ 9. Cnocolsr 3a8anus HyHKLWK
§ 10. Ceosicrsa yHKusmi
§ 11, Yerubie u HeEuBTHLIE (hYHKLMM
§ 12, Pyuxpmr y = x"(nEN), ux cookicrsa n rpaguiu
£ 13 Dymapme y = x"(n€N). ux crofictea u rpaghmusy
§14. Oyukyns y = {f; , GOS8 CBOWCTBE W rpagmi
OcHoBHLIe pe3ynsTars

§ 8. ONPEAENEHME YHCNOBON DYHKLYM,

OBJIACTD ONPENENEHMA,
OBNACTb 3HAMEHMA DYHKUMM

3a aBa roja EsyUeHES MIKOABHOTO Kypea aareSpHl BH e
OPHEBLRIKAE K TOMY, 4T0 TePpMHH «(DYHKUAA» HCHOJIB3YETCA DDAKTH"
9eCKH IOCTOAHHO. 9TC H MOHATHO: BeAh MATEMATHKA HIYIAET MATe-
MATHYECKHe MOzenH, & OOJALIIMHCTBO 9THX Mozeiell TAXK HMiM HHATE
CcBASaHO ¢ pyHRupamu. Ho B MaTeMaTHKe AeHCTBYeT 3AKOM; €CJIHM HC
OOAB3YETCA KAKON-TO TePMMH, €re HAZO TOIHO ONPeASTMTH. 3a ABA
rofia HayYeHHnA Kypca Aare0pE MBI ¢ BAMH HAKOIIEAN JOCTATOTHO MHO-
ro NIpHMepOB, IOATEEP:RAAICNIAX STOT 3aK0H. Tak, B T-M KIacce MEI
EBOJH TePMMH <¢CTeIEeHh ¢ HATYPAJNBHEIM HOKA3ATENeM», TOMHO ero
OmpexeanB: <mox o, roe n = 2, 3, 4, ..., NoOHUMAETCA nhoHUsBeaeHHe
A MHOM@ATeNeH, Ka)XOE H3 KOTOPHX paBed 4; IOZ ' NOHMMaercH
caMo ueno o». B 8-M KAacce ME! BBeAH TePMHH <KBANPATHHE KO-
PeHE M3 HeOTPHUATEARHOTO UHCAA®, AABE €My TOTHOE OnpeAeNeHMe:
¢, /Ja — 270 Taxoe HeoTPMIATEABHOE UHCIO0, KBAPAT KOTOPOTO DABeH
a». H Tax ganee ¥ Tony nogofEce — BH CAMM MOYKeTe NPHBECTH AHA-
JOTMYHEIE TPHMEDHL.
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3. HUCNOBLIE ®YHKLIVM

B 10 e Bpemsa OHLIM COYy9AH, KOTOA MEl BEOAHIH TepMHH M Ha-
YHHANH UM OOAL30BATHECH, HO TOMHOTO OEpeseseHMS He dopMyaHpo-
BAJIM, GrPAHHIHBAACL DPHGAH3KTENEHEM HCTONKOBAHHEM TepPMNHA.
Tar $HA0, B YACTHOCTH, ¢ TePMHHOM «bYHRIHEAs. IloueMy e MH
B 7-M Kiacce, KAK TONBKO CTANH HCIOJIL30BATE BOHATHEe PYHKIHAM,
He chOpPMYIMPOBALH TOYHOE ORpEAesIeHHe, IIOMeMy He ClelJalH 3TOT0
H B 8-M Knacce?

Jexo B TOM, UTO HCTOPDHS PASBUTHSA MATCMATHKM IIOKAILIBACT:
OLAM ROHATHA, KOTOPHE HeAOBEYECTBO AKTHMBHO H AARTeALHOS Bpe-
MA HCROALIOBANO KAk pabounit HECTPYMEHT, He 3aAYMBIBAACE O TOM,
KaK HX ONpeAeNaTs. JInme sarkonue Heobxomumell onwm B paGorte ¢
TeM HMJIH MHEIM ODOHATHOM, MATeNMATHKE HAMWHANH OILYIRATE nompel-
Hocmb B €70 HOpPMATEHOM OnpenereHnn. Pasymeeres, He BeeTAa MepBLIe
IOUEITKE ONpPEReNNTh TO WIK HMHOE HOHATHE, BpoAe O ACHOe HA HH-
TYRTABHOM YDOBHE, OKA3HIBAINACH YAAYHHMHA, €T0 IPAXOAMIOCE BUO-
CACACTBHH AONCJHATh, YTOUHATS., Tax 6BLI0 ¥ ¢ DoHATHEN GYHKIHM,

IIpoapanusupyem Hawm ONHT paGoTH ¢ TepMMHOM «DyHKRIHAY.
B 7-M rnacce MBI BBeJH TepMHH <«iuBeliHag PyHKOMS», DOEMMAS
OOK 3THM YpaBHeHHe ¢ ABYMA NEPOMOHHHIMH CHENHAJBHOrG BHAA
¥ = kx + m @ paccMaTpMBad NMepeMeHHLE X H Jj KAK HEPABHONDAB-
HHE: X — He3aBHCHNMAS DepDeMeHHAA, J} — SABHCHMAH IIepeMeHHAd.
SaTeM 3afANNCE BOIPOCOM: A HE BCTPETAIOTCS AH HPH OXMCAHHM pe-
ANLHHX NpOlecCoB MATEMATHIECKHEe MOZCIH MOoAo6HOTO BHAA, HO Ta-
KHe, ¥ KOTOPHX J BRIpAXKASTCA depes X He 00 GopMyne y=kx + m, 4
o0 Kaxoii-muGo uaoll dopmyae? OTeeT Ha 3TOT BOHpPOC ORI MOJIYUYEH
cpasy: BeTpeuaoTea. B 7-M Kaacce, KpoMe ynoMsEyTol aumefinoit
d)ymm.n:u,munaqukmymnnny=x’ny=-x’,a38-umaoce—
Pyuxumm y = kx3, y = z,yzax’ +bxto,y=Jx.y= | =],

IlocTeneEHO ME HAMANH OCO3HABATE, YTO, HAYUAN KaKo#t-THOO pe-
anbHeli mponecc, o0EYEG O00PAINAI)T BHAMAHME HA ABE HepeMeHHLIE
BeJIMIMHE, YIACTBYIOIDEE B HEM (B Gogee CAOMHEIX IDONECCAX YIACT-
ByIOT G0Jee ABYX BeJMYHH, HO MH TAKAEe IPOHECCH IIOKA He PACCMAT-
pusanu), OnHa M3 HUX MeHgeTca KaK OH cama no cefe, HO3aBHCHMO
HE QT 4ero (TaKyo nNepemeHHYI0 Yame Beero ofosmaganT GykBoll x),
& ApyTad NepeMeHHAS NDHHMMAET SHAYEHH , KAXAOe H3 KOTOPEIX
KaKkuM-10 opasoM 3aBHCHT OT BHIOPAHHON) 3HAYEGHHHA NDepeMeHHOR x
(Tarylo 3aBHCHMY0 DEDEMEHHYX uAme BceTo obosmavalor GyKBoif ).
MaremaTHIeCKOE MOZEABI0 DEAABHOTO IpOIecca BO MHOTHX CIYIAAX
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3. YMCJIOBLIE YHKLIWMM

7] 7Y

2 - 2 .

1 4"— H=-\E 1 ‘*.y=\r§

ol 1 4 | O] 1 4 "
Puc. 68 Pruc. &9

KAaK pas H ABIACTCE 3QNMCH HA MATOMATHYECKOM HA3LIKE 3ABMCHMOC-
M § oF Xt ¥ = f(x). Takne MareMaTHUECKHe MOAEAH MEI HASHBANH
GYHKIIHAMA,

MaTenarryeckan Mogens ¥ = f(x) obbraHO ZOMONHACTCA YKASAHU-
&M HA TO, H3 KAKOr0 YHCIORONO MHOMECTRA GepyTes 3HAYEHNS Hean-
pucaMolt mepemenmolf x. Hanpmmep, ME rosopuan o PyEKIHH
¥ = Jx, noapasymesas, aro x » 0 (rpadux pyHrmEn Ha06pameH Ha
puc. 68), HO MH PACCNATPHBAIR K QyEKuEL ¥ = Jx , rae x € [0; 4]
(rpadux dyRxoan nsolpaxer Ha puc, 69), OTo pasHEHe GyHKOHH,

HcnoarsoBaHne MaTeMaTHdeckolt Mozenm Buga y = f(x) oxagusa-
ercqa yaolHLIM BO MHOTHX CIVYAAX, B UACTHOCTH TOTHA, KOTAA Dealsh-
HEI Iponect OIIHCKHBAETCH DASANYHELIME GOPMYIaMH HA DASHBIX PO~
MERYTHAX HaMeHeHHA HesaBHCHMOK nepememmolf. Bor omna ns ra-

rnx byarorit: ¥ = f(x), rae

x,ecnn x < O
2x, ecau x> 0.

fx)= {

T'padpax pyaxnae msobpaxkes Ha puc. 70. IIoMANTe, KAK CTPOMTDL TA"
Kee rpabnrrn? CHavasa HaJO DZOCTPOMTD HApaGody ¥y = x® u B3ATH ee
4acTh NPH £ % (0 (nepasd BeTBb NMapaboarl), 3aTeM DOCTPOMTH IPAMYIO
¥ = Zx M B3ATHL ©e 4acTk OpH x > 0, M HaxoHen, Hazo o0e BLIRENEH-
Hble 4acTH opeAHHNATE BA OAHOM DHCYHKE, T, €. HOCTPOMThE B ORHOM
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3. u YACTIOBLIE ®YHKLIMM

w

.
-3 -2 -10] |

I

Puc. 70

ROODOMBATHON naockocTH. Takue KycoYHHe OQVAKUMM MBI DACCMAT-
pHBAMH H B T-M, H B 8-M KJIacCAX.

Tak uro e Taxoe dynxknua? IIporeaennull BEIIE AHANAS H HAID
ONEIT M3y4eHHS KOHKDeTHRIX dyHkmmi B 7-M m 8-M Kiaccax mosBo-
JAKT BHACAHTE ABA CYLIECTBOHHEIX MOMEHTA.

1. 3anmnck y = f(x) yxasuBaer Ha npaBu X0 (06HuHO ropopar
«ODABENO fr), € IOMONMEK KOTODOTO, JHAS KOHKDETHOE 3HAYGHHE He-
3ABACHMON mepeMeHHON x, MORKHO HalfTm cOOTBeTCTBYIOINEG® 3HAYE-
HHe nepeMeHHON V.

2. YRa3HBACTCA YHCIOBOR MHORKOCTRO X (uamie meero Kawoi-To
yrenosoll NPONEeRYTOR), OTEYAA SepyTea 3HAYCHUA HEIARMCHMOU me-
peMeHHOIH X,

Temepp M MoXxKeM cPODMYIAPOBATE: OOHO H3 TTABHHIX OODenene-
BUi MKOJLHOrO Kypcea anre0phl (A nomanyi, u Beell MATeMATHEN).

Onpeaenerne 1. Ecau pawnl ancxosoe MHEOMecTso X H mpa-
BHIO f, OSBOJAIONICe NOCTARHTE B COOTBETCTBHE KAMKAOMY DIECMEHTY

X M3 MHOXKecTBa X ONpeAeNeHHOe THCAO J, TO TOBOPAT, 4TO 3ajaHa
dyaxnuEsa y = f(x) ¢ obaacTsio onpegeaenna X; numyr: y = f(x).
x € X, IIpa oTOM mepeMEeHHYIO X HASHIBAIOT HEC3ABHMCHMON NMepeMeH-
HOH HIH apryMeHTOM, 8 IEpeMeHHYK § — 3aBHCHMoH nepemeHHOI.



3. YACTIOBLE DYHKUMM

Jamevanne. B peansHol rann nworna rosopat: «Hakosb mom yHx-
Led» ue «akosbl mom PyHIUMOHANBHBIE OBR3AHHOCTHE», CRPALLKBAN TEM
CAMbIM! SKAKOB KPYT MOHMX ASHCTBMN, MOMX ODR3IHHOCTEH» MM «4TO A AON-
MEH aenaTh, KaxK peidcTeopaTtbr. B peanbHoi Muamm cnoso «yHKUMA» O3Ha-
HAGT xQeHCTBMER UM «<NPABMNA fedcTauiy, O5paTHTe BHMMAHKE, YTO daK-
THMECKHM TOT JE CMBICT MMEET H MATEMAaTHHECKMH TepMHH «(DYHKUMAR, KO-
TOpLI{ BBEAEH BBHUEe B ONpeneneHum 1.

Ana obaactr onpeaenennd Pyrroun ¥y = f(x), x € X mpaaaTo
BCenonesoBaTs Ob0sHadeHue D(f) (or xar. domain — obaacrs). Ha-
npHMep:

and dyseoun y =.Jx , x » 0 (pac. 68) macem: D(f) = [0; +°0);

ans dyaxnun y =Jx , x € [0; 4] (puc. 69) umeem: D(f) = [0; 4];

ang pyaxuun y = f(x) (puc. 70) mmeen: D(f) = (—00; +o0),

Eecnu f(x) — anrefpangecrxoe BEIpasReHHe H MHOMecTRO X COBIIA-
Zaer ¢ oGIAacTEN) OUpedeleHHMA PTOrC BLIDAKEHMH, TO AelcTByeT co-
riaammesne: BMecTO zanucH ¥ = f(x), x € X memoansyerca Gomee Ko-
pPOTKAN 3aRHCh ¥ = f(x), XoTH, TOTIEPRHEM, TAKAS BAITHCH He COBCEM
cooTBeTcTBYeT Onpenedenn’o 1. Ho maTeMaTnkn crapaorcs OHTh 8K0-
HOMHLIMH BO BCEM: H B yuorpe(VieEHE cJIOB B GOPMYJNHPOBKAX, H B
SAIMACHX MATeNATHYCCHHX YTBEDIKNEHNN,

Eme pas nogdepkHeM, ITO HeAb3dA TOBOPHTb O QyBKIHH ¥ = f(x)
Gez yKRa3aHUA ee o0IacTH ONpexeAeHUA, KOTOPAA AIH 3a/18€TCA ABHO,
HIH NOApASYMEBASTCA — B CIy4ae, ecan oluIacTh onpefeseHHR PyHK-
oaH = f(x) copuazaer ¢ o6NacTEI onpeAeNeHnd BHpaenns f{x) (Ta-
Kyl ofxacTh onpeReeHRMd HWHOTAA HASEBAIOT ecmecmaeenrnoll),

IIpamep 1. Halite obunacrs onpegenesnsa Gyaxumn:
1
,}x’—ﬁx+8.
Pemenne, a) Tak xax obnacrh onpefleneHud PpyErRoun SBHO
He YKa3aHA, IOIPA3YMeBaeTCH, 9TO OHA COBHAZAET ¢ o0nacThio Onpese-
nenps pupamenns Jx3 - Gy + 8. Taxmye ofipasom, pewr mxer o noncke
ecmecmeennoll obaacmu onpedenenus Pyrryun (To e HMeeT MeCTo
B 3apaBEAX 0) ¥ B)).
Bmmneﬁmmemcnnmnpnh(x))&&am,aa-
Ja9a CBOAUTCH K POIIeHHI0 KBaxPATHOTO HepaseHerBa X — 6x + 8 2 0.
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1
8) y=x'-6x+8; O y=_—gi B y=



3. YACTOBBIE ®YHKLIM

Puc. 21

Hafifsa KOPHH KBAZDATHOrO TpexuwieHa x2— 6x + 8 (x, = 2; x,= 4)
H CXEeMATHYECKHN HOCTPOME mapabory ¥ = x° — 6x + 8 (puc. 71), Buibn-
PAEM HHETEpeCYIONIHEe HAC MPOMERYTRH: ¥ & 2; x » 4,

Hrax, D{f) = (-; 2] U [4; +o0) (ganomauM, aT0 | — 3HAK 065H-
OMUHORNSA ME B, oM. § 3).

1
6) @yHRmES y=—————
*=-2)(x-9
HCRJINOUEHNeM TO9eK 2 ¥ 4 — [pH 3THX 3HAYEHHAX )X 3HAMECHATENXL
Apofn ofpamgaerca B 0. OTBeT MOXHO 3AIHMCATE TAaK:
D(f) = (—00; 2) U (2; 4) U (4; +00),
Bopoden, Ha TPAKTHKE MOYKHO HCHOAB3OBATE COKPAINECHHYIO 3AMHCH;
Dy x=22; x#4.
B) 3aecek 3agaua CBOAMTCA K PellleHMIO HepaBeHCTRA
x-6x+8>0.

BOCIOAB3OBABIINCE reOMeTpUIeCKOl MoAEREI), npeacTapnenHol ma
puc. 71, HO HCKIOUME M3 PACCMOTDERMSA TOUKHE X = 2 H x = 4, morymM:
D) =(=o0; 2) U (4; +c0), @&

Onpegenetne 2, MuoxecTso Beex sHavennl dyaruan y = f(x),
xr € X Hagnmaior o0MACTRIO RHAYERMH vHrnHM B ofoanavanr E(f)

(or nar. equal — paBHO).
Onpeaenerne 3, Tpaduxos dynrumy y = f(x), x € X nasur-

BAWT MHOKeCTBO F TOUEK (X; /) KOOPAMHATHOH miuockocTH xOy:
F={x;plxe X, y=fx)

Ecan H3BeCTEH MPagui ¢yHEROME, TC ofuracTs 3Havenndt (hyEKOMN
HaliTH cpaRHETENLHO HOTPYAHO. JIad 9T0T0 AOCTATOYHO CHPOCIPOBATE

onmpefenena B miololt Toure x, 3a



3. || YWACHIOBBIE DYHKUMMA

rpadui Ba 0Ch OPAWHAT. TO MHCIOBOE MEGKECTE0, TeOMETDHUCCKAT MO~
JeML KOTOPOrO IOJYUHTCH HA OCH ODIMHAT B DPe3VALTATe YKASAHHOIO
NpOCLIMPOBAHNA, 1 6yIeT npefcTaBnAT: cobolt E(f). Hanpumep:

ans Qyerumy y = Jfx mmeem: E(f) = [0; +20) (puc. 68);

ana dyrxmun y = Jx, x € [0; 4] umeenm: E(f) = [0; 2] (puc. 69);

Ana dysrnan y = f(x) (pac. 70) umeen: E(f) = [0; +00),

MIpamep 2. Haua dyaxkoma y = f(x), rae

~x%, ecim x < 0}
fx)=ix+L,ecmmO0< x £ 2;
3 em2<xs 4.

a) Hatra D)

6) saramesnrs f(-2), £(0), /(2), /(3,2), /(4), f(B);

B) Halita E(/).

PeiueHH e. a) O0nacth onpefieieHAd QyHROMHA COCTORT A3 TPOX
npoMexyTron: {(—o0; 0], (0; 2] = (2; 4]. O6begUEEB MY, NOXYIEM JYI
{~oo; 4].

Hrax, IXf) = (—9; 4].

0) Saauenpe X = —2 yOOBRISTBOPAET YCAOBRIO X & 0, CACAOBATENLNO,
f{-2) Hapo BRTUMCAATE N0 NepBot cTpoKe saAauna GyerImM: Ax) = —x7%
suaumr, f(~2) = -{-2)° = 4.

dmauenne x = 0 yAOBRAETEOPAET YCOAOBHI) X < (), caeAoBaTeNLEO,
f(0) HaZO BHYECHATE DO NepBoll cTPOKe sazanad GyErmua: f(x) = —x%
sHasmT, f(0)=-0*=0.

Bmauenne x = 2 yaoraersopaeT yeaosmo 0 < x € 2, cnezoBaTen-
Ho, A2) HAKO BEIUMCTATEL N0 BTOPO cTPORe 3aganma GyHRIER: f(x) =
= x+ 1; sHa9AT, f(Z)=2+1=3.

3HaueHne X = 3,2 ymoBaeTBOpAET YCIOBMIO 2 < ¥ & 4, caemoBa-
TenbHo, f(3,2) HAKO BHUHCAATE IO TpeThell cTpoXe aanaHus GyHK-
uuw; f{x) = 3; suavmr, f(3,2) = 3.

SHaueHHe X = 4 YAOBIETBOPAET YCIOBHK 2 < X % 4, clefoBaTeALHO,
f(4) mags BEIMECIATL MO TpeThell cTpoke aagsHEA dyERmER: f{x) = 3;
oravHT, f(4) = 8.

3HaucHREe X = § He YAOBJICTBOPACT HH OAHOMY H3 TDEX YCIOBHi
sagaRus dyRrOoun, a noroMy f(5) B AAHHOM cAYYAe BRHYMCIMTEH
HEABL3A, TOMKA X = D He MPUHALIEKUT o6acTH OupPejeleHrs QyRK-
uan, 3ajaame sancauTsb f(B) nexoppexmuo,
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yA y‘ I\..
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| Yy =2
. 72 Puc. 73

B) O6nacTh (BmpoueM, He BosOpaHmeTCA HCHOABIOBATH TEPMHEN
«MHQOMKECTBO») sHadeEnH dyHKNAM, KAk M Ve OTMETHJH BhIUe,
MOYKHO HaltTi ¢ noMomso rpabuka dyxkomn. doeTrpoenne rpadmra
OCYINECTBHM <II0 Kycodrams. CHavana mocrpoAM mapabomy y = —ot
H BHAeJEM ee JacTb Ha Ayue (—o°; 0] (pmc. 72). SaTeM nmocTpoHM
opaAMyI0 ¥ = x + 1 B BEJAENAHM ee uaCTh Ha DOJyHHTepsaae (0; 2|
(pme. 73). Danee nocTpONM IPAMYE) ¥ = 3 H BLIIEINM 8€ UaCTh KA NOXY-
naTepeane (2; 4] (pme, 74). Haxonen, Bce TpH ¢Kycoqea» H3oGpasum
B OAHOH cHOTEMe KOODAMHAT — 3T U SyAer rpatduy dyHRDUY ¥ = f(x)
{puc. 75).

74 v
r o] -
--8 ale ol e J1
>
:0 2 4 x
y
ol 121 4 1l __y’ y
F

Puc. 74 Puc. 75
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3 . YACROBLIE DYHKLIMA

Tenept XOPOMO BRUAHO, YTO 06/ACTE sHATEHEN PYHKIUN COCTORT
A3 ABYX DpOMexyTHOB: ay4a (—o°; 0] — oH cnwoms sanonngerea op-
AMHATEMH TOYEK BETBH NApaboaH ¥ = —-x°, x € 0 — H mOAyHHETepBRaIa
(1; 3] — oE coaOmEL 3ADOMHACTCA OPAMHATAMHE TOYCK YIACTEA Opsi-
Mot y=x+1, 0 < x <2, Hrax, E(f) = (-o0; 0] U (1; 3]. -

§9. cnocosbl 3ALAHMA DYHKLIM

Barars GYHKIHD — STO SHAYHT YVKA2aTE D DA B KM I O,
KOTOPOE MO3BOJNAET N0 IPOH3BOALEO BHOPARHEOMY M3 OONACTH ompe-
JeaeHMA QYHKIMH 3HAYEHN) HesapucHMol mepemeRHON BLIAUCAUTL
CONTRETCTRYVIOMISR aHAUSHTA sapucomalt mepanernalt, Yame poero a0
IPABNAC cBABAHO ¢ G O p M ¥ 71 0 # AIM ¢ HecKOUBKHUMHE GopMyna-
M — Tarolt criocol sagaHKa QYHRONN OOLITHO HASHBAIOT GHAZUMY-
weexuy, Bee dyppoun, paccmorpenenie B § 8, Grine zapamyr ananm-
TEgecKH. Me:xay TeM ecTh Apyrae cnocoGH 3a0AHAA PYREIMH, O HEX
H nofiZieT peub B HACTOAIIEM naparpade.

Dyere F — poporopas apnng ne xospamuermoll mrosmoorm o0y,
CnpoenEpoRas 3TY JHHHIO HA 0Ch afCIMCe, ME HONVYNM, HANpUMED,
orpeaok [a; V] (puc. 76). BossMeM mpOM3BOJABEYIO TOUKY X M3 OTDE3-
ra [z; ] ¥ Tposepnen uepes =Zeo 0, DAPAANGALEYIC OCY ODAN-
HaT. IlorpefiyeM AOMOAHUTENLHO, YTOGH RaIAAA TaKad ODpAMas Ite-
pecexansa NuHUK F TOARKO B ofHOH Touke — Ha pmc. 76 coormer-
SIBYIOmWANR Touka obosnagesna Gyrso¥k M. Opawaara Touru M — s10
qaeao f(x), coorseTeTByomee BHGpaREOMY 3HAYCHAIO X. TeM caMEIM
Ha orpeske [a; b] sazana Gynrousa y = f(x). Taxolk coocol samarus
dvHROEY BASHBAKT ZPaPuiecKu.

Ecin dyurnpa GEla 3aJaHA ABAJATHISCKH M HAM YJANOCE IIO-
CTPORTE TPAPEK QYHKIMHE, TO MH GAKTHIECKH HEPeILTH 0T aHAJIH-
THYECKOTO cnocoba safaHHA QyuKIuHM K FpadrqyeckoMy. OOpaTHBIM
#e Imepexof YASeTCA OCYIIeCTBMTL JANEKO He Boeras., Kak mpaemno,
DTO AOBOJNBHO TPYAHAA, HO HETEDECHAA 38[a4A.

He scaxaa TWBEAA HA KOODPAHHATHO I ITOCKOCTH MOMKEeT DACCMAT-
PHMEBATECA Kak MpadHK Hexoropol Gyrknue, Hanpumep, OKpYKHOCTE,
3ajlaHHAA ypapHeHueM x° + 1 = 9 (puc. T7), He ABIAETCA rpadEKOM
$YERIEHN, B camMoM fe%e, CIIPOEKTHPOEAB OKPYKHEOCTE HA OCh X, HOXY-
unM orpesok [~3; 3]. Jlwbaa npaMas x = a, TAe lal < 3, mepecexraer
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ua F yl Q
M =4 3 n
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4 -sk ol 3T
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o x b x -3
I
Puc. 76 . 77

9TY AMHHI0 B ABYX TOYKAX, 4 AAA 3afaHHA (YHRIUH OPANMAA
¥ = ¢ AOJIKEA mepecexarh AMEN0 F Toabko B ofHol Touke. B To Xe
EDEMA ECAM HTY OKDYKHOCTE DASDEZATL HA ARE YACTH — BEDPXHIO0
NONYOKPYKHOCTD (PHC, 78) H HIDKHION NOXYORDYKHOCTD (pEC. 79), — TO
KOXEAVIO DOJMYOKPY/RHOcTeHl MOMXKEO CUHTATh I'padHKoM HexoTOpoit
¢ yHEOEHA, NpAYeM B 000HX CAYYARX HECJOMKHEO OT rpadmuecroro cno-
coba 387aHEA GYHENAM mepeliTH K AHAXATHYeCKOMY. ¥z ypaBReHudA

a ;
3
V)
{ \ -3 8
-3 o s el #\ 7) } %
N LA
_3
Puc. 78 Puc. 79

2 ]



3. YACNOBLIE DYHKLIMA

24+ =9 paxogamM: 2 = 9 — x% y=:i:J9-:t:“. BepxEAA IOIYOK-
PYRHOCTE OKPYXRHOCTH X2 + y® = 9 apaserca rpadpuroM GyHKIUH
y= JO- 2 (cx. prc. 78), a HWKESA HOMYOKPYKHOCTS OKPY/KHOCTH
x? + y* = 9 aBaserca rpadaxod dynknud §=—-+9— 32 (cw. pac. 79).

Sror DpMMep mo3BoaAeT OOPATHTE BEMMAHHE HA ONHO CYINECT-

peEHOE ofcTosTeaneTso. [locMorpHTe Ha rpabuk dyRRIUN y=J9—x’
(c. puc. 78). Cpasy acao, wro If) = [-8; 3], uro, Banpumep, y__ = 8,
& ¥ = 0, 9To dynxnua BospacrTaer Ha orpeske [—3; 0] n yOupaer
ua orpeske [0; 3]. A ecru 6:1 Deyn maa off OTLICKAHMY o6XACTH onpe-
AENEHHUA AHAJNTHYECKH 3afaHNol GyEKIEA Y = J9—x* ? Toraa npu-
maock §Hl, KaK MEI 3T0 Aeaanu B § 8, pemaTs HepaseHCTBO 9 — X% 2 0.
Horpyamrrcg nprmocy S5 B 247 OTLICEASHES HOEMORLINCT: X HENE-
Gonbmero suavenndt GyHKOME, H I8 ACCACAOBAHHA e¢ HA MOHOTOH-
HocTs, ARamuruueckuit B rpadaEveckuit cnocolu 3aasHAA GYEKXHA
woporre meswpuit mo-sposary, moromy-rs ofnrome @ oomgpemTos pabo-
TATH OJHOBPEMEHHO ¥ TEM H ApyrHmM crocobon. Bnpouen, 3a aa roga
M3YYEHHA Kypca anreSph B MIKOJe BH K 9TOMY Y/Ke IDABLIKIIH,
Fpoue exaxmroyesrors oI DUSOKOTS HE DPONTHNS DDHMOHS-
0T mabauynuii cnocob saganna PyrxnmM. IIpm sToM cmocobe mpH-
poRuTCA TabauDa, B ROTOPOR YKA3AHLI 3HAYSHMA GYEKIMH (HHOIAA
POUNLIS, BEOTRS DhESIMMranmIIo) Mrg EADOTDOnG MOONrosTDo AEowos
nutt aprymenTta. IIpuMepamy Tafanvasore 3anaBMA GYHKIMA MOCYT
CAY/KHETE Ta0IHON KBAAPATOB 9Mce], Ky(0B THCeN, KBAJDATHRX KOp-

gott = o, 1.

Bo miormx cayuanx rabarunoe saganne GyHKONH ABNAeTeH yA00-
#HM. OHO DoaposseT HallTH 3HaveHMe (JYHROWH JJI8 HMEIOUTAXCH

BT gyzuenm# aprymemra So3 pegnnx prrmuonienni,

Anpanuravecksit, rpapuuecknit, rabauuant — HauGoxaee mony-
AApHEIe cnocolR aAaHMA PYEKOIAN, AJMA HAIIAX HYMA 3THX CIIOCO-
fior poomme posreroumo, Ho pomonr moma p maromarmpe muooreg mo-
BONIEHO MHOTO PASAHYHHX crnocoloB sagaEna GYHKOMH, HO MH HO-
SHAKOMHM BaC €ille TOJLKO ¢ ONHHAM CIOCOGOM, KOTOPHIL HeDOAL3YeT-
£8 B BECEME pRoocfpasHIIX sETyenMey. Pour wpsT o sroseouoa ono-
cobe, Korna OpaBpHAO 3afAAHMA QYHKIONA olcHBacTed caopamu, IIpu-
BEAEM IPAMEPHI,

Opamep 1, Pyaxoug y = f(xr) 3agaHa ga NHOKECTBE BCEX
HEOTPUOATE/NBHEIX MHCE) ¢ TOMOIMLIO CIeAVIOmEro NpaBKaa: KaXkaoMy
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3. u YUCROBBLIE OYHKLIMM

ucay x » 0 cTARAETCA B COOTEETCTBHE NEPBLI GHAK IIOCHe BAanmAToH B
JecsragHoll samicH YRCAA X.
Ecmn, cramen, x = 2,634, 10 f(x) = § (uepeuif sHAK DOocHe sama-

mﬁ—m@paé);ec..ﬂzx=13,992,'z'ef(x)=0;ec.'.r.."x=-z-,re, zamm-

cap % B BHEIe GecroHevHofl gecaTaumolt xpobm 0,60686..., RaxonHM:
Hx) = 8, A geny papmo gmagenue f(15)7 Ouo papno 0, max xax 15 =
15,000..., ¥ MH BUANEM, 970 NepBhIl ZecATHIYHLIN 3HAK nochae 3ansa-
Toit ecTn 0 (BooGme-To BepHO ¥ paBeHcTBO 15 = 14,999..., HO 06Er9HO
Ee paceeaTprEEgmT focpnuaunnie MEDEQNMUSCEMS ecgrmunria apofin
¢ mepHozomM 9).

JIxo0oe BeOTPHIATENBLEOE TACIO X MOKHO SAIHCATH B BHAe Jecd-
maunod mobz (zomoumolt pom Gocropoumadt), o noToMy RIS Mol
GHAYEHHMA X MOMCHO HalTH ONpefeleEHOS 3HAYCHHE HePBOTO 3HAKA
nocxe 3anATolf, TAK YTO MK MOMEM POBOPHTE 0 (GYHKIINH, XOTA H
Zeonoabks neofnmuodt. V sroft doyrnnoEw

D(f) = [0; +°°)-s E(ﬂ = {0: 1, 2’ 3,4,5,6, 7, 8, 9}- &

Npamep 2. ©yaxuua y = f(x) sagana Ha MBOEECTBE Beex felicThH-
TeIBHHX GACEN ¢ NONOIOBI0 CHCAYIOmMEro NPAERAA: KAXKAOMY IKCIY X CTa-
BATCA B COOTBETCTBHE HARGOJIbIIEe H3 BCeX IEJHIX JHCEN, KOTODHE He Ipe-
BocROAAT x. HAEHMEA cIOBaME, DyHKOEA y = f(x) ompezensercs cIeXyOmu-
MU YCAOBAAMIEA]

a) f(x) — meaoce wncHO;

) fix) < x (OCKOARKY DO YCIOBME) f(x) Me NpeBOCXOAHT X);

B) fix) + 1 > 2 {mo yenopmo fix) —HAB GO DL ID @ ¢ MeROe YECHO, HE
OpeBoCXofAInee x, sHAuUMT, f(x) + 1 y:ke Gonsmme, ueM X).

Ecnn, exasem, x = 2,534, 1o f(x) = 2, mockonLRY, BO-NEpPBEIX, 2 — Ke-
JIce TWHCAO, BO-BTOPHX, 2 < 2,634 B, B-TpeTHUX, CASIYIOIISE Le0oe YHCIHC 3
yiEe Soasme, wem 2,634,

Ecma x = 47, 70 f(x) = 47, HOCKOABKY, BO-IEPBNX, 47 — meIoe IHGHo,
BO-BTODHX, 47 € 47 (Tounee, 47 = 47) B, B-TPeTBUX, CACAYIOIIEE 38 WHCRIOM
47 menoe uHcIo 48 ywxe Gomnime, WM 47.

A ueny papro suavenue f(—0,01)? Ono pasuo 1. ITponepaiire: -1 — Han-
GOoNnIIee M3 BCEX MeARX YACE], KOTOpHe He mpesocxoast umcia —0,01.

¥ orolf dyaroma D) = (—09; +09), a E(f) = Z (MHOMECTRO MEeAKIX YH-
cen). A

Dyarouo, 0 KoTopol Mina peus B tHpUMape 2, HASKEBAIOT Yeroll yacmoLw
YUCAR; AR melolfl wacTH wHChA X HCHOABSYIOT ofospagenue [x]). Hanpumep,
[2,634]) = 2, [4T] = 47, [-0,01] = ~1, Ouenp cBOCOGPAIAO BEIMMATUT rpadmx
ynrnEd y = [« (pac. 80).

4



3. YACNOBLIE ®YHKLIMMA
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| ) A b
—4[ o F-
Puc. 80 Puc. 81

QVYHKOHE BO MHOTHX CIYVYAAX CAVIKAT MATEMATHMECKHMHA MOIe-
JAMH pealbEHRX npoleccob. Hanpamep, mobodt papHoMepHBIf npo-
uect, B ROTOPOM YUACTBYIOT OES NEPOMOHRE® BeJHYHHE X H ¥/,
oaucHEBaeTcA GopMynolt ¥ = kx + m, roe R, m — JeliCTBHTe/BHEIE
yueaa; 510 Anuelinad pynrnpua. Sakon cBOSONHOTO NAJKEHMA ONMHCH-
saeTca pynxouedt 8=-‘;:-;3Aecbnpeuat—nem3mmnepeuen-
HAS, 8 ZABACHMAN HePEMEHHAR § — npoiifeHanlt oy1n. MBorHe Goacd-
HEIe IDHMEDH MEBECTHH BAM H3 Kypca (H3UKH,

TIpusenenM eme TPE IpPHEMEpA.

1. [Ipegoonomam, TI0 KOAOHEA MHUBHX OPTAHHEM0B BAXUARTCE B Guarg-
NPESTHRIX YCAOBHAX: DDOCTDAHCTEO, SAHMMASMOe KOJOHReid, U NMHIIeRLIe
pecypehl HeorpaHEYEeHHEH, A XHIMTEWKOB, MHTAIINEXCH OPTAHA3MAME JAEHOK
KONOHHH, HeT, 6aaromapd YeMy DOKEACMOCTH BHINE, YeM ¢MeDTHOCTE. B Ta-
KHMX YCAOBESAX OOBYHO CYRTAKT, YTO CKOPOCTL HESMEHEHHY YHCASHHOCTH KO-
XOHUY MPONOPIEOHAIBEA YACACHHOCTH (YeM GOMBIIe OPraEN3MOB, TeM BRIIE
GKOPOCTE; B — XKooddEINEHT DPOTOPHHOHANLHOCTH). MATEMATHKHE yCTAHO-
BEIM, ITO YACAO OPraHM3MOB KOJOHHHA BHIpaskaeTcd Gopayaok ¥ = ye¥, rae
4, — THCISHHOCTE KOXOHMH B MOMEHT BpemeHE ¢ =0, a ¢ ~ 2,7 (qucno ¢ ar-
PReT BAJRHYID POJb B MaTeMarmie, of sToM BH ysHaeTe B 11-m xaacce). Ha
paic. 81 CXeataTHCCKY TPCICTABACR rpadEr SyERkmmm i = e (ZyRxTApoM
JoGABNEHA IENOTETHYECKAS TACTE rpadEkra nps ¢ < 0).

IIpuMepHO 110 TAROMY X 3AKOHY HEMeESeTCH BeTHNUYNHA BRAASA B Oanke,
{MOT 3AKOH HAIHBAKT JONOHOM ROKGIGMERLHOZ0 Pocma.

2. IIpr paAROAKTHEHOM DPaclafe MUHOBEHHAS CKODOCTE DACHANA B Mo-
MEeHT BpeMeHH { DPONOPHNCHANFEA HANTAYHOMY KOJAHYeCTBY BeINecTBA.
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3. YUCNOBLIE @YHKLIM

3

1
Saxonpmommpmmmpmam@puyuoﬂm=mn i]’;amech

m, — Macca BemecTBa B MOMeHT BpemeHH £ = 0, T — BpeMs, sa KoTopoe

MACCA BEOIECTBA YMEHBIIHUTCA BABOoE (TAK HasmbaeMuill nepuod neaypacna:

da). Ha puc. 82 cxemarudeck; NpefcTaBieH rpaduK PyHKOHE m =
¥

=me(i)f {(IyEKTHpOM A0GABACHA THIIOTETAYECKAN 4YacTh rpadmxa apm § < 0).

O0a rpadmKa, OpeAcTABNCHEEIe Ha pHC. 8l H 82 (co cmrommofl B ONVHK-
THDPHON YacTAMH), HASHBAIDT Sccnolenmaniy. Tloapobnee of sKenonenTe pousb
oofifjler B CTAPIINYX KJIACCAX,

3. B xoMHATY ¢ Temmeparypolt 20 °C srecan xunammt gadimmx. IIpn onpe-
JeJICHHEIX YCAOBHAX MOMHO CUMTATH, 9YTO CHOPOCTL H3MEHOHHS TeMIepaTy-
DPEI BArPETOND TAI: ODPONOPUROHATEDS DASHOCTH MONZY TeNnpeparypolt rone
¥ remneparypoll oxpymaromeft cpeasi. Temneparypa T Tela B MOMEHT Bpe-
meHE ¢ BEIpamasTca bopuyno#t T=T, + (T, — T )e™; anect T, — remmepary-
Pa oxpy:Rapmedt cpensi, a T, — TeMmeparypa Tesia B MOMEHT BpeMeHs ¢ = 0.
B caTyansd ¢ ualigaxom T, = 20°, a T, = 100°. 3maumr, T = 20 + 80e™.
Tpadur srofi JYEKIME cXeMATHYeCKEH OpeAcTaBdeH Ha pme, 83, Mpamas
T = 20 — acumoroTs, rpajdmia.

T'padpek HATIAJZHO ALIIOCTPEPYET BOOMHe DOHATHOS OGCTOATENECTBO! C
TEUOHMEM BPeMEHH TeMIOPATYpPa TalHamKa HOCTeNeRHO NPRGIIKACTCA K TeM-
nepaTtype okpysapomedi cpeaer. [Ipomecesr nogofHOro poas HAILIBAIT RPO-
yeccamls SHIPGSHUBANUSR,

. ]

\
Y
| 100
\
\m
TS
N | o] B
0 * ) %

Pwc. 32 Puc. 33



3. u YUCNOBLIE PYHKUWK

§ 10. CBONCTBA DYHKLYSH

B 7-M n 8-M maaccax BH H3YSHIH HEKOTOpPEHE cBolicTBa
byrruuit, Cofiuss mer ox coficpeN BEMocTe, B QXU DAPAT , BATOM-
RHM MX CYTh H reoMeTpHYecKHi ¢MEICA ¥ JOrOBOPHMCHA O TOM, B Ka-
KoM mopaake GyfeM mepeudHcIAT:E STH cBoHCTBA OPH YTeHNH Ipadrra
¢yrrm,. OSperame B mel BO BOEX O onoEnay PETYPEPYET
YACAOEOE MHOMKEeCTEO X, ABAAKNIMeEeCA HOAMHOXKECTBOM ofaacTH
oupeneneaunda Gyuruun: X < IXf). Ha opakTHKe wame BCero BCTpe-
HRIOTCA CAYUaH, RoTpa X — uuenoroll TPOMeXYTOR (0TDE3OK, MH-
TEPBAT, JYT H T. A.)-

Qnpegenctne 1. Lyruywo y = f(x) HasupaoT BospacTaiomelf
na mEoxecTse X < D(f), ecan gna mobLIx AByX 3JISMEHTOB X, M X,
MHOXEecTBA X, TAKHX, 4TO x, < X,, BHOOJHAETCA HEDABOHCTBO

Az < Kx)
Onpegenetye 2. Pyuxmmo y = f(X) HasHBaOT yOHBAlONe

%3 amoxecrse X < D{f), ecnu zag aoGex ABYX SICMEHTOB X, H X,
MHOXecTBa X, TAKHX, 4T0 X, < X,, BHIIONHAGTCH HEPABEHCTBO

f(x)) > Axy).

Hurmn croaMm, Qyukyus sospacmaem, ecau JoaviuieMy snave-
HUIO GP2YMERING COOMmEememayem 60X b W e e 3ngieHue QyRKyuy;
GUHKYUR YObiaaent, ecau JoAVUERY SHARCHUN GPEYMerma coNnsen-
Cmeyem M e R b i €€ FHANEHUE DURKLUL.

B 7-M ® 8-M RAAccaX ME BCHOJAB30BAJH CASOYKOMice TeOMeTPH-
{1eCKOe HMCTOJKOBAHHe HOHATHH BO3PACTAHUA WAR yOLBARAA (ymK-
WHH: ZBUTagch 1o rpaduky Bospacrawmeil GYHKIMM cleBa HATIPABO,
MhHl Kag Oml mopmHuMaeMca B ropry (puc. 84); asuradack mo rpabpury
yOueawme PyHKIMM cAeBy HaNPaBo, Kak Gsl ClyCKAEMCH C IMOPKM
(puc. 86).

OOBYHO TeDMUHEK <«BO3pacTapmag yHKIuA», «yOHBaOIAH
JyEEOHA OOBEAVHAKT 00IMMM HAIBAHHEM MOHOTOHHAA QYHKIHH, A
HceaegoBaERe GYHRINMA HA BOZpacTaEMe HIHM yOLBAHHE HAJRIBAKT
teeaedosantem PYRKGUL KA MOHOMORKOCMD.

OrMeTaM eme OAHO OOCTOATENBCTEO; eCAH GYHKIHA BOSPACTALT
(wam yObiBaeT) B cBoel ecTecTBeHHOHN 06AaCTH OlpezeneHns, TO OOLYHO

o Mopaxomi,9 xL, @ | ”



3. WACAOBLIE YHKLIMU

pa4

5 | \\
N
I’ L

Puc. 84 Puc. 85

rOBOPAT, WF0 (GYHEKINA ROSPACTAOIlaA (AAH yOrBawInan) — fes yia
BaHHA YHACAOBOTO MHOXKeCTEa X,

MIpamep 1. HccneaoBaTs HA MOHOTOHHOCTE DYHEITHIO

y=5-2x.

P e m e E u e. BeegeM obosmaderne: f(x) = 5 — 2x. BossMeM mpo-
MIBONLHEIE 3HAYEHNS ADPrYMEeHTa X, M X,, M OyCTh X, < X,. Toraa no
cBolicTBAM MUCHOBHIX HepaBeHCTE (MH ¢ BAMH HIyIANH UHX B KYypee
anreSpu 8-ro Knacca) GyaeM EMeTE:

—_r e Dy
Ll Lkt +4
b-2x, >5-2x,

Ilocnezmee mepaBencTRO OsHauaer, uro f(x,) > flx,).

Hrak, n3 x, < x, caeayer f(x,) > f(x,), & 970 0gHAYALT, UTO 3078H-
Hag dysxnua youBaeT (Ha Bceli uncnosoit npamott). &

Qnpeaenetine 3 Dynxnmw y = f(x) zesrmamnor orpasmaennol
CHH3y Ha MuoxecTse X C D(f), ecnucymecTBye T UHCIO /M Ta-

KO8, UTO AN A AoOoro sEadYeEMd X € X BHIIOJHACTCA HEpaBeH-
ereo flx) > m,

Onpegenexye 4. Pyrxomo y = f(¥) HASHBAKT OrpaHNYCHHOK
CcBODPXy Ha MHoXecTBe X < D(f), ecam cymecTByeT uHemo M
TAKOE, UTO A4 RWOHOPO SHAYCHHA X € X BHEIONHASTCA Hepa-
BencTBO f(X) < M.
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3. YACHOBLIE OYHKLMAM

VA ¥
y=M
¥ 7 f(x) M
A\l 1/ ¥ =1®
/ \

m y=m / 1

> -
7} x /o

Puc. 86 Puc. 87
Ecan muoxecrBo X He YKA3AHO, TO HOAPAsyMeBaercd, UTO peun

naer of orpaAEHYeHHOCTH QVHKIIY CHUSY WX CBEDXY Bo ncell ofaa-
CTH oOpeAeIcHUA.

Ecar $YEKDHS OTpAHMYEHA W CHASY H CBEPXY, TO e HA3HBAIOT
OFPAHHYEHEO .

OrpasuueHHOCTD (PYHKIIHHN JIETKO HPOUMTHIBAETCH MO €6 rpadpnky:
GYHEIMA OrpaHHYEHA CHH3Y — 9T0 3HAYHT, YTO €6 rpadbuK meauKoM
PACOWIGHKEH S&iiii¢ HEKOTOpol ropASOHTANBHON mpamoll y = m
(puc. 86); dyHKOHA OrpaHUYEHA CBEPXY — IT0 SHAYMT, YTO &€ rpa-
QHE DeNAKOM DACHOMOMKEH HiNce HeKOTOpOH rOpUSOHTAABRHON nNp-
nod y = M (pue. 87).

Mpumep 2 HecaenosaTs HA OIPAHAVEHHOCTE HYHKOHEIO

U= Jo— a2,
Pemenu e C ofHoll CTOPOHE, BIHOJNHE OYEBHAHO, YTQ BeDHO
HEPABEHCTRO
F-F >0

(oo ompeseneHnI0 KBAAPATHOIO KOPHS JE # 0). Oro osmAYAST, YTO
(GYHKORA orpaHAMCHA cHA3Y (B cBoeli obnacTa ompeneseHnd, T. €, Ha
orpesre [-3; 3).

C npyro#t croporm, pis moboro x € [—3; 3] BunoarAeTca Hepa-
percTBo 9 — x? < 9, a noromy

Jo-x3 <3,

Odro osHAYAET, UTO (PYHKUNA OrPAHHYEHA CBODXY.



3. HUCSIOBBIE ®YHHLIVM

A remeps mocuorpuTe HA rpaduk sagaEHo® byHKIUM (cM. puc. 78
Ha c. 92). OrpasmvennocTs QYEKIAR B CBEPXY ¥ CHHSY IPOYHTHIBA-
erca no rpaHKy AOCTATOMHO JErKo. |

Oppepenenue 5, UYncno m HasHEBAKNT HANMEHBIINM 3HAYE-
mHeM Pyrxmun § = Kx) Ba MEo®ZecrBe X C D{f), ecan:

l)cymecrByeT wacno x, € X Taxoe, uro f(x,) = m;

2)ana nwboro sHaveHna x € X BHNMONEAGTCA HEPABCHCTBO

f(x) > f(x,).

Onpegenenue §, Gucro M Ha3HBAIT HAMGOILIINM IHAYECHH-
eM dynxnun ¥ = f(x) Ha muoxecrre X < D(f), ecan:

ljeymecTByenr uncio X, € X Taroe, wro f{x,) = M;

2)paa nwboro 3HAYeHAA X € X BEIIONHAETCH HePABEHCTBO

(x) < f(x,).

HanMeHpmee sHaveHRe QYHEKIHEA MH 0003HAYANE H B T-M, H B
8-M Rnaccax CHMBONOM ¥, ., 4 HanGoNeiee — CAMBOJOK ¥, .. Ecan
MHOXecTso X He YKASAHO, TO NOAPASYMEBAETCH, WTO pedb HAET of
OTHICKARHH HanMeHBINerce HAH HanSoARIlero sHAYEHHA (QYHKIHNH BO
Boelt obmacTy ompeaeneHus.

Copasenaashl CACAYINIAE YTBEPAACHIA.

1) Ecau y dynryuu cywecmeyem y_ ., MO OHG OZPGHUNENS CHUSY.
2) Ecau y pynxyuu cyuecmsyem y, .., Mo 0KG OZPARURERG CEEPXY.
8) Ecau ynxyus ne 02DGHUNEHS CHU3Y, TO Y He Cyutecmayent.
4) Ecau QyHKYUS HE OSPARUNERG CEEPXY, TO Y, o He cyuecmeyem.

IlpaBenenM AOKASATOAECTBA ITHX YTBepEHZeHmH.

1) Iycre y bynrmun y = f(x) x € X ecTh HAHMEHEIIE® 3HAUYEHUE.
2T0 3HAYAT, YTO CYIECTBYET YHCJIO x, € X raroe, yro aag Jnoboro
x € X suImonmgercd HepaBeHETBO f{x) 2 f(x)). 310 KAk pa3 U osHAUAET,
vroe pyHRIAA OrpanmyeHa cHu3y. CeoiicTBO 2) mMOKAILIBAETCA AHAMIO-
THYHO.

3) Jorasarenscreo NposegeM MeToAoM or nporueHoro. Ilpeamno-
AOKAM, UTO i cymecTByeT, Toraa COrIACHO YTBEDHKACHHIO 1) dyHK-
nHA OrpaHAvYeHa CHHAZY, HO STO OPOTHBOPEYAT YCIOBHAK. JHAYHT,



3. YACIOBLE DYHKLMM

HAIII¢ OPEAIOI0MKeAne HEBEPHO, T. €. HARMEeHLINero SHATeHAA Y dyn-
koaa ger, CeolicTBO 4) AOKASHBASTCT AHANOIMYHO,

NDpumep 3. HalitTh HauMeRsmee ¥ Hau(oIbINee JHRYCHHA

gty
y=J -x2,

PemeH ue. B opuMepe 2 Mul yiie foKkasanm, 9ro 0 < /9 — 22 <
< 3, rae x € [—3; 3). Kpome Toro, ecxm x = = 3, ro y = 0. ITo onpege-
Aemur 5 aro ozmauaeT, wro y_ = 0. Aramorwano, ecan x =0, To y = 3.
Hooromy y,_.= 3. OrMernM, YTO HOAVIEHHEHE Pe3YALTATH XODOIIO

WLIOCTPHpYeT rpaduk GyHEmEE y = V9 — x? (cm. puc. T8). |

ODpumep 4. HaflTe HAUMEEEINee B HARONILINGE IRATOHRA GYARINH:

a) y =16 -4x +12x; 6 y = xs+;‘:g+4-

Peimrenne a) Hveem:

y={I6-@ - 12+ 9 +9 = /B-(2x-3F <25 =5,

B rouxe x = 1,5 PyHRuINE NpHEUMAET SHAYCHEEe 5, BO BCeX OCTAALHELX
TOUKAX SHAVCHEA $VHRUME MeHbilie, uen §. BHaunT, y_;, =8, C gpyroi c1o-
POHKN, AOMKEO BHNOIHATH:E HepaBeHCTBo 16 — 4x% + 12x 2> 0, 1. e.
~4(x + 1}(x — 4) # 0. B rourax x = -1, x = 4 PpyEruna obpamaercs B 0, Bo
BCEX OCTANBHLIX TOYKAX OHA MOAOKHTEILHA. Bnam, ym= 0.

Barxtrdated P+ +2P

6) HueeM: Yy = pr = A2 +2) . Oyers x* = a,
2+2=pb Torma ¥ =i"—z-&%£.3ronnpammeneuemme,m2.3mu

3 45t - )2
M,L.‘!‘L_2=%>o, OPAIeM SHAK PABEHCTBA AIMEOT MECTO TOTAA

W TOJARKO TOTAA, KOTAa & = b, 7. 6. NpM YCIOBKH, IT0 X' = x? + 2, 3 sToro
YPABHEEHA Haxomum: x* = 2; x = +4/2. Hm,ym=y(J§)=y(-J§)=2.
Horamens, 470 sajanuan QyERMHS He OFDAHMYCHA ¢Repxy. Bumozmum
HeKoTopEe npeolpasoBaHma:
ol Cal) S S-S N Co R, Colla ) LA SN
A2+ 2) a#+ 2 x* *+2 xt
= 1d _ 4 x+2
a2 2+x,+2+ prand
Ipeamoac:kun npoTHBHOe: JYHKUMA orpaMYeHa CBEPXY, T. £, CYIBCTEY-
or wEcao M Taxoe, ¥TO AIA AHSOro r BHOOGIHEETCH HePABEHCTRO ¥ & M.

y:




3. YACNOBLIE DYHKLM

Bomuquyx=JM+3. Torza »*=M+8,x*-2=M+1L22*-2>M.

4 x2 +2
Tax xag ganee ——— >0 5 === 0, aeM, W0 x2 — 2 +
aa 2 +2 xd » moxyuasm,

4 x»* +2

+ —_—t = M.
2+ 2 xt

Mbet npeamonoXRIN, ITO ANA M060ro X BEIIONEACTCA HEPABEHCTRO I & M,

& oEszamock, YO B Touxe ¥ = JAM + 2 mxmomEgsorce mepapemcreo y > M,

Tloayuuan NpoTHBOPEYES, BHAMKT, Hatlle DPoATOA0MeHNe HEBEPHO, T. €, QYHK-
I¥A He OrpanudeHa cpepxy. Ho Torga naubonbllerc sHAYCHRR ¥ Hee HeT.

Dreema)y =0,y =568y =2 ¥, .52 cymecreyor,

B T-M u 8-M RIacCAX MH YIOMHHAJNH eme XBa csoiicTBa GyHK-
oaii. ITeppoe HasBaJHA CBOMCTBOM BHDYKJOCTH byHknuE. CuRTACTCA,
aTo QYRKYUIL SLNYKAS SHu3 HA NpoMexyTre X, eCH, COSANHHE
nwise ppe TouRE ee rpadmara (¢ abemmecaMm B3 X) OTpEsKOM OpA-
Moii, ME OOHADYHHM, YT0 COOTBETCTBYIIIAS YACTh IPpadBKa JEKHT
HHE X e nposegeHHOro OTpeska (puc. 88). Oyuxyus cuinykaa seepx
HA npoMexyTRe X, ecli, coenuHms MobLie ABe TOUYRH ee IpadmEKa
(c aGcomccamm B3 X) oTpeskoM mpamoli, ME 0GHAPYHHM, YTQ COOT-
BETCTRYIOIIGS YACTh FpaQMKA NeMHT BRHINEe NPOBENEHHOTO OTPe3-
Ka (puc. 89).

Bropoe cBOMCTBO — NERDEPLIBHOCMYL DUHKUUL KA RPOMENYMIGE
X — osaasaer, 9To rpadur GyEROAA HA OpoMexyTRe X — cIUIom-
HOlf, He MMEST DA3PHIBORE,

o\ o]
Pprami
o
. l;l

YA r

"
0 ?' 7] ?L

Prc. 86 Prc. 89



3 . u HHCIIOBHE-CDYHL{LW

3amevarve. Ha camom OEene B MAaTCMaTHKE e 06CTOI‘I'I', KaK TOBO~
PMTCR, C TOUHOCTBIO A0 HAaoBopPOoT: rpadim Py n3oBpaxcaercs » euge
CNNOWHOM Mks (Ge3 pasphinoB) TOMKO TOFAA, KOFAA AOKa83aHaA Henpe-
poieHocTe dyiym. Ho popmansHoe onpepeneHie HenpepohiBHOCTH (DYHK-
LisM, NOCTATOMHO CNOIKHOE U TOHKO®, Ham NOKA He NO cunam. To e camoe
MOMHO €KA3aTL M O BbINYKNOCTH yHupn. OBcynan yrasanHbie nBa ¢eoit-
cTea hyHKLW, Gynaem No-NPeXHEMY CNMPATHCH KA HBINIAHO-HHTYMTHBHDIS
npeacraBneHus.

A Teneps BCOOMHEUM ¢ TeX (QYHKINAX, KOTODEIC MK ¢ BAMM H3Y-
YANH B 7-M H 8-M KIACCAX, OCTPORM HX rpiHKH H MepeqyHCIAM HX
cBoiicTBA, MPHASPKHBAACE OMPEACACHHOI0 HODAAKA, HAIIDAMED TAKOIO;
ofacTs ONpeAeNeHMS; MOHOTOHHOCTE; OPDAHHYEHHOCTD V.. .\ Vool
HENPEPREBHOCTE, 00NACTE 3HAYEHMHE; MHOrAR GYAEM TOBODHTE H O
BHIOYKJOCTH,

BoocneacTPHH HOABATCA HOBEE CBOcTBa GyEKIMIL, cooTBETCTREH-
no Gyner MeHATECA A MEPeTeHL CBoOcTS.

1. fmeinian byrwkumus y = kx + m

Tpaburom dyrKDER ¥ = kx + m aeagerca npamas (pac. 90—92).
Coolicra dyaxmuu y = kx + m

1) D(f) = (-o0; +0);

2) sospacTaer, ecan: B > 0 (puc. 91), yorBaer, econ B < 0 (pme. 92);
8) e orpaAHHIen4 HH CHHJY, HA CBEDXY;

4) Her WA HARGOALIICIV, HA HAMMCHELIICTO SHATOHMIL;

5) dyERIMA HENpepLIEHA;

8) E(f) = (o0 +00),

7Y I

m

!
»
&
+
3

i
[
&

Prc. 90
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vk |“$|k_ﬂ\' ~ 7Y
Y ) :;\
o\ N
ml~ ] 'étx
v
J ] 1 0) i 1
7 o x o N [ X
Puc. M Puc. 92

2. Dymams y = kx* (k = 0)

Tpadmrom dyvakoan y = kx® aeaderca mapabona ¢ mepmmeol B
Havyae KOODAHMHAT H ¢ BeTBAMRE, HAUDABACHHEIMA BBEpPX, eclH g > 0
(pme. 98), m BEN3, ecaH & < O (puc, 94). Ilpaxas x = 0 (oce y) asaa-
eTcA OCHI0 Hmapabos.

Caolictea dyRrusE y = kx®

Mg caygaa k > O (puc. 93):

1) D(f) = (-o03 +oo)

2) yOmBaeT Ha ayde (—o°; 0], soapacraer Ha ayae [0; +02);

3) orpaEnmueHa CHHZY, He OPPAHHUEHA CBEDXY:

4y, =0, U, HE CYMECTBYET;

0) HeIIpEepHIBHA;

6) E(f) = [0; +o0);

7) BRIDYKIA BHHA.

ny yi
7 g
e
\ J[¢>0 I/ \Y y = ket
1/ (< 0)
0 *T
Prc. 93 Prc. 4
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OfpaTETe RHUMAHUE: HA ODDOMERYTKe (—00; 0] dyuxuusa yinsa-
er, a Ha npomesKytre [0; +°°) dyHKOKA BOSpacTaeT. STH HPOMENKyT-
KH HASHIBAIOT POMENYMEGKY MOROMORHOcMmY QyEKIpEd y = kx®, Tlo-
HATHE NMPOMEXYTKA MOHOTOHHOCTH (yZeM MCHOABSOBATE M AIA ApPY-
rax pyaroHi,

Jna cayuas k < 0 (pee. 94):

1) D(f) = (003 +oo);

2) pospacraer Ha aAyqe (—°0; 0], y6eiBaer ma ayge [0; +o0);

8) He orpanFvYeHA CHH3Y, OTPAHHMYEHA CBEDPXY;

4} ¥, B CYIIECTEYET, Y. = 0;

§) HempepHEBHA;

8) E(f) = (oo; 0};

7) BHnyrna BEEDX.

I'pad¥R GyEKIAR ¥ = f{X) CTPOUTCA IO TOYKAM; TeM (OJBIIe TO"
yek puga (x; f(x)) M BO3LMEM, TeM GoNee TOYHOe OPEACTARACHHE O
rpadrre noayaEM. Eciam 5THX TOYEK B3ATH JOCTATOYHO MHOTO, TO H
NpeACTABICHME O Tpajuke CAOKATCA Oolee moNHoe. MMenHO B 3TOM
cnydae HETYHIHMA H NOICKABHEAET HAM, uTo rpadmx Hano uaobpa-
BHTE B BHAC CILIOIDHON JUHEH (B JAHHOM ciayuae B BHAE mapaboarl).
A yix gureM, unray rpadHK, ME JEJ8€M BHEBOALI 0 HEOPEPRIBHUCTH
dyHKIUR, 0 ee BHIYKJOCTH BHH3 WM BEepX, o6 obnacTh sHaueHmnH
¢yvEEIEA. BH ZOMKHEH DOHAMATH, UTO A3 IEDPEYACIEHHHX CeMH
ceOliCrE «FAKGHAMMMN FRAMWTCA /unmb teoficrea 1), 2), 3), 4), —
+3AKOHHHIMI* B TOM CMEICNIe, 4TO MH B COCTOAHHE OGOCHOBATH HX,
CCLUIAACE HA TOYHHIE OOpefelleHUA (HMMKe ME INOKAMEM 3TO Ha OpH-
Mepe GyHEIMHR ¥ = Jx, eu. c. 106). 00 ocTansHEX cROicTBAX ¥ HAC
AMEIOTCA TONBKO HArAATHO-MHTYMTHENEE IpeacTaBleHna. KeraTd, B
STOM HeT HIUEro ILTOXOro. 13 HCTOPUNM PASRHTHA MATOMATUKH H3BE-
CTHO, YTO UQIOBEYECTBO YACTO H JIOATO MNOAB3OBAIOCH PA3IMUHEMA
CBOMCTBAMYE Te€X HIF HHHX 0(HeKTOB, HE BHAA TOTHHX ONpeAeseHHA.

ITorom, ROTAA TAKUWE ONPENEIOHAR YAARAMOCH CHOPMYTHDORATE, BOES CTA-
HOBAJIOCH HA CBOH MECTa.

3.tby||¢u,uuy=%

Tpabuxox dyuxnuy asagerca runepfona, 0CH KOOPAMHAT CIy-
AT acEMOTOTAME ramepfomst (pec. 95, 96).

Gnoic'ma@ylmmy=%
1) D(f) = (—o=; 0) U (0; +3);
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vh vh
—k
V=% .%
&>0) (k<0)
e 0 ;“ o e ;h_
Puc. 93 Puc. 96

2) ecamt k > 0, To dyHERIEA yORBAST HA OTKPHTOM Ayue (—2; 0) i
Ha oTEpEHTOM ayqe (0; +°°) (pac. 96); ecanm & < 0, To dyHKOHA BOS-
pacraet Ha (—co; ) u wa (0; +o0) (puc. 96);

3) B¢ orpaHAYGHA HY CHHA3Y, HE CBEDXY;

4) Her HE H&AMEHLIIEro, HH HambGojbmero sEavYeHwH;

5) GyHKIAA HEMpEPLIRHA HE OTKPHITOM Jyue (—o0; 0) H Ha OTKDAI-
Tom ayue (0 +c0);
8) E(f) = {—o0; 0} U (&5 +0)

4. Dynapn y = J;
Tpadperom PyExnam asaserca Berss napaboasl (prc. 97).
R . Croitcrsa dynwmen ¥ =+/%
1) D(f) = [0; +°);

-
4
-
g

5) HenpepHIBHE;
6} E(f) = [0; +o0;
Puc. 97 7) BHIIyKIAa BBEPX.




3. |I YACHIOBBE dYHKUWM

Ha c. 105 Mu YHIOMAHYAH, YTO B NPRHIMOE MEL B COCTOAHRR AJT
HIBeCTHHX (PyHEmuii oGocHOBaTH cBoiicTBa 1) ~—— 4). CuenaeM 310

B KaUeCcTRE OpHMepa Aas QyHKIuH y = Jx. Beepen npRBEAHOS 0fo-
ansgenme: f(x) = Jx.

1) D{f) = [0; +°0). Peus mpeT 0 ecTecTBeHHOH 06AACTH ompenese-
A QyEKINA, T. e. of obmacTm onpefeNeHRA BBIPAYKEHHI J; . Oua
3am8eTCH HepaBeHCTBOM x » (), orcioga m caepyer, I10 I(f) = [0; +09),

2) ITyers 0 < x, < x,. Ilpeantonoxnam, aTo Jx—l - J—x: . Torasa
Wm Y > (J= ¥, 1. e. x, > x,, TTO IPOTHBOpEURT yeROBMIO, 3HATHT,

HAlll¢ NPeANOJ0KeHHe HeBePHO, T, €. BePHO HePABGHCTEO Jx_1 < r .
Hrak, ns 0 < x, < x, caeayer f(x) < f(x,); a a70 ¥ osBauueT, IO
QYHKIINA BO3PACTAeT HA Jayue [0 +),

8) fAcHo, aT0 PYEKIUA OTPAHNIECHA CHH3Y, HOCKOABKY A A1000T0
x » 0 BumoOaHAeTcH HEDABEHCTBO JE » 0, Doxaxem, aro QyEROEA
He OrpaHnyena cuepxy. IIpeAmonosXHuM IPOTHBHOE, YT0 OHA ODAHH-
UeHA CBOPXY, T. €. CYUIeCTBYeT [OJ0KATeNbHOe uncao M Taxoe, uro

mmﬁorox)ﬂmonmrcanepaaencmﬁ < M. BoanMeM TOUKY
x,=(M + 1). Torma f(x,) = E =J(M+17? = M+1> M. Hrax,

MH NPeANONMKUIH, YT0 AlXs Moboro x > (0 BHIOOAHAETCA HepaReH-
ero Jx < M, H B TO JKe BpeMs HAINM KOHKPeTHYIO TOUKY X,, B KO-
Topolt are Be BoTee e BmnorEgeres, Tlonygemeoe npoTusopeTae
03HAYAET, UTO HAINE NPeAloNokKeHne HeBepHO, & MOTOMY QYHKIMA

He OTPAHMYEHA CBEPXY.
4) Hueem: f(0) = 0, m gaa moGoro x » 0 BHIDOJAHAETCA HEDABEH-

ctBo x > 0. DTo 3HAuHT, TTO Youu = 0- A mocROABKY PYHRUIEA
He OTPAHHYCHA CBEDXY, Y, _, HE CYIIECTBYeT.

5. Dymama y = |X|

Ipagpuorm Gysxoun aengeres ofwepunenue apyx ayuel: y = x,
220H y=-x, x< 0 (puc. 98).

Croiicrea byHxnMu y = |x|
1) D(f) = (—°; +0);
2) ybursaer Ha ayue (—oo; 0], sospacraer va Jgyue [0; +o0);
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vi ve | -

Prc. 98 Prc. 77

8) orpanmMdeHA CHH3Y, He OTDAHHYEHA CBEPXY;

4) ¥y, =0, Yy, HE cymecTByerT;
5) menpeDHEHA;

6) E(f) = [0; +09),

b.dynmapay=ax +bx+c¢
I'padhurrod dyErRnEA aBagerca mapabona ¢ BepmmHON B TOUKe
(xos ¥y TAS
b
xo = -E ¥ yo=f(xo)= axg +bx0 +c0 ’

H C BeTBAMHA, HANDABJMEeHHLIMH BEEDX, ecad & > 0 (pme. 99), n Bana,

ecan a < 0 (puc. 100).Hpauaax=—% ABJAAETCA OCBHI0 Dapalonki,

Caoiicrea dymxumn y = ax? + bx + ¢
Jna enydaa a > 0 (pac. 99):
1) I(f) = (~00; +oo);
b b
2) yOuisaer Ha yqe [-°°; —E],noapammname [-E; +°°];
3) orpaEHYeHA CHMAY, He OTPAHMYEHS CBEDXY;
1) Youuu = Yo Yypuus HE CYIECTEYET;
108



) HempepLIBHA;

6) E(f) = [y,s +°°k

7) BunyKDA BHASZ.

g ox z < 0 (pee. 100):

1) D{f) = (0% +o0);

-_—0

b b
2)noapm..-raernadlyqe[ &5 E],yﬁusae'rna.wqe [-ﬁ; +co];

3) He OrpaHMYEHA CHHSY, OPPDAHHYEHA CBEDXY;
4) ¥,\on HE CYIOECTBYF, §f_ o = ol

5) HempepuBHA;
6) E(f) = (-o°; y,)s
7) BunYKOa BEEDX.

Cuorp namux anannit o Gynk-
LHAX MOKHO CUHTATH 3AKOHYEH-
HEIM. PasyMeeTcd, ODPHBEACHHEIM
nepegneM B peaasHOl Mnzpm He
ofofiruck, Hexoropuie HownIe thyHk-
OMH H AX CEolicTBA BCTpeTATCd
HAM YiKe B 9Toll riase.

Hpemep ©O. IIpounrars
rpadux ¢pyarunn y = f(x), 3azan-
Ho#t rpadhmyeckn (pue. 101), rae
0Ch X — TOPHAOHTANLHEAA ACHMI-
TOTA rpaduKa.

P e m e 5 n ¢. IIpoaurars rpa-
drK QyERIUAR — HTO0 SHATHT,
onmupasck Ha rpadMK, nepeduc-
JuTh cBolicTea QyEKIUHA.

1) D(f) = [-4; +°);

2) pozpacraer Ba orpeske [-4; 0],
yOuBaeT ma ayae [0; +00);

3) orpamMueHa M CEHM3Y H
CBEpPXY;

4) y_... Be CyIIecTsyer, i, = 3;

5) HenpepHIBHA;

6)EPN=00;3. @

T 1
y Xx -—i
¥
z|
4 \y=dx*+bx+c
“ (a < 0)
Pxc. 100
v
. 3
;/.\
1
. _ e
-4 [ 5
Puc. 104
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§ 11. YETHDLIE M HEMETHLIE DYHKLIMM

B npegsiaymen naparpade MH 00CYE AN TOMBKO Te CEOl-
cTBa QPYEEDHNIY, KOTODEE B TOH MM MHON cTemeHm yme ObLiH Bam
BHAKOMBI M3 Rypca aareOpel 7—8-ro kmaccon. Tam e Gwuiao oTMe-
Y€H0, UTO 3amac CcBolicTE QyERmEd OyHeT NOCTENeHHO HOIONTHATHCH,
O ABYX HOBEIX CBOMCTBAX H mofifler pevb B BACTOANIEM maparpade.

Onpegenenue [. Oyuxumo y = f(x), x ¢ X uasumaor ver-

Hoit, ecsm Ana nobOro sHaueHHA x M3 MHOMecTBA X BRINOIHAESTCA
PABeHCTBO
(-2} = f(x).
Onpegenenve 2. ®yuxnmo y = f(x), x € X Hasupa0T Hever-

nol, ecxE ang AK0oro sHAYEHMA X B3 MROXecTBa X BEIIOJIHICTCS
PABEHCTBO

f(—x) = —f(x).
IIpemep 1. ]loxasats, 9T0 y = X' — uerHas QpyERHHEA.
Pemenue. Hueen: Ax) = x4, f(—x) = (~x)*. Ho (—x)' = x*, 3na-
uuT, 2L JI0W0 X BUOOIRECTCA paneEeTEd fi—x) = Ax), 7. ¢. dyew-
nna aenaaerca getnot. K
AHANOTHUHO MOMHO AOKA3aTHL, uTe QyHKMME y = x%, y = x5,
Y = x* ABAAOTCA TCTHHIMH,

Hpumep 2. Joxasars, uT0 y = x° -— HeweTHAS QYHKIHA,

Peme = u e. Mmeen: f(x) = x*, f(~x) = (-x)°. Ho (—x)* = ~x*. 3Ha-
qaur, Iaa J060r0 X BHNOMEAETCE paseHCTBO f(—X) = —f(x), 1. e, hyHK-
uea geaserca medersoi. W

AHRTOTHGHO MOMKEC JORAATH, 910 QYEROBA = X = X5 = X7
ABIAKTCH HEYeTHLIMH.,

Mzul ¢ BaM; He pas y:ke YO@KIAIACE B TOM, UTO HOBEIE TEPMHHH
B MATEMATHKE WAOIe BCETO HMEIOT «3¢MHOS» MPONCXOMAeHMe, T, €, UX
MOMHO KaKuM-T0 06pasom ofnacHRTD, Tak o5CTOUT Nen0 M ¢ YeTHHMHA
a HeweTHHMME GyurnmanE. Cuorpare: y = X%, ¥y = x5, y = 7 — Heuer-
HEe (GYHKHEHH, TOorga Kar § = 2%, y = x4, y = ¥ — verHme dynrman,
H Boofime ang mobolt dyarman suma ¥ = X" (HHMKe M COSHHAILHO
salimemcs mayuenmem aTx dyEkunl), rae n — memoe THCIO, MOMHO
CHeNATE BHIBOA: €CJAN 73 — HEeYeTHOe dIHMeno, T0 dvEKmHA y = X* —
HEYeTHAA; €CAM e 71 — YeTHOe THUCI0, TO QYHKUUA ¥ = X° -— YeTHAd.

110



3. YACHOBLIE OYHHLIMM

CymecrsyoT QyHROHEHA, He ABAAIOIIAECH HA YeTHLIMH, HA HEYeT-
mpmA. Taxosa, Ranpamep, dyExnHa y = 2x + 3. B camom gexe, mo-
mookuM f{x) = 2x + 3 B CpABENMM, HAIDHAMED, 3HAYCHHA (YHKIHH B
Tousax x = 1 m x = ~1., Mmeen: f(1) =5, f(-1) = 1. Kax sunnre, snecsy
f(~1) = (1) m f(=1) = =f(1). SHaumT, He MOKeT BLIMONHATHCH HHA TOXK-
zectBo f(-x) = f(x), au ToxpecTso f(—x) = —f(x).

Hrar, dyrrmaa mowxkeT OLITE 9eTHoOR, HeweTHOM, a Takixke HA Tolk
HE apyroil, Hsywenwe pompoca ¢ ToM, aBugercd au sappHEAA GYyHK-
UHEA YeTHOR miE HevueTHOH, O0RMEO HASHIBAIOT HCCAedOEaHUeM (yHK
YUl HA YemKocmb,

B onpepenennax 1 u 2 peur maer o sEaveRnax GYEKIAR B T09-
KX X B —x. TeM caMMM HpefmoJaraerTcs, 9T0 QYHKNHS OnpeacacHa
H B TOUKEe X, H B TOYKE —X, OTO JHAMHUT, 9TO TOMKA —X ODPDHHANTEIKHT
ofxacTe onpeaeaeHHs GyHKIUN onHOBpeMeHHO ¢ Tourol x, Ecum ume-
J0BOR MHOYKeCTBO X BMeCTe ¢ KaKJLIM CBOMM BJIEMEHTOM X COJEDKHT
B OpPOTHBOIIOJOVKHEIE ameMeHT —X, TO X HASHBAKT CHEMMETDPEIHEIM
muomxecTsoM. Cramem, (-2; 2), [-5; 6], (—o0; +00) — cEMMeTpHYHEE
MEOMECTBS, B TO Bpema Kax [0 +00), (-2; 3), [-5; 4] ~— HecAMMeT-
PHYIEEIE MHOMECTBA. Ecau dynxyus gy = f(x) — wemnas uau ne-
semuan, mo ee 00Racmy onpedeaenus D(f) — cummempuvioe muo-
amecmeo. Ecan me D(f) — mecuMMerpHIHOE MHOMECTBO, TO QyHK-
maa ¥ = f(x) Ee MosKeT GEITH HM 9eTHol, HM HeueTHOIM.

VuATLIBAA CKASAHHCE, DEKOMEHAYEM DU HCCASA0BAHNHE GYEKERN
HAa YeTHOCTh HCNONB30BATH CASAYIOITAN anropuTM.

rr

AnropeTy HccaenoBauus dpyuxuun y = f(x) Ba YeTHOCTE 7

1. VeTaroBHTh, CHMMETPRIEO JH MHOMXKecTBO D(f) — ofiacTs on-
peponenna pyrreupa, Ecre mer, o ofnaewTe, 9T0 dyHEF He
ABaAeTCA HE deTHoN, Am HeuerHoli. Ecau Aa, To mepexoanTs Ko
BTOPOMY IIATY ANCOPHTMA.

2. Cocrarure BRIpAKeHMe Aug f(-x).

3. CpasnuTs f(-x) 1 fx):

a) ecan f(-x) = f(x) gaa moboro x € INf), To dpyHxEa ueTHAS;

£) ecmz f(-x) = —f(x) pra mobore x £ INf), To dyExuuEa zegeruag;

E) ec/iH xot4 661 B onHol Touke x ¢ /) BEMONEACTCA COOTHOIIE-
aHe f(-x) # f(x) u xora OH B ogmoOit Toure X € I(f) pumoana-

OTAg NONPOATITATING f(_lr} # —f{x), 1o mo aproomna rIx

L qerEON, HM HedeTHON. )
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3. |I YHCINOBLIE DYHKLIMA

IIpamep 3. HecaegoBaTh HA 9eTHOCTE GyHEOMID!

x—4
=-9°

6) y=x'-—%; r) y=vJx-3.

2
a) y=x'+ = B) y=

Pemernmne. a) y = f(x), re {x)=x*+ ;:27;

1) ®yEKnuA ompejeNeHa OPH BCeX 3HAYEHHAX X, KpoMe x = (.
Creposarensso, If) — cuMMETPHIHOS MHOKECTBO,

2
2) f—x)=(-x)* + = )‘ =t 4 Fi

3) 3ameuaem, ato Ana moboro x a3 obaacTn onpegenennd QyHK-
IAH BHINOJHAETCA PaBeHCTBO f(—-x) = (x).

2
Taxum ofpazoM, y = x* + & —— 9eTnad byHKmnd.

6) y = =), TRe fix) = = - =5

1) @y=xunre ompeparcHa IPE DLOX SHAYSHESX X, Xpome x =0,
Caepopatensto, I{f) — caMMeTrpEUHOS MHOJKECTEO,

2 fx) = (x) - ‘("")i =-x'+ 3 N

3) Sameuaem, uTo nna moboro x na oﬁ.nac'm onpeaeneEss HyBx-
OHUY RHITOTHAETCS PARSHCTRO f(—r) = —f{x),

Taxum obpaszoM, y = x5 - -,:5 -— HeueTHAA HYHKIHA.

x-4
B) ¥ = f(x), rie (x) = 3¢

1) PyEKIAA OmpedeseHA BO BCeX TOWURAX X, KpoMe TeX, KOTODEIE
ofipantalor sHAMeHATENb APpoOHE B Eymn, M3 yerosma x2 - 9 # 0 gaxo-
Jum; x # * 3. 3uaunr, ofnacTe onpeaegeHuA GYHEOUK — UMCIOBAS

mpAMad, U3 KoTopolt yAaNeHE nBe TOUKK: 3 # —3, DT0 cHMMeTpHIHOE
MHOMECTBO.
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3. HYACNOBLEE DYHKLIMM

(-x)-4 r+4

2] f(==x)= m = -H.

8) Cpasmus f(-x) u f(x), 3aMeuaeM, uUTO CKODEe Ecero He
BEUTONHAIOTCH HH ToxmecTso f(—x) = (x), HA TomnecTeo K—x) = —f(x).
Yrofu B 3TOM yOEANTHCHA, BO3HMEM KOHKDETHOE 3HAUEHHME X, Ha-

upnmep x = 4, Hueem: f(4) = —-g, a f(-4) = 0. 3uaunr, f(-4) = f(4)

n f(-4) = -f(4).
Taxmy ofpason, GyEKOHA He ABNACTCA HH JeTHOR, HA HeueTHON.

1) DyaKIuAa y=-Jx—3onpenenena npE yeaosuH x — 3 > 0, T. e,
Ha ayqe [§; +00), HTOT JyY — HECHMMETDHYHOE MHOKECTBO0, SHAYHY,
DYHROHA He ABMAETCH HA YeTHOH, HM HedeTHOIS. &

Hpamep 4. HecaenosaTh HA 9eTHOCTL GYHRITHIO!
y=lxl, xe 22 B y=2a’ xe (-5 5
6) y =lxl, x e [-8; 3); Ny=2, xe (-5 5)

Pemenme. a) D) =[-2; 2] — cummerprarce MEOMECTBO, H
Ana awboro x € INf) BHDOAHAETCA DPABEHCTBO |—x|= |x| BHauHET,
AAAHAEANA QYHEKNBA — GETHAA.

6) D(f) = [-3; 3) — mecHMMeTPHUHOEe MHOMKeCTEO. B caMoMm nexne,
TOUKA —8 UpHHAAJCKHT DoxyrAETepBany [-3; 3), a mpoTEBONONOMK-
HAS TOUKA 3 He IPHHAZICHKHT STOMY NONYHMHETEDBALY. SHAUYET, $YVHK-
IHA He ABJAeTCA HA 49eTHol, HA HedeTHOH.

8) D(f) = (-5; §) — cuMMeTPUYHOe MHOMKECTBO, & (—x)° = —x® aaa
4100010 X A3 AnTepeada (-H; 5). Smauuy¥, sajamnad GOyERIHA —
HEUCTHAA.

r) ©yEKNHA 3a7aHA HA NOJVHETEDBANE, KOTODHE He ABmfgeTcH
CHMMETDHAYHRM MHOMECTBOM,. SHATNT, PYHKUHA — HH 9eTHadA, HA
HEYeTHAS. &

Teneps ofcyaum reomerpudeckuil cMuien croficTBa YeTHOCTH H
cpolicTea HeweTHOCTH GYHRITHA,

Iyers y = f(x) — wermas GyEKOHSH, T. €. f(—x) = f(x) Axa awoboro
x € D(f). PaccemorpaM ABe TOUKE rpabmra dyermmm: A(x; f(x))
n B(—x; f(—x)). Tax rar f(—x) = x}, To ¥y Touert A 5 B alcnmecn
ABAAKITCA NMPOTHBONOMOKHHNME YHCIAMHA, & OPAHHATH OAHHAKOBHL.
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3. || YACNIOBLIE BYHKLIMM - N

(—x; H—x)) 1UA ve Ha0h e (x; f(x)

r IN TS Ll B R ) 4 y é
B la ’L“.'
=X - R
P IEEN
= o gl 2 e
Pwc. 102 Puc. 103

OTH TOYKH CHMMETPHYEH OTHOCHTENBHO OcH ¥ (pme. 102). TakumM o6-
pasoM, AnA Kampgoll Touky A rpadura werHoll QyHKOHEA ¥ = f(x) cy-
MECTBYET CHMMETPHYHAY eif OTHOCHTEJABHO OCH ¥ Toura B Toro e
rpadura, JTo OSHAUAET, UTO 2pAQUR LeMmROY GURELUY cuxMempu-
YEX OMKOCUMERBHRO OCU Y,

IIyere y = f(x) — BeueTHan QyHKOHEA, T.e. fil—x)=—f(x) ana aw-
Soro x € D(f). PaccMoTpHM fBe TOUKRA rpadmxa pyarmum: A(x; f(x)
H B(-x; f(-x)). Tax rar f(-x) = —f{x), T0 y Touex A m B alcnmeen
ABAAIOTCA IPOTHBOTONOKERME TACAAME B OPAHHATEL ABAIOTCA Tpo-
THBONOOMHNMY YUCAAMHE, OTH TOYKHM CHMMETPHYHE 0THOCHTEILHO
Hauana Koopmaear (pac. 103). Takmm ofpazom, gna kaxmol Touxk:a A
rpadura HedeTHOM QyHERONRE y = f(X) cymecTsyeT CHMMETDHYHEAS eff
OTHOCHTeJILHO HAYANA KOODAMEAT TOuka B Toro ke rpadmxa. 9ro
O3HATAET, 9TO 2Paur Revemnodl GYRELUN CUNMEMPULEH OMROCH-
MEABRO RAYGAR KOopIURAM.

BepEH u o0paTHHE YTBEDAACHHA:

1. Ecau zpadux dpynxyuv y = f(x) cummempuies omuocumens-
RO ocu opdunam,; me g = f(x) — wemuas Qynyus.

B camom gene, cummerpHa rpadmka pyExnmm y = f(x) oTHocH-
TeABHO OCH y OSHAYAET, TITO AAA Ni0bOro X m3 obaacTH OpeleeHna
$YERIIY COPRBEAAERC PaBcHeTRO f{-2) = Ax), 1. ¢ gy = Az} — =or-
Hafd QyHKOmAA.

2. Ecnu zpadur dpynryuu y = f(x) cummempunen omuocumens-
RO Havaan xoopdurem, mo y = f(x} — Hevemuas GyRKyuUs,

Canmerpus rpadmka GyExkman y = f(X) OTHOCHTENILEO HAYALA KO-
ODAHHAT 03HAYALT, UTO AAA A0Goroe X us ofaacTn onpegeaeHnsa GyHK-
IHA CHPABEIIHNB0 paBeHCTRO f(~X) = ~f(x), T. e. ¥ = f(x) — meuweTHAS
byEKDua.
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3. HACNOBBIE ®YHKUMM

Dpumep 6. HecrenopaTts Ha 4eTHOCTE GYEROAIO
y=J -2,
Pemw e n n e Jlensuik cnocol.

f()=V9-2%; f(-x)=J9—(-xF =/0- 2%, Buauur, gaa moboro
x € D(f) cunparennneo pasescTso f(—x) = f(x), 1. e. byaxnua asna-
erca geTHOH,

Bropoft coocofs. T'paduxoM GYERDUM CIVERT NOAYOKPYERHOCTD
¢ HeETPOM B HAUANE KOOPAHBAT B pagEycoM 3 (cM. puc. 78), ona cam-

uerpnmaomocnmmoocny.Bmoanam,my:J -x2 — yer-
gas byaxkons. @A

§12. oYHIHM y = x* (REN),
MX CBOMCTBA U TPADMKM

PyReouo BEBA Y = x*, tAe n =1, 2, 3, 4, §, ..., HaguBawT
crenennaoil pyERIHel ¢ HATYPANLELIM MOKASATENEM.

IIse cremennbie GVEKIHME MBI ¢ BAMA ViK€ M3YUWIH: ¥ = X (T. €.
¥ =xi) By = x%, DrAM mepeveHh HAMINX AOCTHIKEHHY HCUEpOEIBA-
erca, u6o, HAYMHAS ¢ 72 = 3, MK 0 QYHKENM J = X° MOKA HAYETO HE
saaem. Kax Burnagar rpadmkm pyvErnui y = x3, y = 24, y = 25,
¥ =x% m 1. 0.7 Kaross! ceoficTea aTHX dyrxnuit? 06 sToM B moizeT
Pevs B BacTommeM maparpade. Ilpaega, B § 11 ogEo croficTBO MH C
RAMM NPeAYCMOTDPHTEILED OGCYANAN: JOKAZANM, UTO I = X' — UeTHAS
dyarOHNA, & y = x° — BedeTHaA ¢GyHKpuA, I 910, KeTarH, HAM ced-
Ya¢ OYeHbp ODpUroaures. M BeAb SHaeM, 4TO rpaduy deTHOH GyHK-
NAH CHMMETPRYEeH OTHOCHTEIBHO OCH OPAAHAT, & rpadmKk mHeueTnol
OYHKIAA CHMMETPHYEH OTHOCHTEJNBEHO HAYAAA KOODAHMMAT. JZHAYHT,
MH MOKEM M Jaa QYHKIRHA § = x4, 1 g1a QyERERA ¥ = X° DOCTYONTE
TAK: PACCMOTDETH 9TH GYHEINK HA ayde [(; +00), HOCTPONTL HX TDa-
GHuKR (Ba yKA3AHHOM JAyue), 3aTeM, HCHOALIYA CHMMETPHIO, HOCTDO"
uTE rpaduK yHEDUM Ha scell yucaoroil npaMol u ¢ moMompio rpa-
¢dara nepevncauTs cBolicrsa GYEKRIAN DO TON CXeme, KOTODYIO ME!
BHpaGoTAME B NDPEABIAVIIEX maparpagax (fo0ABHB CBOMCTBO 4deT-
HOCTH).
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3 . YWACHOBbBIE dYHKLIMM

. Oympry=x4, x>0
Coctapny Tabnany spavenmil Ana srodft QyEROHE.

1 | 3
xlo1) s 1 3
ylo|1| 1L |3

16 | 18

1 1 3 81
Iocrpoun Touxa (0; 8), (15 1), (E; TE]’ [Ei Té') Ha RoopanHaTHON

nxockocTH (pPHC. 104a); OEE HAMeTAIT HEeKOTOPYID INHEHK, IPOBEAeM
ee {puc. 1046).

2. Gymaps y = x*

Hobasus K rpadaky, daobpaxeraoMy aa puc. 1046, aurmo, cam-
METPHUHYIO NOCTPOEHEON OTHOCATENBLEO OCH ODAMHAT, LOJYUHM Irpa-
$ux dyskoan y = x4, x € (—-o0; +00) (puc. 105). Or noxox Ha napa-

Bony (w0 mapafinmoit eno me HagrRaIOT)

. AR SR APRE W L S Ak

IIpe:xpe ueM mepeuncAnTh cBofcTBA GYHKIUAH, 3AMETHM, UTO ME]
GyneM NPUIEPIKHEBATECH TOIMO M€ HOPAAKA XOKOB, KOTODHIM HMCIOIb:
sopays & § 10, ¢ ognolt monparrol: cpolterey wernOCTE or-

BefleM BTODYIO IO3HIHIO.

ve va va

"
o
-

81
)14

al
°
«
]
5

1—:T 1 . 1

10} 1

*Y

poleo
talos -

Pruc. 1042 Prc. 1046 Puc. 105



3. HACNOBLE DYHKLIMK

CeoficTea dpyuxnun y = x*

1) D(fy = (-°9; +x);

2) vernasa ¢QyHRUMA;

8) yOrreaer ma ayuae (—co; 0], poapacraer ma ayde [0; +oo);

4) orpaRAYEHA CHR3Y, He OrDAHHYEHA CBEPXY;

5) Ypuw = 0s Y, HE CYIIECTBYETS

6) HenpeprBHA}

7 E(f) =[0; +0);

8) BuDyKIa BHHZ.

9t cpolieTBa MB NPOUYATANE NO MpaduKy, YTo, ROHSUHO, HE AB-
AACTCA FAOKA3ATEALCTBOM. OSHUAEC DOCTYIAIT Ha0GOPOT! HCCACRYIOT
cBoifcTBa QYEKIAH, 4 HOTOM, OIAPAACH HA Pe3yALTATH HPOBENCHHO-
ro HCCACAOBAHMSA, CTPCAT e¢ rpaduir. B cOCTOAHMHN JIH MLl ¢ BAMH
Yo Tanepr peltoTooBaTs TAY, KAW IpHEnaTo p Marerprmra? TTora emoe
He eonoeu Hz nepevncAcHHEIX BEIINE¢ BOCEMH CBOHCTB OYEBHIHO Iep-
Boe (HOCKROMLKY A0boe UMCIO X MOMHO BO3BECTH B YeTBEPTYID CTe-
nenr). B npegninymen maparpade gorazann rropoe cpodtiorno. Mose-
HO NOKAJATHL H TPEThE: B CAMOM Jene, eCly X, >x2>0 T0 No cBok-
CTBY YHCAOBHIX HEPHABEHCTE xl:-xg, 4 9T0 H 03HAYAET BOSPACTAHHE
dyuruaa 5a ayge {0; +°0).

Joxancen derpeproe u naroe cpoficrsa. IMoaowmm f(x) = x*. ficno, wro
Ang mofiore x BMmosEReTca HepaseHcTso x* > 0. Sro osmavaer, wro dyEK-
OHA = x‘orpameaacmy. Hpemuomu, TO OHA ODAHHYEHA CBEPXY,
T. €. NPEANOACKHM, ITC CYNIECTBYeT MOAOEETEILHEOe uncao M Takoe, uro
Ias awloro x BHIIOARASTCA HepaBencTBo r* < M. BosbMeM EHATYDPAABHO®

umcao n > M um paccMorpEM sHavenEe QyEKDEE y = x' B TOURE X, = n.
Hueem:
fxp=n>2n>M.

Hrag, MEl HAINLTH TAKYIO TOMKY X, B KoTopoli BHNOARAerca HepabeH-
ereo Ax ) > M, uro npoTuRapeunT uarmesy mpemmaTomennm off orpamurren-
BOCTE (DYHRIOHH CBePXY. 3BAYUNT, (YHROHA He OrpaERYera cBepxy. Ilockous-
Ry $YRKEHEA He OrDANAYEHA CBEPXY, Ban(oanmmero 3naANEHns y Hee Her. B 10
e BpeM# AcHO, wro y_ = 0.

YUro e ne JORAIAHO, THe MBI BHIHYKASHH NOKa ONAPATLCH HA FeoMeTpH-
uecky® nuETyHIpno? He goxkasann ceofictsa 6, 7 = 8,

BnpoueM, OpH M<eBAHMH MOXHO JATH NOACHEHHe H cPoficYBy BHIYKJOC-
7K (YRARUME BAE3. [IGKaeM, HanpuMep, 9T¢ Ba oTpeske [0; o), rre a > &,
rpabmEx GyEKGEE i = &t pacnoaoxen HExEe orpeaxa QA (pme. 106).

Ha rarepsane (0; a) BossMeM DPOHIBOALEYIO TOYKY X, M BOCCTABEN H3
oroli TOYKHN HepneHABKYAAD K OCH X A0 nepecedenns ¢ rpabakom GyEKIIHN
y = x*(p youke P) u ¢ npamoii OA (e roure M) (puc. 106). Opaunara rouxn P
pesma xf.AweuypamopmmammM?Bmmm.
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YACNOBLIE ®YHHLIMH

Jl:

ya T
y = x*
y=x*
4 1
L YIR D'/ 4
. 01 %1
Py
O] z,a 5"
Prc. 106 Puc. 107

IIpamas OA mpoxofET YePes HAYAN) KOOPAHHAT, SHAYNT, 8¢ ypABHEHAE
HMeeT BHA ¥ = kx, DTa OpaMas OPOXOAHET depes PouKy A(a; a'). [Topcrasme
KOOPAMHATHI TQYKH A B ypasHeHHe ¥ =kx, HNoJydnuM: ot = ka. BHEAUMT,
k = d?, 1. e. ypasReEre npaMolt OA raxoso: y = a’x. Teneps acHo, ¥T0 opanA-
Hara ToukH M papua aix,.

Hrex, opmenera 7ouxu P pasna x!, & opmuzare rouxz M pasms £
Kaxoe u3 svax wacen Sonsme? Hmeem: 0 < x, < g, spaunT, 0o ceoficraam
9UCOBbIX HEPABEHCTS X < 6° U ganee Xf *x, < a® -x, 1. e. X < 6%, Uro
osHAYAeT nocaenHee HepaseHcTro? To, 4T0 TYouxa P pacnoaaracTed HHMe
rouxu M, A orcioga MOKHO CZRIATE BHBOA: €CANM DPOBECTH NMPOHIBOABHYI)
mpanyio OA, TO oxayercd, 410 rpabmy ¢yEKImEN ¥ = x* Ha orpeske [0; a]
JeXRNT HUXAE COOPBETCTEYIMEro yuacTka npamol OA.

3. Oymaps y = x°

BaMeTHM npe;ie BCErD, UTO J = X7 — HeueTHAA (PYRKOHSA, cACHO-
BATENBHO, e¢ rPAPAR CHAMMETPHYCH OTHOCHTEALHO HAYAJA KOODMHHAT,

T'padur dysxuun y = x° nopa x » 0 B IpHHNMNE BHTAAXMT TAK
®e, Kak rpadur dyaxouu ¥ = x! npe x 2 0 (puc. 1046), ByxHO JHIIL
Y4YeCTh, 4TO HOBASA KEPUBAA TYTh MEHEe KDYTO HeT BBeDX B TyTh AaNb-
e OTCTOHT OT OCH X OROJIO Havana KoopIuHAT. JoGaBHE IHHHIO, CHM-
METPHYHYIO IOCTPOEHHOH OTHOCHTEALHO HAYAJLA KOODAUEAT, IOTYIHM
rpabuk dyaxunp y = x* (pre, 107). 3Ty KPRBYIO HASHBAWT Kylmae-
cxolt napaGoaoif.

3ameyanne. Mewpy NpoYMm, 3TO OOMH K3 PEAKKX CAYHaes, Korpa
MaTEMAaTHKM MCNORNB3YIOT HE OueHb yaauHbii Tepmun. Mapabona — reo-
MeTpHuecHas urypa c onpepeneHHbiMM ceoicTamu. JiuHmus, usobpamen-



3. BICACBLIE DYHKLISA

Has Ha puc. 107, atmmu ceolicTeamu He obnanaeT, noatomy nywue Gbino
6ul NpMAYMaTE @i APYroe HassaHue, 6e3s MCNONL30BAHMA TepMMHa «napa-
Gona» {xkybuueckes nepabonas — 370 YTO-TO BpOgE «KBADPATHOW OK-
pyHocTM»). Ho Tepmun exybimeckan napabonas NPMNMNCH B MATEMATH-
He, NPpHAETCH M Ham ero UCMONbL3oRATL,

OrMeruM HEKOTODHIO POOMETDHYECKHE o0COBeRHOCTH KyGHaeckoll
napaboant ¥ = x*, ¥ Hee ecTh MeHTD CHNMeTpRH — Touka (0: 0), ko-
TODAA OTACHAOT APYT OT APYTA OB CHAMMETPHUYHEIe Y8CTH KpHBOH; aTH
CEMMETPHYHEE SACTH HASEIBAIOT semeiany kybudecroli napabors. 06~
DATHATE BHEMAHHe: KoT'Ia ONEA BeTBh KyOHMweckoli napaboasl mepexo-
JHAT Yeped HAYAIO KOODAMHAT B APYTYIO BETBb, 9T0 NPOMCIOART 8B~
BHO, Ge3 HamoMa.

Czolcrsa Gymuns y = °

1) D(f) = (o0; +o0);

2) mevernaa Gynxuma;

3) BOBPACTAET;

4) He orpaHAYeHA HX CHU3Y, HX CBEPXY;

5) mer HM HamMeRLIIEro, Hi BanGonnmero smauenui;

6) mempepniEHa;

7) E(f) = (—o0; +0);

8) Bunykaa Beepx Ra (—°¢; 0], BrmykRaa BEUS Ha [0; —0).

4, PyHKwpR y = x*

Ppur. uner o QyeRERAX ) = 2% ) = 2® n roofime o crenemnol dyveER-
OUEE ¢ YeTHHM HAryDAZLHHM noKasareneMm crenenH. I'padbmr

aoboli rako¥ GyEKOME DOoxom Ha rpadmr PyERnum y = xt
{nme, 105), romxo ero perRu Onmce KPYTH HANPARNEHL! BRADY,

OTMeTHM eIne, YTO KDHBASL Y = X K@caemcs ocu X 6 mouke
(0; 0). NeomerpaaIecKkn 9TO OZHAYAET, YTO OFHA BeTBh KpHMBON nnasHO
nepexomyT B ApYVryn, kax o npmwmumager ¢ oom ¥, Toumoe onpens-
JNeHme NOHATUA Kacammda Gyger aapo B 10-m ruacce.

L Oymuun y = X+

Peusb Hzper 0 GyHRmUAX ¥ = x°, ¥y = &%, y = 27 ¥ BooOmE O CTENEH-
Aol yEKUEM ¢ HedeT HH M HATYPANLELIN NOKAIATEIEM CTENICHA
(3,5, 7, 9 u . n.). Tpadux awboii Taxoll HyHKUMM mMOXoK Ha rpa-
b dbyEkouu ¥ = x® {(puc. 107), ToapKo YeM Goabme NOKa3ATENs,
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3. u YUCNOBLIE PYHHLIMM

v
N\ y=x*
1 A
[0 R
T\ 3
\y=-i—2x
\
’ X
Puc. 108

TeM 00J166€ KPYTO HANPARNEHK BBEpPX (M COOTBETCTBOHHO BHH3) BeTBH
rpadure. Orarormar eme, o MpHEBAL ¥ = 22! macaemer ocu X €
mouxe (0; 0),

IIpumep 1. Pemnrs ypasmenme x5 =3 — 2x,

Peme mnme, 1) PaccMorpm npe QyEROEN: ¥y = X H y =8 — 2x.

2) IlocTpoun rpadmk dyExuan y = x° (puc. 108).

3) HocrporM rpadux duneiinolt pynrumu y = 3 - 2x. Sro Opa-
MAA JMHMS, OPOXOAAMAs gepes Touxk (0; 3) u (1; 1) (pmc. 108).

4) Cyza no uepresy, DOCTPOEHREE IpadHKH IePECOKAIOTCA B TOT-
xe A(l; 1). IlpoBepka NOKASKIBAET, UTO HA CAMOM JAEJ€ KOODIMHATE
TO9KH A(l; 1) YAOBIETBOPAIOT U YPABHEHHIO ¥ = x5, M YPABHEHHIO
¥y = 3 - 2x. 3EAvYMT, YPABHEHME MMeeT OZHH KOpeHb: x = 1 — 310
alcnucca ToTKu A,

Oreerix=1.

Mex gy OpouHM, reoMeTPHUECKAA MOAENEL, MPEACTABACHHASR Ha
puc. 108, FATAANHO MLTICCTPHPYET CHCAYIINGE YTBEP/KAGHHS, KO~
TOpOe HMHOrAA IO3BCJIAET H3RIIHO PENIaTh ZOBONLHO CAOXKHHE YDPaB-
HeRuH:

Eonpu gynnvus y = [(x) cospacmaem, o pynwzyuz y = §(x) ybu-
saem u ecru ypaeHenue f(x) = g(x) umeem xopens, mo MoOALKO
odun.

JdokaieM 5T0 YTEepXKIeHHe, IIpeANONOXKMM, YT0 YPARHeHHe
K(x)= g(x) xpome KopES X, NMEET OINE OFEE KOPEHE X,. ITycTs ¥, < %,
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3. u YACJIOBLIE DYHKLUA

IlockONBRY X, H X, — KOPHH 38ZAHHOIO YPABHEHHH, TO BHIIOIHAIOTCA
pasencrsa f(x,) = g(x)) u f(x,) = g(x,)). Pynruna y = f(x) sospacraer,
4 MOTOMY BHIIONHAETCA HepaBeHCTBO f(x,) < f(x,); pymrnma
¥ = g(x) youpaer, & NOTOMY BHIIONHAeTCH HePABEHCTEO &(x,) > g(x,).
Hrax, f(x,) > f(x)) = g(x,) > g(x,). Iloxyuunoce, uro f(x,) > g(x,).

ABHANOrAYHO MOKHO AOKASATH, UTO £CHH X, > X,, TO f(X,) < g(x,).
Hrax, B 1060M cryuae momygaerca, 9o f(x,) # g(:c,], T. €. X, He AB-
AfeTcq KOpHeM YPABHEHEHA, 3HAYUT, YPABECHHME MMEeT TOJABKC ONHH
KODEeHL, VTBeD/RIcHMEe HOKA3AHO,

Bor Kax, OnupaAchk HA 9TO YTIEEepIKAeHRe, MEL MOKeM Ge3 weprema
PeIOETH YPABHeHHe M3 mpHmepa 1:

1) samerum, uro npu x = 1 BRIOMEAETCH PABEHCTBO

1¥=3-2.1,
SHAYHT, ¥ = 1 — RopeHE ypaBHeHUSA (9TOT KODEHE ME YPANAIH);

2) pyrxnua y = 3 —~ 2x yOumBaer, & GyHKOUA y = x° BOIpPACTAeT,
SHAYHUT, KOPEEL ¥ 3AJAHHOTO YPABHEHHSH TONBKO OJHH, U 3THM KOD-
HeM aBasercs RalineRHoe BHIDTe aHaveHue x = 1,

B xypce anrefpu 8-ro Enacca ME IOBODHMIN O TOM, KaK, 3HAS
rpadrr GyHEDEH ¥ = f(x), MORHO mocrpouTs rpadux GyERKIHE
y = flx + m) + 1. BcmonauM, Rax s10 Jexsercd.

Mpumep 2. Hocrpours rpaduk Gyrxmuu y = (v - 1)% - 2.
Penre n ue. 1) Iepefinen k pemoMoraTe naoll cucTeMe KOODEH-

HAT ¢ HAYANOM B Touke (1; —2) (myErTHpHEKE OpaMble ¥ =1 n y = -2
Ha puc. 109a).

y‘ :x.i—.l v ¥
:
3
: y=(x-1p-2
1
o[ 1l o1 T
{
T 0= T 11 [ y==2 T2 T
1
1
|

Puc. 1072 Puc. 10%6
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3 . YACNOBBIE DYHKLIMH

2) «Ilpunamens dyRRIUD ¥ = x* K HoBO# CcHcTeMe KoopAMHAT.
Jna aroro smepeNM KOETpPOJILHEE TORKH Ana dyERROmER ¥ = x5 (0; 0),
(1; 1), (-1; 1), o cTpOoHTH MX OyAdeM He B crapoil, 8 B HOBOH cu-
cTeMe KOODAMHAT (9TH TOUKK OTrMeueHH! Ha puc. 109a). 3arem gepes
KOHTPONBHEIe TOYKH INPOBEAEM JMHWI), NOXOXKYI0 HA TY, KOTOpas
naolpamena Ha pac. 105, — sTo u Oyaer Tpebyemuil rpadmx
(puc. 1096). Pasymeercd, ecii HABHIBATH Bellld CBOMMHN MMEHAMH, 9TO

9CKH3 TpeSyemoro rpadpura, @

§13. oy y = xa *N),
MX CBOWMCTBA M TPADMUKM

IIpogoniakecM pDAcCUINPATE KJaace QyERNEN, ¢ KOTOPBIMH
HAM HYIRHO, 00PASHO TOBOPA, NOSHAKOMHTLCA Hakoporke. B npemk-
AylieM naparpade TAKOBEIME OEUIM CTeIeHHLIC JYHKONH ¢ HATYPAJIL-
HHM GOKA32TeqeM i = X% A B STOM Taparpade Mu PACCMOTDRM GyEN-
IuUY BUAS ¥ = X, Ige B ~—— HATYpaJibHOe wcno. HX HasnBAIOT crenen-
HMMHE (HYERIHAME ¢ OTPHIATEILHLIM HEALM NOKAIATONEM.

Ilo onpeReneRRI CTWICER ¢ CTPUNATEALERM ITOKAIATEIOM
1

xt= - )
TioaroMy BMECTO SAIMCH ¥ = x* MOMKHO HCHIONBSOBATE 3AIHCh Y = o+
Ozry GYHKOMIO TAKOTO BHAS MH ¢ BAMH H3YIHIR E KYPCe aared-
PH 8-ro Knacca — 910 OEIAA HYRKUMA y=%.Baunanecmncnoﬂ-
crea 910l HyEKNUH, B ee rpadur — runepbona (puc. 110). Caenaenm
enogyiomuit mar: paceMorpIHar Gy ERINIIO y=%.. ESH & WCCRSROBA-

HHA PYHRUUR ¥ = % HA YeTHOCTL, WTO, BRINMO, BAC He YANBHUT.
BeconoMunTe, BeAL H B Npennaviiem naparpade MW HAYHHAMH ¢
HCHONL3OBAHENE 9eTHOCTH GYHRUEN ¥ = X' B HeveTEOCTH GYRKOHEN
y=x°.
1
Hrax, fokaxceM, 9T0 § = ol YemKaA PYHKYUR,

SamMeTHM NpEAAE BCETO, uTO OGNACTE OupefeneHHS GYHKUMH —
MHOMKECTRO BCEX ZelCTBHTEABHRIX YHCEN, 38 MCKIIUCHNeM 3HAYCHM

1
x = 0; aT0 cuMMeTpHYHOS MHOMecTBO. Hanee mMeem: f(x) = oy

122



3 . ill YACHIOBBIE ©YHKLMAA

o
1]
B[

Puc. 110
f=x) = (i), I.Talmuoﬁpaaou,mnmﬁoroxnaoﬁuacmon-
peseneRna GYEKOAN BEIONHAETCH paBeHCTBO f(-X) = f(x). 910 ama-
YHT, UTO Y = % — verHad GyBERIAA.
1
CaoficTeo dwerHOCT GYEKOUE y = ﬁ HaM cefiyac oueHs OpHETO-
parca. Mu Begn anaem, 90 rpadak vernol GyEKOEN CHMMETPHYEH
OTHOCHTENLHO OCH CDAMHAT. 8H4YMT. MOXHO IIOCTVIIETE TAK: DACCMOT-
PeTh 9Ty QYHKOHI HA OTKPHITOM JAyue (0; +0°0) M ODOCTPOHUTE €8 Ipa-
DHK HA YKa3ARHOM Xy4de. SareM, HCIONBIYA CHMMETPHIO, MOCTPORTL
rpadbEK QYHELER Ha Beell uMcaopoil mpAMoit B ¢ ero TOMOINEID Nepe-

YHCAUTE CBOLCTRA PYHKOMHE MO Tol cXeMe, KOTOPAA GBLIA MCIOILIO~
BAHA B mPeALIAYINEM maparpace.

I.Qvnmnay=;!,-.x>0

Jo cux nop Mu crpomal rpadux GyHKOoHUH, a HOTOM rOBOPHAM O
ee cpoficrBax. Ha camoM flene, KAKX ME yiKe He pas OTMOTANH, MATe-
MATHKH OOLIYHO CHAYAJA HCCAEAYIOT CBOlicTBAa PYHKUHMHA B COOTBET-
CTBHH CO CTDOTHMH ONPEACHCHAAME THX CBoHCTB, & HOTOM HCOOJL-
SYWT NOAYIGHHBIE POSYABTATH! AR NOCTPpoeHua rpadmuia. Bm yxe
npropeny HEKOTODHIY OOWT B MCCAGAOBAHMY (JYHKIAR, BOCIONb3Y-

emcamummenonam¢mmy=—l?,x>0.3meunpn-
X

BLIYHOEe oGosHavuerHe: f(x)= xlz
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3. |I HACOBLIE ®YHKLIMK

1. D(f) = (0; +0). Tyr obcy:KAATE HeTOro.
2, Pynrora yObusamman. B camom zexe, myers 0 < x, < x;
TOrAA IO CBONCTBAM YHMCAOBHX HEDABERCTE DOCACNOBATEALHO IIONY-

waem: xf < xf; % > %. Hrag, ms x, < x, cuegyer f(x,) > f(x,),
a 9T0 B c3HAuaeT y(bBaHNe PYRKUMH.
3. OyEKINA orpaHMYeHa CHMBY M He OrpaHHUeHa cbepxy. Orpa-

HUUEHHOCTE CHE3Y CIeYeT H3 OUEBHIHOTO HEPABEHCTBA lg > 0,
P

IIpennonoxuM, a0 GYEKIAEA OTPaRAYCHA CBEDXY, T. €. CYIIECTBY-
€T MOJNOKETeNLEoe uaca0 M Takoe, ¥T0 Ana awboro x > 0 BROOIRA-

1
eTcA HepaBeHCTRO < M. Ilycrs = . Toraa
xt R Yo

=1 7.1
o) = =13

Hrak, Mul BanuIR TOURY, B KOTODO# sEauenwme QyHKIMM GOanIIe
qucng M, bonpeKy HAmIEMY HPEANOIMKEHHI0, SHAYHT, MPeanoIome-
HHE HOBeDHO, T. ¢. QYHKOHA He OrpaHHIeHa CBEpXY.

4, ¥ GyHKUMHN HeT HM HaHMEHLIIETrO, BE HanGoinbinero aHaveHmil,
To, 9T0 HeT HaARGOILIIEr) 3HAMCHHA, BHNTOKA6T H3 HOOIpPaHHYEHHO-
CTH QYHROHEE cBeDXY. A KAK JORAZATH, UTO RET HAMMOHLIIErO 3HAYS-
HH1, BeAL CHE3Y-TO QVEKOMA OrpaEAYEHA? ByieM PacCy:RIATH TaK.

Ilpeanono:xuM, 4TO EaMMeHLIIee 3HAYCHHe CYMEcTBYeT. 3T0 3Ha-
uMT, YTO CYMIECTBYET TOUKA X, TaKad, 9T0 Aid ymodoro x > O sumoa-
HAeTCH HeDABEHCTBO f(x) » f(x,). Ho ecir B3ATE TOURY X, > X, 70, B
cuiry yOuBanma QyHKIEA, BREIOAHAETCA HEPaBeHCTBO f(x,) < f(x,),
9TO OPOTHBOPEYHAT HAIDENY npeanoaoxkenmio. Hrak, ¢yERnoua He
HMeeT HAWMEHLOIeTO 3HAYeHHA,

Tenepsr DOCTPOMM Tpadukx GYEKIHER.

CocraBprM Tabaany sEauvennit 1aa 9Toi GyHEUMH,

=M+1>M.

x 1 2 3

| el

¥ 1
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3. lI YACTIOBLIE ®YHKLUMM

e 77 3
41
NN
L J P ——
g1 1 2 8 :.c' o] 1 x
Puc. 111a Pruc. 1116
1 1 (o1
Mocrpoun rouxa (13 1), (5;4 , [25 z). &3] H#a KOOPZWBAT-

Bolt nnockocT! (puc. 111a), oOBK HaMewarOT ne;cmopym JUHHK, OpPo-

PeJleM ee, VINTEIBAA NOJYIeHHBEe BHIOe cBolicrea 2, 3, 4 (pre. 1116).

2. Oymuma y = x2

Jobaprs k rpadmky, naobpaxenaoMy HA pac. 1116, Bersp, cHM-
METPHUHYI0 DOCTPOSHHOR OTHOCHTNBHO OCH ODIMHAT, HMOJYYHMM T'Da-

dux pyHRnER y=%,'r. e. y = x? (pue. 112),

Crolicrea dywssmun y = x™*

1) D(f) = (-02; 0) U (0; +0);

2) vernas GyEKIEA;

3) yOuiBaeT BE& OTKPRITOM JIyde ({; +00), poapacTaeT HY OTKPLITOM
ayqe (-5 0);

4) orpauruena CHESY, He OTPAHHIEOHA CBEDXY;

§) HeT HH HAEMeRBINErO, HE Ham(okbmero sHaveHmii;

6) HenpepriBra npE X < O (T, e, HA oTKpHITOM Ayue (—0; 0)) 1
opu x > ) (. 8. Ha OTKpHTON ayue (0; 4-00));
7) E(f) = (0; +o0);

8) Bunykna BEM3 M IpH X < 0, 1 npu x > 0,
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3 . HYACJIOBBIE DYHHLIMA

A
-l
Ve
1
- —_ _ WV
-10] 1 x
|
Puc. 112

3. Dymapia y = x>

1 1 1
Pmnmrod;mmxy=?,y=g.y=? gt 5 I'pa

¢ux moboli Tarolt dynxnuu moxox Ha rpadpmEr GYHROHE y = -:—,

1
(puc. 112). OrnvernmM, 9T0 KpuBaAA § = e GeuMnmomusecky npu

Oruxcaemesn K ocax xoopdunam. l'oBOPAT TAKKS, UTO OCE X (T. €. IIPA-
Mad y = ()) ABNASTCHA 20PUIORMARbHON acumnmomoi: rpaduKa PyREK-

oEA ¥ = -;,;j,aochy('r.e. npames x = () asngerca sepmuxaivioll
acumnmomoii sToro rpajuka.
4. dymaua y = x i+
1 1
Peqbuneroqaynxnnaxy=-x;,y=g n r. n. I'padpur moboii
Takoll GyEROEHE NOXoXK HA rpadmk GyHKRDER y = i (pme. 110),
OTMeTHM, YTO OCh X ARAACTCH 20PUIOHMARbROIL acuMnmomoll rpa-

dbuka dyERIME ¥ = "xT:IT' a OCh J ABAAETCHA GEPIMUKAALHOL Geumn:
momoii aToro rpapuka,
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3. YWACTIOBLE dYHKLIMM

Caoiicrea dynroan y = x~ @+ 1

1} D(f) = (=05 Q) U (0; +0);

2) EeverHAs QYHKORA;

8) ybrBaer Ha oTrpHTOM ayue (0; +00) X HA OTRPHITOM Jyde
(~o0; 0);

4) He OrpaHWMeHA HH CHH3Y, HA CBEPXY;

§) Her HE HAauMeRLImero, HM HamboALIDero sHaveHU;

6) menpepmena npr x < 0 7 mpr x > 0;

7} E(f) = (=o0; 0) U (0; +0);

8) BunyKAs BBOPX NpE X < (), BHMOyKaa BRUS opH x > 0,

IIpamep 1. Haltrm naumensmee u Hanboaninee sHAYeHKSA

i
tbynm:mny=; HA 38ZAHHOM ODOMEMNCYTHEE:

1 1
a) ['2'33]: 6) [-2= ‘5]; B) {1; +00),
Pemenre, a) lnaa yaoberea paccyxneHuli seeneM ofosuave-
nme: f(x) = —:37 QOyaxoea yirieaer opu x > (0, sHauuT, HAUMEHD-

wero 3 HapGOARIIEro SHAYCHHE OHA MOXET JOCTHTATE TOJLKO Ha

KOHEAX IPOMEKYTKA (COOTBETCTBSHHO HA NMPABOM H JIEBON), OC/H,

pasyMeeTrcd, 9TH KOHIN NPHHANLEMAT NPOMEXYTKY. B paccMarpm-
BACMOM CJIYIas

1 1
Vo =3 = 3 yw=f[§] = 4.

6) Pyrruua BospacTaeT Opu X < 0, SHAYAT, HAUMEHLIIETO B HAH-
GONLUIETO SHAYEHMI OHA MOJKET HOCTHIATH TOABKO HR KOHIAX OpO-
Moarpmita (OOOTROTOTEONDN HA NOEOM I NDADOM), SONM, DASYMooned,
STH KOHIE NPHHAANOMAT IPOMENIYTKY. B PacCMaTDHBAEMOM CIVIAC

Ve = 1-2) =7, 8 Y, WO CymecTRYeT (IDARLIA KoHeN He IDHEAZTS-

AUT 3aXAHHOMY IDOMEXKYTRY).
B)Cnomomnmrpaq)nKaQynmnn(pnc 112) yeraHarANBAGM, UTO
# sz BE CYTIECTBYCTs & Jppns = 1+
Ilpamep &meonnrpa@nx@ynxmy:(x—l)"+2.
Pemenue. 1) Ilepeiiiem K seonoMoraTeasaoll CHCTONE KROODIN-
uaT ¢ HauaaoM B Touke (1; 2) (myRKTHpEHE npaMue x =1y =2 Ha
puc. 113a).

a7



3. |I YACNOBBIE mY_I-.H_{lLlWo‘I —

ya ve
x=1
y=(x—-1y%+ 2
2
2 y=2
- 1
o[ 11T r
o[ |1 i
Puc. 1132 Pruc. 1436
2) «IIpuBaxems GyBRRIUMO Y = X° K HOBON CHCTEMe KOODAHHAT -
aro u Gyner Tnefyemult rpadux (pee. 1136). -

§ 14. oyHuma y = ¥x,
EE CBOMCTBA U TPADMK
Onpegenerue {. Uncao b HasuBaloT KyGHIECKHM KOP-
merr (2nz mopHem Tperieldl cromenm) g3 umenn 4, SONE BRIOOIESOTON
pasercTBO b® = a.
Tlmmyr: #/E = b} a — nRodKopeRKOe YUcA0, 3 — noxasanmens KOPHA.
Taxum o5pasoN, panescrss 3 =&, ¥ =a u (%EP = ¢ DKBHBa-
JCHTHHI, T. €, BHPAXKAIOT OAHY M Ty K€ 38BHCHMOCTE MEXIy Aeii-
CTBHTeALHHMH uncnaMu d 7 b. Kopoge 9T0 MOMKHO sanmcaTh Tax:

?F=b¢rb*=a;a—3uaxsmusmnmuocmu.

Hanpnuep,?/2—=3,mm3’=27;§ﬁ=1, rax xax 1° = 1;
%=0,mm0‘=0;{‘/—64=-4,mxax(—4)3=—64; 3~g-=-g-,
wanm(%]a=-21=3§.

Kybaueckuit xopens ﬂ; CyYHIeCTEYeT mis Joboro uucna ¢. Bro
YTREDIKOeHHMe ROKASHBACTCA B KYpPCe Bricmel mMaremarwxm, Mu Oy-
AeM NoAL30BATECA MM 063 JoKasaTenncTsa, PeayinhTar maBIevdeHH:H

118



3- YACAOBBE DYHKLMM

KYOHYeCKOT0 KODHS CDABHUTENRHO DEIRO OKABHBASTCH DANHOHATE-
HEIM HCIOM, Uallle MOAyUAeTCA MPPANMOHANEHOE UUCIO, NAS KOTO-
poro moxkHO Haftrm aums npulan:xeHHOe 3HAYEHHE.

,ﬁoxmeu.mnpﬂuepa,m%- - UPPAUHOHAJILHOS TRCIO. lipeamo-
AOHEM NPOTHBHOS, 9TO % — PAIHOHANBHOE THCHAO, T. €. %’_=-’E, e

%—mpammoﬁmonexmgpo&n Torga ﬂ)a = §, v e, ms = 5nd.

Tocneaaee paBeHeTBO OsBadaer, uro m? i 6, T, e, HaPypansgoe yueao md
meaurea ua 5 6e3 ocTarka (BAIOMHEIM, ITO CHMBON | 0IHAYAST «ASJHTCH HAs),
Ho 270 BOSMOMEO TOTAA B TONBKO TOTHA, Xoraa m i 6, v.e. m = bRk, roe
&k — BexoTOpOe Harypaannoe umeno. lloacraBam sHpaxenne 5k BMecro m B
paseHeTso m? = 5nf; monyanm: (5&)% = 5nd, orryaa n® = 2543, Iloc.nennee pa-
BEHCTBO O3HAYABT, Tro % : 256 B yox rem Gonee n® : 5. Ho rorma;mn : 6.

Hrax, noayymm, uro m : 6 u n : 5. Oreiofa caegyer, mp;poﬁh—-—

CORDATHMASR (00 URDHNTENE I¥ AHAMOHATANE MOMHN CORDATHTE Ha H), a omo

OpPOTHBOPEUHT YCJIOBHED, COIMIACHO KOTOPOMY ;- — HECOKPATEMAA APOGE.

Toaydenroe OpOTHBOpETMHE OAHAYALT, YTO HAlle OpeAnoAcKerHe O pa-
mmonameEOcT wacha 35 Hesepwo, T. e, 270 UMENO — MPPAIMOHATLEOS,

Kopens TpeTheilf cTeneHR M3 II OT0 YHCIA — IOJOMH-
TeIBEOS HOI0, & KOPOER Tpethell CTeHenNy X3 OTDHUATEIREOTG WNHC-
J1a — OTPHUATENLHOE UHCHO. DT0 CAEAYeT M3 TOTO, TTO MPH BOBBEHe"
#aU B Ky0 3HAK 9NCAA He meRAeTcA. COpaseAInBO TORALCTBO

iox = -x,

B camoM gene, nycrs §-x =b, a %‘_ = ¢, Torga b® = -x, &
28 = x. Orcwpa cregyer, 20 ¥ = —o%, mun B = (—¢)’, Mz pocnenuere
paBeHCTRBA caepyer, 910 b = —¢, T. €. ¥x = -¥x.

IIprmep Ll Hoxazars, uro:

8) Yab = Ya - ¥o; ©) —-%—(b:m

Pemer ne. a) Hveem: (?/_ Q/_) —(V_ T = gb. 3\a-
9AT, Qf— f/-—mqncno,xyﬁxowoporo paseH ab.A'ranmuch:ou

ABIRETCA Qfa_b 38a9HT, Va—b = (f; VS

6) HoxasnBaeTca aHAROTHYHO (cAenaliTe aTol). &

5 Mopaxoser, k1., % § 129



3. YWACNOBLIE BYHKUWA

Paccmorpum dyakumo y = Ef:_c » OTMETHM HEXKOTODEI¢ ee CBOMCTBA
H NocrpouM rpadux. BrefeM nprBHYHOe 0603HaueHMe: f(X) = ¥x.

1) I{f) = (—o0; +00) (peus BAET O eCTECTBEHHOMN o6NACTH Onpeaeae-
Bog dyanumz — o, o 87), DOCKOILKRY, KAW ML OTMETHAN BLIDIS,
Ky0imecknii KOpeHb MOYKHO HIBJAEYb B3 J000oro AeliCTBRTELHOTO THCIA.

2) y-—?/_ — HedeTHAS PYHKORA. 3TO BHTERAET B3 JOKASAHHOTO
BHme Toxaecrea Y-x = —x.

ANy= Q/_ — BOZpacTamaa byEKoua Ha ayge [0; +00),
B camom feste, myeTs 0 < X, < X,; HAM HAZJO AOKA3ATH, WTO TOTAA

a 3% < #x,. Ipeanonomun nporusmce, wro &z, > #fx, . Toraa mo

3 3
CBOMCTRY INCIGBAIX HEPABEHOTS (@'Z) > ({/x:) ) T. €. X, P X, O
IPOTHBOPETMT YCAOBHIO, SHAYHT, HAWE DPeANO/MKEHNe HEBEPHO, a

no'rouyefa:_,<§’_.

Hrax, us x, < X, cmexyer, 710 f{x,) < f(x,), a 910 o3HAUAET BOSDA-
cTaERe PYHKOUH,

4) Oypxuma ¥ = %’; He OrpaHHYeHA CBOPXY Ha ayde [0; +c0).
IIpeamosoauM OPOTHBHOE; CYIIeCTBYeT eao M > 0 rakoe, uro ans
xoGoro x e [0; +90) unonaaerca mepasenctso Ix < M. BosbMem

HA ayde [0; +o0) Touxy x, = (M + 1)%. Torza f(x) = (M + 1 =
=M+1 > M. Hrax, MH HaILZIM TOYKY X, B KOTOPOl BHNOAHAETCA
HEPaBeHCTBO [(X) > M. 5T0 NPOTABOPEUAT HPEAHOKOKEHMIO O TOM,
uro ana awnbore x # () BEIDoaHEAeTCA HePABRHCTBO f(x)} < M, BHagaT,
HAllle OPEANOJOKEHH® HeBeDHO, T. . GDYHKINA He OTDAaHHYEHA
CBepXy. B 70 e speMs oHA OFpAHWYEHA CHMAY: Ha Ayue [0 +5C) Bei-
noanserca HepapercTeo ix > 0,

5) HemocpeAcTBeHERIM CREICTEREM HpeABIAYINero ceofcTea ABNA-
ercA cjaeaymomee cBokerso: ¥y = 0, ¥ . He CYIECTBYeT,

ITocrpoum rpadux dysxuum y = QE ga ayue [0; +c0). Cocra-
EpM raQnuny sRaueHuit.
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3. YACROBLIE dYHKLIMM

7 s
{2 - +2 —
+1 -1
ol 1 3.5 of 1 a;'
Puc. 1142 Puc. 1146

TToctporm Touxm (03 0), (1; 1), (8; 2), (3-:—; 1,5] HA KOOpPZHHAT-

Holi mocKocTH (pme. 114a); oEM HAMeYAOT HEKOTOPYIO JHHHIO,
nposegeM ee (prae. 1146). My yunTusaeM npu 9TOM H TO, 9TO DYHK-
NHS BO3DACTAET, H TO, TTO OHA HEe OTPAHMYEHS CBOPXY.
BocroanzoBasincs TeM, XT0 Y = (/:_c — HeueTHas MdyHXuUAA, HO-
SaBaM R rpadEKy, NOCTPOCHHOMY HA puc. 1146, BeTBE, CHMMETPHY-
EYI0 €My OTHOCHTEJbHO Ba9ana KoopAuHaT. Toraa moayuuM Bech rFpa-

dux pyaxunn y = x (puc. 115).
Cnoiena(bymnny=¥f:_c

1) D(f) = (—0; +0);
2)y-{f§ — He4eTHaH QPYHRIUA;

7
y= ¥
2 —
: g >
-8 ] 8x
X _____.|..—-""'"1
Puc. 115
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3. YACNOBLIE ®YHKLWM

3) dyvERUEA y=y§soapacraernameﬁmonoﬁnpamoﬁ;

4) dynrnua y=€f§neorpanm1enaucrmay,ancnepxy;

5) y OYHKUHMH HeT HM HAMMEHRBIErO, HH HauGonbinero sEaveanil;

0) byurnus Beupepbipaa HAa Beel umeaosoll mpamoll;

7) E(f) = (—00; +0);

8) dyHRIuA BHOYKIA BEH3 Ha (—°0; (] m BRIDYKNA BBEPX Ha
[0; +oo),

Ipamep 2 Pemmrs ypaememme §x = 10 — x.
Peomenre. Hootpons B opuch cnorente 2oop T rpagurs
dyvEROul y=£/; By =10 - x (puc. 118), yGexaaeNnca, 970 OHR

nepecerardTed B Touke (8 2), Tax kaw Yy = #x — moapacramman

¢yarnus, a y = 10 - x — yGupawnmas dyaximas, 7o ¥ = § — egma-
CTEOHHLIA KOpDeHb 3ANAHHOTO YpasHeHHA (CM. ¢. 120).
Orpemx=8,

Z;
10
y=10-x
= {x
2 4 F
| T

0
>
8 10 X

_ﬂ"'—-‘
—
Puc. 116
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3. YUCNOBLE DYHKLIMM

T4
x=-1
s
0 7 | %
y=-2
feoeee
y=3Jx+1-2
Puc. 117

puamep &Hoc‘rpouurpa(buu%mng:%‘x+lw2.

PemeHn ue IlepeiileM ¥ BECIOMOTATeARHON cHCTeMe KOOPOH-
HAT ¢ HAUAJEOM B Toure {(—1; —2) (myAERTHpHENE npaMeie ¥ = -1, y = -2
Ha puc. 117) u «npusamem» pyHxmmo Y = #x x moBOH Cucreme xo-
opaanaar. [loxyaum Tpebyemsili rpadpuk (cm. pre. 117). @

IIpamep 4. IloctporTs B NpounTaTsh rpadnk dyEKDAR
-2-x,ecmm x < ~1,
y’=
dz,mx>-—l.

Peme 5 1 e. IlocTpouM mpAMyio ¥ = —2 — X H BOSEMEM €€ 9ACTH
npa x < -1 (pae. 118). Ilocrponn rpadur GYHKOHM I = %7
BO3BMEN eTo 4acTb npu X » —1 (puc. 119). A remeps ofe mocTpoeH-
Hrle JpEED pacmonostma B ofEoll coorexe mocpmamar (pue, 120) —
10 1 Gyner tpelyemuit rpaduk.

IIpounTaeM DOCTpPOEHHEIH rpadmk.

1. D) = {—ec; +<0).

2, OyHRNUSA He ABAAETCA HM 4YeTHOH, HU HeuyeTHOX.

3. ¥6upaer Ha (—o0; —1], poapacraer Ha [-1; +09).

4. PyaKuas OTPAHHICHA CHM3Y A He OTpAaHMwSHA CBEpxy.

5. ¥ dpyaxona ser sanGosbmero 3pavennd, a y,,. = —1.
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3. |I YWACNOBLIE DYHKUMM

!’i yi
y="3r_
-
B -1
-1 0 : -rJO -:
.‘\1_2 - . =
\\
> N x=—1
Pnc. 118 Puc. 119
A
N\
\
1
%, >
Puc. 126

6. ®yrxuns menpeprsua HA Beell grcaoBoli npamoil.

7. B(f) =[-2; +o0), &

3aBepmas 2Ty raaBy, YOOMAHEM ellle 0AHO cBoMCTBO, KOTOpOE
mHOrgA GHIBAET HmOJIe3HRIM NPH HCCASHOBAHMM YHKIMH, OpH OOC-
CTPOEHMH ee rpadhuKa, OpH PeIleHNH HEDABSHCTE IPaQHIeCKUM MeTo-
goM, Peup HACT 0 npoMexymKax sHAKONOCMOAHCMER DYHKYUY, T, &,
O TeX NIPOMEXKYTKAX OCH X, HA KOTODHIX DYHKIINA COXPAHALT IOCTO-
Anup# sHakx, Tax, fAxa dyvExROEH, rpadmr xoTopolt m3olpamen
Ha pHc, 120, DpoMeKyTHAME 3HAKOOOCTOAHCTBA OYAYT: OTHKDBITRIN
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3. YMCIOBME DYHKLIMM

ayu (—oo; —2) — speck PYEHKROEA NPHEHUMAST IOJOKATEALHEE 3HAYE-
HuA; (—2; 0) — Ba 9ToM HHTEpBATe GYHKEOUA IPHEMMAET OTPHIIATENE.
HEe sgaveHns; (0; +90) — Ha TOM OTKPHTOM jayve GYyHKOUA OpM-
HHMAET TOAMKHATEARHBIEC JHAYCHAA.

OCHOBHbBIE PE3YJIbTATHI

e B aroit raape ME HaBeN I OTHOCHTENBLHEIN NOPANOK B HAINMX MPEA-
CTaBACHHAX 0 QYHKOHAX, nX cBolicTBax B rpaduKax, KOTOphIE
CKAAZLBAANCE ODOCTONEHHO B XO[e M3y4eHHA aarelpel B T-M
8-m kpaccax.

o Mu chopmynupoBany ogpeleeHHd CASTYIONINX IOHATHI:
dbvexnas, ofinacTe onpenenenns, ofinacth apaweRul GyvHEROAN:
MOHOTOHHOCTE (BOSpacTaHHE H yOrBaumue) GyHRKUHN;
OrpaHMueHHOCTh DYHKIIMM CHUJY, CBEDXY;

HAWMAHLIIEe W HAWDONBITEs sHAMEHWA (DYHHIMWN;
YeTHOCTh M HeYeTHOCTh QyHKINM.

e B HOZHAKOMIINCE ¢ PASAHYHRIME CHOCO0AME BANAHMS
TAKMMHE, EKaK:
apanaTHdecknli, rpajpmweckuil, TabaauHnd, caAOBecHNN.

o BH y3HaJH HOBHe MATEMATHYOCKHE TODMHHE
qyeTHAR PYHRIUA, HeYCTHAA lbynmma'
CTeleHHAA QyRRUAA.

e Mzl Bsein HoBE6 QUCIHAHUEHMA (HOBAIS CAMBOJE! MATeMATHISCKOTO
ABBIKA):
IXf) pna obaacTu ompegeneHus dynrnuu y = f(x):
E(f) ann oSnacte sHavenudt GvERTER ¥ = f{x).

e Bu ysHanu HOBHeE MATEMATHYECKHE MoJeaH — O(YHKOHR
¥=X" =" e n — HATYPAILHOS YHCHO, H GYHKIMO ¥ = Yx ;
paccMOTpend uX ceolicTea M rpadgukH.

e Mu obcynuan reoMerpHYecKHE DeHE HES!
Bogpacraomedi pyEromy, yﬁmmonpn tpymcmm

verHOM QyRKIMY, HeuerHolf QyHKOUM;
OrpaHudeHHON CHA3Y, OrpaHMueHHOH cBepxy dyHKOHM;
HeOpepHIBEON (QyHEUHM;
BRITYKAON PBepX, BHAYKIOHK BHA3 QyEKOMAA.




TNABA
4 NPOTPECCHM

§ 15. Yucnossie nocie BOBATRABHG CTH

§ 16. Apudpmernveckan nporpecchs

§ 17. Teomerpuyeckas nporpeccus
OcHOBHBI® PEIYABTATE

§15. W1CNOBLIE NOCNEROBATENBHOCTH

1. Onpenenenne WCNOBOK NOCNEROBATENLHOCTM

PaccMoTpuM derbipe gyHKIDIN:
Dy=2x% xe [0; 1] Ny=1x%
2) y=x2, x e [0; +oo); 4)y=x* xe N.

Onn sagank onmoifl ¥ Tolt e GopMynoft y = x3, HO olnacTy ompeme-
neBus Gpynrnnil pasnuqER. B nepeoM cayaae D(f) = [0; 1]. Bo Bro-
poM — D(f) =[0; +°), B Tpethe — obnacTk omperemeHHA PyERIMA
He yKasaHa. CormacHo peficTRyiomell B MaTeMATHKe JOTOBODEHHOCTH
TNOAPASYMEBACTCA, UTO B 9TOM caydae D(f) copmanaer ¢ obaacTnio
onpeAeNeHNs BHPAKEHH A, SANAIOMENO (DYHKIMIO, T, €. ¢ 00JacThIO ON-
penenenus puipaskenms x2: JINf) = (—o0; +o0). Haromen, B YeTBepTOM
cryvae oONACTER) ONPefeneHnA GYHKIINNA ABIAETCS MHOKECTBO N Ha-
TypaaesHHX wacen: I(f) = N. Tpadbaxa srax dyExnml usofpaxenn
Ha puc. 121—124 (B pasaauHLIX MacmTabax).

Corzacurech, 4T0 HepPBhie TPH GQYHKIINHK Goee NPUBLIYHE 414 BAC,
HemxeJH YerBeprad. Ha nporameHHN TpeX JeT M3Y4YeHHA anreOphHl B
IIKONE MBI DACCMATPHBANY CAMEIe DASHEe PYHKIAH, HO 00NACTLIO HX
OonpefeIeHENA DPAKTHYECKH BCeTAa ORI Kakol-Inbo IPOMeKYTOK AN
obpeIuBeRNe HeCKONBKHX NMPOMEXYTKOB, A IPadHK dyEKIAN cocToan
M3 OAHON AAM HeCKOABKHX CILIOIWHHX JHEHH. A Kar oficTouT Zeso ¢
gerseproit ¢yErmueii? Ee o0nacTh oopemeseHMA — MHOMKECTBO Ha-
TYPAALHEYX YHCe] — COCTOHT H3 OTHeJAbHRIX TOMEE (MATEMATHKH IO-
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4. il NMPOIPECCHMA

RODAT: M3 M3OIAPOBAHHEIX TOYEK); COOTBETCTBEHHO H rpadek GyHKoum
COCTOMT H3 OTACIBHEIX ToueK. BOSHHKAET BOOpDOC: 4 HYXKHO JH HM3Y-
4arTh QyHKNHA, 3aAHALIG HA MHOSKECTES HATYPANBENX YHACEN, BCTpe-
9AIOTCA U OFH B POANbHON MKW TOUHES, BCTPEYAIOTCA N CHTYA-
UHH, MATeMATHYeCKHe MOZeNH KOTOPHX npeacrasiswr coboll pyak-
UHH ¢ 001acThI0 onpegenenns N7

v g'y
, |
: /
a
; 4
1
d 1
7 [ i ol
Ol 1 2 38 x
e, 424 Puc. 422
U 7% F 11 Z)
) y= 16
]
\ { .
\ / '
4 9 ,‘ —
\\ / Yy Iy
1 14 q' . >
ol 1 2 3 Al 0 1433*} x|
Puc. 123 Pc. 124
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4. APOIPECCHH

BenomanM 3azaay ue yuebHERA <Anrebpa—T». Ha ciknage umeeTca
500 T yraa, xamauii geEnr moaBodar mo 30 r. Ckomeko yraa Gymer
HA CKAaxe depes AcHb, 2 aHA, 3 xAA, 156 agelt u 1. 1.7 Ecin 3a x
NPHHATL YHCIO AHEH, A 38 § — KOAAYECTBO yIMIA (B TOHHAX), TO
MaTeMaTHIecKOHi mMomenbio caTyannu dyper gaHeliHaa dyHKOuA, 3a-
JASHASA Ha MBOXxecTBe N HaTypanbHBIX JHCeNT:

¥ = 500 + 80x, xe N,

Eme npumep. Ha SaHKOBCKHE cueT HOJOKUIMN & P., O8HK exeme-

CAYHO HauAcadgeT p % . CKONbKO AeHEr HA CYETY CTAHET YePes Mecdlr,
2 mop » 12 Morguer o 1, x ? Oeaamznacrng, maremarmaercofl Mome-

mwoﬁcmmcaym@ymmy a2 zxe N,s.uecby-—
cyMMa BRiaga (B pyBaax), ¥ — uMcAO NONHHX MeCANEB, Opomen-

HIMY ¢ MOMSHTA OTHDWTHS (UoTa, 8 b — ._-..,.-p'-!* TTOTOS e T~

N A R & WV

HuI Ko3dbHIMeHT, CRA3AHHEIE ¢ (AHKOBCKHM OPONSHTOM p (O0BIIHO
HenoassyIoT npubnuxenayio dopmyny k = 0,014p).

Oreen @a TorTan ToRELS BONPOD MEF TONYUR IO dyurnun, anam-
HEle HA MBOMECTBE HarypPadbHRIX uucex (¥ = f(x), x € N), HymHO
H3YYaTE,

Bumecro sammen y = f(x), x € N, ofwreme mermosmrsylor 2amEce

= f(n), AOroROPHUBIINCE PA3 H HABCEI'AA HOAPABYMEBATE B TOM sanm-
CH, YTO APTYMEHT 1 — HaTypaxbHoe uncao (# € N). B paccMorpen-
HEIX BRIME ThUMepax:

BMECTO § = x2, x € N, MO)XHO 3aIucaTs § = n?;

BMecTO ¥ = 500 + 30x, x € N, momxuo sanucars y = 500 + 30n;

Bugero g =g » 2%, r e N, MOmHO ammcaTh i =g o 28,

e -

H eme BOT 0 ueM JOrOBOPHIHCE MATeMATHEM: ecau y = f(n), To
Buecro f(1) 6yaem mmcars y,, emecto {2) — y,, BMecTO f(3) —
BMeeTo fin) -y, w7 x 3\avenna pyREnUM y 7} MOEHO aarTu-

carb nocze&oaame.nbuo oxuo 3a gpyrum: f(1), f(2), 3), ..., f(n), ...
MIH, B COOTB@TCTBHH ¢ YKA3GHHON BLIIe ZOTOBODEHHOCTRIO, I, U,

Ygs :v1 Yup -:: - Hanpamep, ana pynrnum y = n? nmeen:
yl = 12 = 1;
.= 2% = 4
ya = 38 = 9;

y=4#=16nr. x
HonyueHHEIe 3HaYOHHS MOMKHO SAITACATH ROCACIDEAMEABHO OFHO 34
IPYTHM:
1’ 4, 9’ 16’ seny nz, [LT Y
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4. NPOrPECCHU

Yueno 1 B 97Toft 3amMcH HAXOAMTCA HA IEePBOM MecTe, 4 — HA BTO-
pom, 9 — Ba TperseM, 16 — HA gerBepTOM, A B — HA n-M MecTe.

Onpeaenenne 1. Oynrrnmo y = f(x), x € N, Hasusaior dyux-
el RaTypaaLmore apry|McETa BN WACHOBSH ROCTCROBATCABROCTRIC
1 00038a%810T ¥ = () WK Y, Yus Ygs sees Yo o0 »

Bnavenns y,, ¥, Y, (2 T. A.) HABKBAIOT COOTBETCTBEHHO NEPBbLM,
emopei, mpembita (U T. A.) YrercHU nociedosamesvrocntu. B cam-
BOJIe jj, UMCO R HASBKBAIT UHOCKCOM, KOTOPEIL 3878€T NOPANKOBLIR
HOMEP TOr0 MJIH HHOTO WIeHA NocixemoBarensaocTd. HAoraa ana obo-
BHAYEHHA LOCHCAOBATEILHOCTH MCHOONBIYETCA JANMCEH (I, ).

MuBoroTouns & 0603HAYCHNH TOCIEAOBATEILHOCTH (MMeeTCH B BHAY
BAIMCE ¥,, Yys Ygs +ees Y,s -+.) O3HAYAIOT, ITO HPEABEE Y, PACIONATAIOTCS

YJIeHK NOCIEABATENBHOCTHE (Y, Yys Yo B T. L), DAAOM ¢
¥, Haxozarcs (a B corywae HeOOXOAMMOCTE ¥ SAIMCHIBAIOTCA) , _, (Ce-
Ba) u y, ., (cipasa). Wreny y, _, npegmecTsyer y, _,, & 3a y, . , CIeny-

Y, s BT &

Jxa ofo3naveHns YICHOE NOCASAOBATEALHOCTH MOIYT HCOOXB30-
BATECH DA3NIMIHEIC GYKBEL X,, X, Xy5 sees X5 ooos HIH G5 By Gps vees
@, ey BIK D, by bgy 4y 0,y o BTLA,

Kar #3pecTHO, GYHKOEA MOMET GLITEH 3afaHA DA3ANYHLIMH COO-
cofaMy, HAIpHMEP AHANMTHUYECKH, rpabuuecks, CIOBECHO H T, 4.
(cx. § 9). IlocneAEBATENLHOCTH TOXKE MOKHO 34KABATEH PA3MHYHEIMU
cnocofiaMu, cpe KOTOPEIX oco0eHHO BAXKHH TPH: aHARLMUNeCKuUll,
CRO8eCHMD ¥ pexyppernmuvili,

2. AHamTHYeCKO®e 3aflaHMe
NOCNeAOBATENbHOCTHM

ToropaT, 4To DOCHECAOBATENRHOCTD 34AHA CGHAALMUYECKY, €CIH
yxazsua GopMmyna ee n-ro unena y = f(n).

Opuamep Ll y =n’ Oro aEAIMTHICCKOS 3AZAHNE IOCHEA0BA
Temseocte 1, 4, 9, 186, ..., n?, ..., 0 KoTopoll mIa peus BHIIE.

¥Kasap KOHKPeTHOEe SHAYEHHE 7, HETPYAHO HAHTH WIeH IOCHeno-
BaTEJIBHOCTH C COOTBETCTBYIOINAM BoMepoM. Ecum, Hanpumep, n =9,
ro y, = 9%, 1. e. y, = 81; ecnu » = 27, 10 p,, = 275, r.e. y,, = T29.
HanpoTB, €cOM B3AT ONPEACKeHHLIH UNeH MOCNeAOBATEILHOCTH,
MOJKHO YKa3aTh ero Homep. Hanpumep, ecau y, = 625, 10 ua ypasme-
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4. NPOrPECCHM

una n® = 625 BaxogmM, uyTo n = 25, Dro sHaunt, yro UKcao 625 Haxo-
nuTea Ha 25-M mecTe 2Toll HOCJe0BATESLHOCTH.

1
HOpamep 2. y, = (—1)“; . AMeeM nocneaoRaTesnHoO!

= 1=
y,=(-1¢ - -;j= -.i;;
Yp=C1) - % =-1§;
ISUNE ST

Taxum o6pazoM, NOIYHAEM NOCHEAOBATEALHOCTE

1 1 1 1
—1’ E’ __3-’ _4-’ oy (—1)';, e »
3aMeTHM, YTO 3TY e NOCHEZOBATENLHOCTE MOKHO OLLIO 3aAaTh
AHATHUTHIECKH B BEAe KycourHolt pyuxmum y = f(n), rae

1
=-—, ECJI¥ N — HOYETHOE HATYDANBLHOE YHCIO0;
fm=y
3’ ecNIH N — YeTHOS HATYPANLHOS® dHCHo.

Kax ¥ B IpeAHAYIICM OPUMEPE, HETPYAHO HAllTH ulen mocIeR0Ra-
1 1
TEJBLHOCTH ¢ 3af8HALIM HoMepom. Haupumep, y,, = “37°2¥e= 13-

Nprmep R y, = C. Dro 3paYHT, YTO DEUR HEeT O TOCHEROBA-
TensHOCT™™ C, C, C, ..\y €, .iiy KOTOPYIO HASEIRAKT CMAGUUORAPHOL,

Dpumep 4. y, = 2" Dro aHANETHYCCKOE 3AJAHMAE HOCHEA0BA-
TeseHocTH 2, 23, 2%, 24, ., &, ...

Kax smamre, 3Eag GOPpMyny N-ro wWiIcHa LOCIENOBATEILHOCTH,
HerpyaHO HaliTi ee neperill, sropoit, TpeTull unenkr u poolme modoi
9JIEH ¢ YHASAHHEIM HOMEDOM, I'Opasgo TpyAHee, HO 3ATO H HHTEpeC-
Bee pellaTh ofpaTHYIO 3axa4dy: YT AL H B & T b BOIMOXHYIO dopMy-



4. NPOTPECCIM

AY R-TO 4IeHA NOCAeROBATE/LHOCTH, IIA KOTOPOM YHA3aH0 HeCKONBKO
HAYAJNLHHIX uneHOB, IIpuBeneM mpuMepH Takoro yragueauus. Ilpm
9TOM NPHXOARTCA IMPEAIOJAraTh, IT0 O0HADYHEeHHANA 3AKOHOMEPHOCTD
mpueyma Beell mocaemopaTenEHOCTH.

IIpumep 8. 1,3,5,7, 9, ...
3zecs y_ = 2n — 1 (DoceROBATEILHOCTL HEYOTHHX YHCEIN).

NIpamep 6. 2,4,86,8,10, ....
Smecs y, = 2n (NOCAEZOBATENBHOCTD YETHHX UMCeN).

Npemep 7. 4,8, 12, 16, 20, ... .
Baecs i, = 4n.

Opamxep 8. 7, 11, 15, 19, 23, ... .

Kampufi yaen sroft mocaefosarentHocTH Ha 3 Goanime cooTeeT-
CTBYIOIIETO WICHA MOCJeNOBATENILHOCTH N3 MpeARIVINerc mpHMepa.
Baams y.=4ﬂ+3.

Ha pnc, 125 uzofpaxen rpaduk nocnesoBaTesHOCT] Y, = 48 + 8,
1. e. rpadnak dyHKUuE y = 4x + 3, x € N. On cocTouT B3 TOYeK Ipa-
molt y=4x+ 3 cabenmecanmm x =1, x=2, x=83ur A

7Y !
19¢ .
|
15} |ply=4x+3
7
113
{
714
h
F
q:1 ol
Dl1284 X
{
Puc. 125
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4. u NPOMPECCHM

2 3 4 5 [
IIpamep 9. 1°2°8°16° 325° "
1
3aecs ¥, =% (upoBepbTel).
IIpamep 10. 1, 2, 4, 8, 16, 32, 64, ... .

Bnecsy y, = 2%,

3. CnorecHoe 3ajjanMe NOCAeLOBATEMLHOCTM

Cyto aroro cnocoba 3afaHHS MOCAEAOBATELHOCTH DOACHAM Ha

npunepe. Hssecrro, wro J_ = 1,41421,.. . C sTHM HpPANHOBAJL-
MEIAT YHCIOM MOIKBO CBASATS PRSHEIE HOCISHOBRTEILECOTH!

1) mocneaoBATEIRHOCTD ACCATHYHEIX npuiumenuit vucaa JE "o
wemocraTry: 1, 1.4, 1,41, 1,414, 1,4142, 1,41421, ...;

2) nooneBoBATEIBESCTS BCCATHUNHIY npRSIHRennl unenn J_
naburry: 2, 1,56, 1,42, 1,415, 1,4143, 1,41422, ...;

3) mocHemoBATENBHOCTE ACCATAMHLIX 3HaKoB wacaa 1,41421...:

1’ 4’ 1, 4! 2! 1! LLL

Bo Bcex Tpex ¢IYUAAX HPABHIO COCTABRICHHA MOCHEROBATEILHOCTH
onucano cyiopama (He dopmyaoit).

By oapn opEMep — DoOTCROBATONLIONTE OTPOCTEIX THOST:

2,3, 5,7, 11, 13, 17, 19, 23, 29, ....

IlocrexoBATENBHOCTS: 38KAHA CAOBECHO.

Haxoxpenne agaMTHYECKOTO S3ATAHNA DOCISAOBATEILHOCTH TIO
ee CJIOBeCHOMY ONHCAHKIO UaCTO OBIBAeT cMoxHOH (8 HHOMAA M Hepas-
pemmamoit) sagagedi.

4. PexyppenTHOE 38JAHME NOCNE[OBATENBHOCTM

Bamnui#l 118 npaioxeRnilt coocold SATaAHESA MOCHSHOBATSIEHOCTH
COCTOHT B TOM, YT0 YERIRIBACTCH RPESUR0, NOZG0ARIOUEE GHILUCIUMY
n-ii waen nocaedosamenvHOCML, ECAL U3BECMHENW ee npeduidyyie YaeHbt.
IIpe RRYKCAEHNY LICHOR HOCASAOBATEILHOCTY M0 STOMY MPABIIIY MEI
Kak OB Bce BpeM#A BOSBDALLAEMCA HA3aZk, BEIACHACM, YeMY DABHEI NIpe-
AEgympe aneHul. Taxolt coocol 3aXaHEHA DOCNSNOBATEALHOCTH HASEI-
BRIOT peKyppermunx (OT AT, Fecurrere — BOBBPRAINATECA), Yame BCEro
B TAKAX GJIYIAAX YKashBawT GopMyay, NO3BOJAIINYI) BHIDASHTH
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4. NPOTPECCIM

n-# wrieH mMOCMeZOBATENLHOCTH depes NPeAHAVIIHe, H 3aAKT OXHH-
OBA HAYANLHEIX WIEHA NMOCAeROBATENLHOCTE., IIDHBEONGM MpPHMEDE!.

Hpamep 11, y, =3y, =y, +4, ecann=2, 3, 4, ....
HAprvy crepaym, n-#f wreH DOCHeROBATEREHOCTE NONYYALTCS B3 IIpe-
mpeaymero (n — 1)-ro yrena npafasneHneM K HeMy yncia 4.

Hmeem: ¥y,=3

y,=y,+4=3+4=7;
Y=¥, T 4=T+4=11
Y=y, +4=1+4=15ur n.
TeM caMHM NONVYaeM HOCHeLOBATeNRHOCTE
3, 711,15, ...

BaMeTuM, UTO ITY DOCHEAOBATEILHOCTh HETPYAHO 3aZATL AHAJIATH-
9ecKH: Y, = 4n — 1 (uposepbrel).

Hpumep 12.y, =8y, =2y, ,eczan=2,3, 4, ... . Knunnu
CJIOBAMH, R-# WieH NOCIEZOBATEILHOCTH IONYIAETCA K3 IPERKAVIIETO
(n—1)-ro uneHA YMHOKEHREM ero Ha 2.

HNmeem: y,=3;

Y, =2y,=2-3=6;
¥,=2y,=2-6=12;
Yy =2y;=2.12=24 u 1 p.

TeM CAMEIM NMOJYYAEM MOCIEROBATEIEHOCTD
3’ 6’ 12! 24, e 0

3aMeTHM, 9TO M 374eck HETPYOHO NepelfTH K aBaAETHYIECKOMY 3a18-
HHIO [ocaefoBaTenbHocTA: ¥ = 32"~ ! (nposepbrel).

Opumep 18. y,=Ly,=Ly =y, ,+¥ _pecmmn=3,4,
5, ... . HEsMA caoBaMH, n-# wien mocief0BATENBLHOCTH DABEH CYMME
ABYX IPEeNIOECTEYIOIMMX €MY WICHOB.

Mmeen: vy, = 1;

¥.=1

Yo=Y, T¥,=1+1=2;
Y=y, ty=1+2=3;
Y=Y+ ¥ =2+3=5
Y=Y tyY=8+5=8 mr
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4. u MPOrPECCHM

TeMm cAMHM IOIYIAeM ITOCICTOBATENILHOCTE
1, 1, 2, 8, 5, 8, 13, 21, 34, 55, ...
9‘1’}' IOCIe0BATEARHOCTE COCIIHANLHO H3VIAKT B MATEMATHRE, IIO~

CKROJBKY OHa ofimazaeT NENHM DAZOM HHTEpeCHBIX ceolicTe. Ee Ha-
BEIBAIOT nociedosamerviocmovio Pulonauiuy — OO0 HMEHH HTAJNIbIH-

ckoro MaTemarnra XIII . 3agare nocaegopaTensHOCT: PHOOHATIH
PEKYPPEHTHO JIEFKO, A AHANHMTAYECKA — TPYAHO (O0HA 3agaeTcd ¢ mo-

Mompt0o dopyis: Bumé: y“=i_[[1+\/5]‘_[1—2\/5]. |

7B P

Cpean DeKYDPeHTHO SATAHHHYE IOCNeAcoRaTensHOcTed ocolo BR-
ACNAIOTCA ABA Hambosiee OPOCTHX H B TO e BPEM: BAMKHEIX CIXyYad.

1leperdi coveail. YKasad nepshill WieH MOCIeNOBATEILHOCTH Y, = &
W 3aJ8HO PEKYPPeHTHOS cooTHOmeHNe y =y, _, + d (¢ m d — uucna),
raen=2,8 4, ....

Bropol caygall. VKasan mepBhiii wieR NOCHEAOBATENLHEOCTH ¥y, = b
H 38XAHO PEKYDPEHTHOE COOTHOmERRe i, =¥, _, * ¢ (b m g — duucha),
raen=2,3,4, ....

B nepsoM corydae ropopAT, UTO 3AMAHA apuhmemuveckas npospeec-
cus (cM. BHme npuMep 11, sgeck a = 3, d = 4). Bo BropoM cnyyae
TOBOPAT, 9TO 3AZAHA 2e0MeMPuUiecKan npoepeccua (cM. Belme Opm|-
mep 12, zgecs b = 8, g = 2). Iogpobnee o mporpeccHax peds noliger
Hike, B §16 1 17.

5. MOHOTOHHDI® NOCAROBATENMBHOCTH

Yucpopas NOCHeA0BATEABHOCTE — YACTHHIH cayuailt umcnonolt
dyHRUNY, & MOTOMY HEKOTODRIE cBolicTea dyHKIMIE paccMaTpPHBAIOT
H And nociegoeaTensHocTeil, ME orpaHMYMMCA 34ech JHMIN: CBOH-
CTBOM MOHOTOHHOCTH (0 APYTHEX CBOMCTBAX YHCHOBHIX HOCAEAOBATENE-
BocTeit peak notizer B 10-M Knacce B Kypce «Anrefpa B HAUANA MATE-
MATHYECKOr0 SHAIHM3HY),

Qnpegenenye 2. TlocnenopaTeEHOCTS (y,) HASEIBAIOT BO3Pac-
Taomeli, ecan ramant ee uneH (Kpome mepsoro) Gonbme mpe-
ABAYyero:

Y <Y<Y <Y< oo SH Wy < oee s

QOnpeaenenne 3. TocneaosaTensuocTs (,) HASHEAIOT YOLIBA-
1omeli, eCIan Kaxkapill ee WieH (KpoMe HepBOrc) MeHLIe NPegLIAYINero:

/I Pl Al ' AN TOIE G ' el /BRI



4. NPOTPECCHM

BoapacTawimae H YORIBAIOIHe NOCHeACBATEIRHOCTH OOLOTHHAICT
ofImMM TEPMIYHOM — MOHOTOHHEIC IMOCASNOBATOALEOCTH,

Opuamep 14, 1,3,5, 7, ...,2n-1, ....

DTO0 BOSPACTAICIIAS IOCJAECAOBATEIBEOCTE.

i 1 1 1
Dpumep 15, 1, 3G L e g

910 yOLIBAIOIOAS MOCIEACBATEABHOCTD.

1
npn“ep 16. 1’_%’ l’_i, nesy (_1 B_l, ;’ .t

OTa moCAeX0BATELHOCTD He ABJIACTCA HE BOSDACTAIOMeH , HH yOLI-
Baromel (HeMOHOTOHHAA NOCIEXOBATENLHOCTD).

NDpumep 17, y = 2%,

Pews uzer o oocnegosaTensaocTe 2, 4, 8, 18, 32, ... . 810 Bospa-
CTAIOIIAS ITOCHENORATENEHOCTD,

Boobime, ecau a > 1, mo nocaedosamervrocme y, = a* eoapa-
cmaem.

Ipamep 18, y = [%T
1

1 1 1
Peds BAeT 0 NOCIEOOBATENLHOCTH =, =) == ==, +ee « OTO yOBI-

8’92781
BAKOIIAA ITOCHCEOBATENBLHOCTE.
Boome, ecau 0 < a < 1, mo noczefosgmensiocms i, = " ufneg-
em.

§ 16. APUOMETMHECKAS NPOTPECCHS

{. OcHOBHLIC ROHATHS

Onpegenenue, TucaoBy0 mOCAEXOBATEIBEHOCTD, KAMK-

Iuft waeH KoTopoil, HAUMAAL CO BTOPOTO, PABEH CYMME IIpeXBAVIIe-

o Lresa o oTC W TOTC ®e THoas d, DasnBaroT apHdatermuecnofl
nporpeccueil, Ilpy »roM uncio ¢ HABRIBAKT PAIHOCTEI0 NPOTDECCHN.
Taxkum ofpasoM, apmpMeTAYECKAA LIDOTPECCHA — HTO YHACIOBaA
DOTISAOBATEISHOCTS (G ), JARAENEAA PEKYPPERETHC COOTHOMICHELAME

8,=a, a=a_,+d
(n=2) 3; 4. "p)

(3 B d — sapAHHEe YHCTA).
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4. NPOrPECCUN

MoxBEO aH, MAAAA HA THCJIOBYK IOCIEAOBATENLHOCTE, OIpege-
JIATD, ABAACTCHA A1 oHA apudmernuecKolt mporpeccreit? Momxno. Ecim
BH YOGeAMJHCH B TOM, UTO DAZHOCTh MEXAY JWOHM dYJcHOM
IOCKEAOBATELHOCTH M MPEAIDIECTEYIONIHM eMY WICHOM HOCTOSHHA
(r.e. a,- a, =a,~a, = a,—a, = ...), To Nepen BaMn — apEPpMeTHe-
CKaf Oporpeccud. PasyMeeTcs, OpPH STOM HPefuOIAraeTcs, wro ofma-
PYREHHAS SAKOHOMEPHOCTE COPABEIANBA HE TOALKO ANA ABHO BEIIH-
CAHHEIX YJICHOB MOCAEAOBATEALHOCTA, HO H AN BCell mocAeZ0BaTeb-
HOCTH B IeJIOM,

Opumep 1. 1,3,5,7,9,11, ....

910 apudMeraIecKas mporpeccns, y xoropoit g, = 1, d = 2,

Hprmep 2. 20,17, 14,11, 8, 5, 2, -1, -4, ....

2o epEdMcTERCCKAR Dporpeccud, ¥ morepodt a, = 20, 4 = 3.
MDpamep 3. 8,8,8,8,8,8, ...

Bro apudmernueckan nporpeccHs, y xoropoii @, =8, d=0.

OueBKAHO, ITO aGpuUPMEeMUICCKAR NPOZPECCUR ABARCMCR 803
pacmawwell nocaedosamenviocmoio, ecxu d > 0 (em. npumep 1), u
yOmsaowel, ecau d < 0 (cM. npumep 2).

JAna ofosnazennd TOro, 9Te NOCICHOBATENILHOCTD (a,) aBanerca
apudmermaecKkoit mporpeccmeii, HEOras GEIBaeT yaOGHA CHEXYIOIAS
BAIHCH:

By Gy Bys vees By oos o

pauer + JAMEEIET CHOPOCOTOTSHNS <ADHMETHISCKAT IDOrPeCCHAS,

Ecnn B apupmermueckolt mporpeccE oT0pPoCcHTE BCe WIEHH!, Clle-

AVIONIEe 38 KAKHM-TO KOHKPETHLEIM WICHOM HOCIeNOBATELHOCTH, HA-

OpEMRpP 38 £, TC DOMYIITOS XORSUNER QpuromuNesian Npospecsus
+ B, By Gy oony B

Huoraa B xoseunoili apadmermueckof nmporpeccEn YAOGHO 3ATHCH-

BaTh HE TOJBKO HECKONLKO WISHOB B HAYANE, HO B HECKOJXLKO WICHOB
B KOHII@, HAPHMED TaK!

F i Fi a1 Fi Fe o a1
+w1’ WS gy aeed Mep op W, 13 e

B paapHeflmpx NMyHKTAX storo maparpada paccMorTpum HanGojxee
BaJKHEEe cBoficTBa apudMeTAuecKol HporpeccHn.
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1]
4. MPOTPECCHUH

2. BopMyna n-ro uneHa apupmerieckon nporpeces

Cnocob safaHuda apadMeTHYecKo DpOrpeccHH, 0 KOTOPOM HAeT
peuh B ONDefEeIeHEN, ABNACTC DeKyPpeHTHEIM. Bo mMuormx cayaa-
4X oH HeyfolGeH: wT00Ll BEIYACHWTE, HAIPHMED, &, ., HAAO IIPEABADH-
TeJHHO HAKTH OpeAIIecTBYIOmKe 99 WIeH0B DOC/IeA0BATELHOCTH, OTY
BHYMCIATSARHYI0 PAGOTY MOMKHO CYIIECTREHH) YRPOCTHTL, 8CAH yAA"
CTCA HafiTh QopMYyAY n-ro WIeHA, T, €. HepefiTH K AHAIHNTHYSCKOMY
saganmIo apudMeTHYecKo# mporpeccHn.

PaccMoTpaM apRdMeTHIECKYIO OPOTPEcCHID Q. Gy Bgy oeny By oo
¢ pazHOCTEIO d. Hmeem:

a,=a,

a,=a,+d;
a,=a,+d=(a, +d+d=a, +2d,
e, =a,+d=(a, +2d)+d=a +3d,
a,=a,+d=(@ +3d)+d=a +4d ur. A

Herpynao moragaThcs, 4ro AAa Joboro HOMEpA 7 COPABELIHBO pa-

RATTYTRN

ArbhALs b ABF

Cau=al+(n—1)d.) )

210 QOpMYAC N-20 LREHA apupMemurecKoil npozpeccuu.

Bamnoe 3zamevanme. «HetpyaHo porapathcas, «MONHO coobpa-
3HTL® M T. A, — 3TO CTHNUCTHMECKME OBOPOTH M3 OBNACTH MHTYWLMH,
poragim, ozapesus. Pazymeetcs, MaTeMaTHKM MMM NONb3YIOTCA, HO B OC-
HOBHOM [ OTKPLITMA KaKMX-TO HOBbIX (DaKTOB, a He ANA HX 0GOCHOBAHMA,
Dopmyny {1} mm «npouyecTeoBanu», Ho He oBocHosanw. Tipreepem (ans
MHTEpecYIOLMXCA} [OKAZATenbCTBO.

Ecmn=1, 1o a, = a, + (1 — 1)d — sepHoe pasencteo, T. e. op-
myna {1} gna 7 = 1 sepwa.

Mpeanonoxum, yro cdopmyna (1) BepHa ANA HaTYPaNLHOrO MMCha
n=k, T. €. NPeANONCHHUM, YTO BEPHO PaBeHCTBO 8, = 8, + (k — 1)d. Hoxa-
Mem, YT Torga Gopamyna (1) sepHa HENA CREAYICWIEr O HATY PANBHON O YHCHA
n=k+ 1, 1. e. pokamem, uto a8, =4 + kd.

B camom aene, no onpegeneHyio apHMMeTHUECKON NPOrpeccHM

& .= &+ d Hanee umess:

., =a,t+d=(a, +(k-1)d)+d=a + kd.
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4. NPOTPECCHUMA

A Tenepb cmotpute: ana n = | gopmyna (1) sepua {310 mbI Npone-
punv), fllanee mbl poxasanu, wro ecnu oopmyna (1) sepHa ans n =k, 10
oHa BepHa 1 pns n = k + 1. Bocnombayemca 3mum: dropmyna (1) sepna
Ana n =1, 3HaUMT, OHa BEPHA M ifM N = 2; TaK KaK OHa BepHa Ans N = 2,
TO OHa BepHa M ANA N = 3 W T. A 3uawmT, chopmyna (1) sepHa ans noboro
HATYPaNkHOTO YMCha N.

MNpreepeHHLIM METOR PACCYIHALHMI HOCHT HAZBAHWUE KMETOL MaTe-
METHHOCKOH HHBYRLMMS,

IlepenmmeM dopMyny n-ro uieHa apadMeTHuecKofl NPOTpeCCHE
a,=a, + (n - 1)d B Buge a, = dn + (a, — d) n BEeseM oBosHavEHRA:
a, =y, a, —d=m, llonyuam: y = dn + m, uau, noapobuee,

y=dx+m, xcN.

Buavrr, apADMNSTEVECKYIS TPOIPECCHIO MONES PACCMATPUBATE ZAX
xuneiinyo dynxyuw (y = dx + m), saadannyo na muoxecmee N Hna-
mypaabiux yucer. Yriaoeoill xoadpunuenr 1ol umelinol dyEkIAR
pazex 4 — pazzocTm apngmermrzecxol nporpecory, Ha pue, 128 oxe-
MaTHYecKy HaobpaxxeH rpadux apubmeryueckolt nporpeccun (And
clIyuas, xorga d > 0) — msommpoBaHHbIe TOYKM Ha npamol ¢ abcouc-

canp r=1 r=2 +r=2mum g

s ma aa

Bepneuca K npumepaM 1 m 2, pacCMOTPEHHEIM BLIE,
1)1,38,5,7,9, 11, ... . 9ro apadmeTHtiecRaa Nporpeccud, ¥ Ko-

Topolt o, = 1, 4 =2 Cocrapgw GopMyny n-ro umapa:
a,=a, +(n-1)d;
a=1+(n-1)2;

a,=2n -1,
v 4

®y

()
b -
r.—

%

Puc. 126
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4. || NPOMPECCHU

(BameTuM, 910 7Ty dopMYRY HeTPYAHO OELIO YTalaTh, MIAAA HA 38-
JAHHYIO NOCHeAOBATeNLHOCT: HeueTHRMX umcen 1, 3, 5, 7, ....)

2) 20,17, 14, 11, 8, 5, 2, -1, 4, ... . 3170 apudMeTHEYCCKAT IPO-
rpeccad, y KotTopoit a, = 20, d = —3. CocraBum GoOpMYIY n-TO UINCHA:

e =a,+(n-1)d;
e, =20+ (n-1)-(-3);
a,=23—3n.
IlIpamep 4. Jana apubMeTHuecKas nporpeccus
alg %’ 08, LY ] a”’ L2 1]
a) Hagecrro, aro g, = 5, d = 4. Haitra @,
6) Hasecrro, wro 6, = -2, d = 8, a, = 118. Haiirn n.
8) Hasecrro, wro d = -2, g, = 83, Hafttx g,.
r) Hasecrno, uro ¢, = 7, a,= —35. Hairru 4,

Pem e m e Bo BCEX CUVYAAX B OCHOBRE DeIDeHHA JemuT doD-
Nyla n-TO WieHa apudMeTHUeCKOl mMpPOrpeccHu:

g, =a +(n-1).

a) g, =a, +21d =5+ 21.4 = 89,
6)a =a, +(n-1)d;

118=~Z + (n ~ 1)-8;

118=38n - 5;

n=41.
B) G~ @, + 384;

83 = a, + 38-(-2);

a, = 159,
r} a,= a, + 14d;

356 =17+ 14d;

14d = -42;

d=_3o

OrBeria)a, =896 n=41;8)a, =159 r)d =-3.

NDOpamep §., [IpH ReneHUH AEBATOrO WicHA ApudMeTHUECKOH
IpOTrpeccd HA BTOPOH ee YieH B YACTHOM NOAYIAETCA T; NIPH AcAeHAH
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4. MPOrPECCHUA

AecHTOrO WIeHA IIPOrpeccCHH HA ee NATHHA WieH B YacTHOM ooay4a-
erc 2 u B ocrarre 5. Haliru aeagnareiii unen sTofl mporpeccus.

Pemenme [Ieperli srag. Cocmasaenue maomemamuyeckoll
Moderu,

¥cnoBaa 3a8aYl MOMKHO KDATKO 3ANHCATE TAK:

1)+a,a,a,..,6,..;

2)a,=Ta,

3) a, = 2a, + B,

Bocnonbssopapmach (HECKOABKO pas) dopmynoll n-ro wiena apag-
MeTHetKoH Oporpeccus, ToIyIEN!

a,=a, + 8d,
¢, =ga,+d,

a,=a, +9d
a,=a, + 4d.

Torga Bropoe ycIOBREe 388a9H (a, = Ta,) MOXHO 3anucaTh B BHNE
a, + 8d = T(a, + d),
T. €,
d = 6a,.
Tperse ycaoBme sagaun {6,= 24, + §) MoKHO sanucarh 8 BHAS
a, + 9d = 2(a, + 4d) + 5,

T.e.
d=a, +5.

B mTore moryuaeM oYeRs IPOCTYIO CHCTEMY JIBYX JAHeNARX ypas-
menuil ¢ ZDyMR TCPEMCRHLINY a, B d:
fo2ar

d=g +5

KOTODaf B COYETAHMM C SAIMACAHEEIM BEINE YCIOBHEM 1) M mpeacTas-
aaer coboli MATEMATHICCKYIO MOAENL 3818YM.
Bropoit gran. Padoma ¢ cocmasxenkols nodervio.
Pemms cucremy, noayaum: a, = 1, d = 6.
Teneps MEH MOMEM 3aHBCATH APBOMETHIECKYI0 HDOrPeccHIo
1, 7,18, 19, 25, 31, ....
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4. NPOFPECCHA

Tperudt_sran. Omeem na eonpoc 3adazu.
Tpebyerca BuramcanTs @, Hmeem: g, =a, +19d =1 + 19-6 = 115.

OrBema,=115.

Jameyanue, B paccmoTpenHOM NPHMEPE PEYs LWNA O KOHKPETHOM
MATEMATHHECKOH moaens — apihmetnueckol nporpecciss, Mepsbiit 3tan
pelueHHM] Mbl H338anNM, Kaxk OGBNHO, «COCTaAMIOHWE MaTEMATHHECKON MO~
genms, Mony4yaeTca, UTO Mbl COCTABMIIM MaTEMATHYECKYID MOAENs ANs
maTtemarmyeckoi mogemnm. Hak ato nonumars? Leno s tom, uTo npu pe-
WeHMM 33084 OMEMb HACTO APMXOOMTCR 3AMEHRTE OQHY MATeMAaTHHECKYHO
mopens Apyroi, Gonee NpocToik. Tak oBcTOMT BEeNo M B PACCMOTPEHHON
3a084e! MATEMATHUBCKYIO MOAeNb, OPOPMNEHHYIO B Buae ycnoswi 1),
2) u 3), Ham ynanocs 3ameHute Bonee NPMBLIMHON MOENbIO — CHCTE-
MOH ypasHeHmi,

3. (DopMYyNa CYMMbI WISHOB KOHSMHOM
APMPMETHUGCKON NPOTPECCiNt

Ilycre nama xoHeuwRAA apAQMETHUYECKAS NPOrPecCHs
&= av Gs, ﬂa, iy ﬂ._zg an_lg a‘.
OfosHasnn wepes S, CyMKy e¢ LIenos:

a=1 n

Pacexorpass KORWpeTERI Tpuiep oTnckauuz 5. Jama womew-
HAA apudMeTHdecKad mporpeccud 1, 2, 3, ..., 98, 99, 100. Cymmuy ce
YIEHOB EBRIYHECAHAM CHeyiommM ofpasom:

Se=1+2+3+ .. +98+99+100=
=(1+100) + (2 + 99) + (3 + 98) + ... + (50 + 51) =

8 =a taetat+..+tae _,ta _, ta.

=101 + 101 + 101 + ... + 101 = 101-50 = 5050.
50 crEraeNEx

IIpamepHO TA M6 BAeA HCIONBIYETCHd AAA BHIYACACHHA CyMMBI

9AeHOB MpoussoNbHOE KoHeuHolt apudmermueckod nporpeccu,
IIna Aagana saMeTuM, 9TO

g te, ,=a ta,
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4. u NPOrPECCUU

B camom aene, mo onpeAesieHHMI¢ apHMermueckolt mporpeccun
a,=a,+d, ¢ =a, —d. Baaunr,

=(a1+d)+(aﬂ-d)=al+au'
AHANOTUYHO MOKHO YCTAHORHTh, ITO

a3+a

=1

g, +a,_,=a,+a,_,=a +a,

u BooOme cymma waeHa, Raxodsuiezoca KHa k-m Mecme om navare
KOHEYHOI apudMemuneckoil npozpecculd, i LAeKA, RAX00Wezoes Ha
k-2 Mecme om ee KORYAQ, PABHA CYMME REPBOZO U ROCKETNE20 YREHOG
npozpeccuu: a, +a,_,. ,=a, +ta.

Teneps nuuucnum S, MMeem:
S, =a,ta,ta+..ta,_,ta,_, ta,
S, =a+a,_,+a, ,+..+a,+a,+a,
Ciroxus oTH ABA PABEHCTRS, IMONYIHM:
28, =(a,+ta)+(a,+a,_)+(a,+a _,)+..
o t(a, _,ta)t+(e _,ta)t(e+a)

B npapoit 4acTH DABEHCTEA £ IaD CIATAEMBEIX, RaXzad Mapa, Rax
MEl YCTAMOBUJIM SRINE, DYBHA &, + &, BHauMT,

28 =n(a,+a);

[ S = n(g]+a,) j
.3 9 *

o710 POpMYAC CyMMYL REPEHX N LACHOE GDUPMEMURECKOl npo
apeccuu.

IIpamep 6. Hano KoHeUBLS SPAPMETHUOCKAS TPOrDECCHA

al’ asg as, anay au.

a) Aspecrno, wro @, =5, d =4, n = 22. Hattte S_; 7. e. S,

6) Hasectro, wro @, = 7, n = 8, S, = 140. Haitrz d.

Pemenne. a) Uveem: a,, =g, + 21d =5 + 21.4 = 89,

Buswmy, S, =—2-2(‘"T”ﬂ=11-(5+89)=1034.
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4. || MPOTPECCIM
#

6) Cuauana maiizem g,. Hmeenm:

8(a, + a,)
140 = 4(a, + a.):

140 = 4(7 + a,);
356=T+a;
a, = 28,
A Temeph npHMeHUM K &, hopMyny n-ro wieHa apudmeruuecKoH
IIPOTDeCCHH:

a;=a, + Td;
28=T7+ Td;
d=3.

OrBeT a)S,=1034; 6) d=3.

IIprMep 7. HaliTu CYMMY BCEX YETHRIX TPEXAHAYHRIYX UUCET,

P em e H 1 e, Peuh HaeT 0 cyMMe WIeHOB KOHewHOH apudmermye-
cko mporpeccmu 100, 102, 104, ..., 998. ¥ arolf mporpeccun
a =100, g, =998, d = 2. Hy»RHO RHIACANTE S,; HO 1A TOrO CHAYA-
A8 HAZO YIHATE, UEMY PABHO 7, T. €. CKOJABEO WICHOB COAEPMEATCH B
yRasauEoli KoHeuHo# apadmueTmueckolt mporpeccun.,

Hmeen nocmenoraTanbio:
a=a, +(n-1);
998 = 100 + (n — 1)-2;
998 = 2p -+ 98;
n = 450,
Hrax, a, = 100, n = 450, g, = 998. Haima sagaua — BelUNCAATS

Sgo = ————F = 225-(100 + 998} = 247050 a
Haoras oxaskBASTCA HOJE3HON BECKONBKO BHAOASMEeHeHHAN dop-

MYJ8 CYMML 2 wicHoE spedmermuscmodt nporpeccmm, Ecoxm 2 dop-
Myne jis S, yaecTs, uro a, = &, + d(n — 1), To noxyyam:
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4. MPOFPECCHN

IIpemmymecTeo 9710l GOPMYARI COCTOHT B TOM, UTO S, MOMHO
BEITACAUTD, 3HAH ¢, B d U He BHVHCIASA 4.

IIpamep 8. Typucr, XBUraAch N0 CHILHO MEPECEIeHHON MecT-
HocTH, 28 meppert uge myrwn npomrer RO0 ar, 2 22 xommudk cremym-
muit Yyac npoxoAua Ha 25 M McHBIIe, yeM 38 npeauiAymust. Croapko
BpeNeHH OH IOTPATWI Ha EECh OYTh, paBHEI 5T00 M?

Pemenue. [JepBolll 9780, Cocmnaerernue mamexamuecrkoll
Modeau.

3o mepeHft wac Typucr npomen 800 M, sa Bropolt — 775 m, za
rpetalt — 750 8 ® 1. . MareMaTwaecKoll MOZE/bIo ABAACTCH KOHEY-
HAA apU(MeTHIECKaA NPOIPeCCHs:
¥ Koropo#t g, = 800, d = -25, S8, = 5700. Haxo maitrm #n — Bpema
ABHIKeHEHA TypHcTa (B qacax).

Bropoil arag. Padoma ¢ cocmasienHoll Modenvio.

BocnionesyeMca sropoft opMynofi zaa S

o _ Za+d@r-1)
S5, =——"n;
2
2-800 - 256(n-1) -
2
_6-(n-1
2
{obe uacTs ypapHeRmAa pasgenaud Ha 25);
456 = n(65 — n);
nt - 851 + 456 = 0;
n, =8, n,="57

Tperuil s1an. Omsem na sonpoc 3adaw.,

CopammeaeTcs, CKONLKO BpeMery Geix B myru Typact, [o cMuacay
3a1aMH ¥3 ABYX HANWmeHHBIX sHA4YeHHMH n BuiGEpaeM mepBoe: n = 8,

ITposepaitre: 800 + 775 + 750 + 725 + T00 + 675 + 650 + 625 -
= 5700.

O T B e T TypHcr Grin B myTH 8 uacos.

5700 =

228 n
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4. NPOTPECCHM

4. Xapakrepucnmeckoe cBOHCTBO apmbmeTMueckon
NPOrpeccUm

IIyers nama apudpMeTmuecKas MPOTPECCHA &,, Gy, By «oey Qyp --n -
PaccMOTpUM TPH €€ ujleHA, CNeAYHIMe ADYT 34 APYToM: & ., &,
@, AspecTHo, 4TO

a-d=a _,,
an +d= alu- 1
CnoxuB aTH paBeHCTBA, MOIYIHM:

_ By ta,,
=)

DT0 SHAYNT, YTO KAMKILH WieH apujMeTAIecKol mporpeccHy, KpoMe
nIepBOro (¥ NOCACAHEre — B CAYYMAe KOHETHOM IPOrpeccnH), PABEH cpex-
HeMY apHGMETAYECKOMY NPeNUieCTEYIONIETO ¥ HOCHOAYIONero 4aeHos.

BepHo 1 ofpaTHOE! €CIH NOCASAOBATENLHOCTD (an) TAKOBA, YTO A
awdoro # > 1 BUOOIHAECTCA PABCHCTBO

&y 1ty
2

10 (¢,) — apEhMETHYECKAH NPOrPECcCHS.
B caMoM neJae, OocueffHee PABEHCTEO MOXRHO IIEDEINTHCATE B BHAE

an_ an-—l = au+l - an'

9TO 3HAYUT, B YACTHOCTH, Y10 @, — G, = 8, — G, @, — G, = @, — 4,
B I. g. HEpiNGE coBaME, PasiocTs MesKay J0bM SISHROM NOoCkeN0-
BATSJAEHOCTH H HPESAIDECTBYIOIIMM €My BCeraf OoxHa U Ta Xe, & 9T0 ¥
OZHAYAET, YTO 34JaHA apAadMeTHYeCKAR IPOTPECCHA.

TeM caMbiM MEI JOKA3AAM CASAYOIIYE TeopeMy.

a =

YJucnosan nocaedosamenbRocms SERAECMER apud-
memuveckoil npozpeccuedi mozia u monvro mozda,
xozda Ramduid ee wnexn, xpome nepeozo (u nocaed-
TCOP“IG Ke20 — 6 cayvae xorewnold nocredosamervrocmuy),
paden cpednemy apudmemusecxomy npedutecm-
Sy0uUse20 4 nocaedyrousezo wAEROS (xapamepucmu-
yecKoe ceolicmeo apupmremuveckoll npozpeccuu).

IDpumep 9 IHpu XaxoM sHAYEHMH X umchia 3x + 2, bxr -4 B
11x + 12 ofpasyioT KOHEIHYI0 ApHGMeTHYeCKYI0 ITPOTPECcCHIo?
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4. NPOrPECCHA

P e m e B u e. CoracHo XapaKTEepPHECTHIECKOMY CBOHCTBY 3agaH-
Hbl€ BEIDAMKEHNA NOJIKHEI YAOBIACTBODATE COOTHOWICHHID

@Bx+ 2+ Q1x +12)
> .

5x—4 =

Pemas s1o YPABHEeHHS®, HAXOIM:
10x - 8 = 14x + 14;
x = -5,b,

IIpu sroM sHaueHUH X 3afANHHE BHpamkeHus 3x + 2, Sx - 4,

11x+12n umamr cooTEonoEenun suovouus 14 80 21 K AR K

D710 apudMeTHIecKad IDOTPECCHA, ee PASHOCTE paBHa -17.
OrseT: x=-56,b.

§ 17. reEOMETPUMECKAS TPOFPECCUA

JAna yaoberpa umraTens sror maparpad cTpoETCA TOYHO
I0 TOMY e IIaHy, KOTODOro MH NDHACIVKHBAMNACE B UPeABLIAYVIIIOM
maparpade.

1. OcHOBMLIE NOHATHA

Onpejgenenne. YncaoByio N0OCAA0BATENBHOCTD, BCE UIOHE! KO-
Topoli OTIMYHEL OT HYAA H KaXKOHE uleHn KOoTopod, BAYHHAN CO BTO-
poro, MOAyYaeTca H3 NPeALAYVINErO WIeHA YMHOMEHHMEM €r0 HA OXHO
H TO e THCI0 ¢, HAZHIBAIOT FeOMeTPHYecKol nporpeccued, IIpy aToM
YHECAO ¢ HAIEIBAIOT SHAMERATENEM IPOTDeCCHH.

Taxam ofpasoM, reoMerpEYecKas NPOTPECCHA — 9TO UHCHOBAA
HOC/AeNOBATEALHOCTE (b,), 3ajaHHas PEKYPPEHTHO COOTHOMICHMSIMM:

b=b, b =b ..
{1(n=2, 3, 4, ..’.)q}

(b ¥ g — 3apamurie yucaa, b £ 0, g #0).

MoxHO 21, rassa HA YHCIOBYH) TOCAeA0BATEINLHOCTR, ONpefe-
JIUTH, ABAAETCH JIM OHA NeoMeTDAYecKol mporpeccueit? Mosno. Ecan
BH yDegmiHch B TOM, 9TO OTHOLICHHE M0B0T0 WIEHA HOCHCHROBATEIh-
HOCTH K HPeANAYINEMy WTieHy NOCTOSHHO (T.e. b, : b, =b,: 5, =
=b,: b, =...), TO IEpPeA BAMH — TCOMETDHYECKAA ITPOTPECCHA,
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4. NPOTPECCIM

IIpumep 1. 1,3,9, 27,81, ....

O9TO reoMeTpUvecKas nporpeccus, y Koropoit b, =1, ¢ =3.
3 3 3 8

IIpaumep 2. 3’5’;’;’:1.-6’""

910 reoMeTPHYIECKAR Hporpeccusd, y Koropolt b, = 3, ¢ = %
1 1 1 1

s Eo ""é‘g. 1"2'3', ‘%, e o

aroreoue-rpmecmnporpecm,yxoropoﬁbl=5,q=—%.

Opumep 4. 8,8,8,8,8,8, ....

910 reoMeTpEUecKan mporpeccns, y Koropoit b, =8, ¢ = 1.
SaMeTHM, YT 8TA NOCASIOBATCABHOCTh ABIACTCH ¥ apHPMeTHGE-
exoft mporpeccnelt (em. mpemep 3 uaz § 16).

IIpamep 6 2,-2,2,-22,-2, ...

9r0 reoMeTpuYecKan mporpeccusd, y KoTopo#t b, = 2, ¢ = -1,

OueBRAHO, UTO 260MEMPUYLCKAR RPOZPECCUR RBAREMECR G03PACMAN-
weli nocaedosamervrocmbvio, ecau b, > 0, g > 1 (cM, mpEMep 1), ¥
yoweaowed, ecau b, > 0, 0 < g < 1 (cM. upumep 2).

Hag oBosHavueRNS TOrO, YTO0 NOCIEAOBATENRHOCTD (b,) ABAACTCH reo-

MeTpHYecKo# nporpeccuedl, AHOTAA OHBALT YaobHA CHELYIOIIAA JAITHCEH:
:-E' bl’ bag bs’ aay b“, LT ]
3HaUOK i BAMECHACT CJAOBOCOUCTAHME «IeOMETPHISCKAA IPOTPECCHAS,

Ipamep 3. 5, -1

OrMeraM oHO JroSomerTHOE CBONCTEO reoMeTpHUecKoOll nporpecs

CHH.
Ecau nocaedoegmensnocmob

by, by, by weey

ML

ABriemes 2eomempuseckoll npozpeccuelt, mo u nocaedosamenbrocns
Kxsadpamos, m. e,

o, 8, 0, ... 8, ...

AsAREeMCR zeomempurecxoli npozpeceuetl,
¥ BTODOR reOMETPHIECKON mPOrpeccHy NepBLi# wien pasen 57,
A SHaMEHATedb PaBeH (-,
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4. II |'IP9I' PECCIA

Ecmm B reoMerpuueckoit mporpeccun oTOpPOCATE BCe WIEHLL, CJe-
ayompae 3a b, To TOXYUATCA KOHEYHAR 2E0MENMPUNCCKAR NPOZPECCUR
bl, bz, bs, rany b b b .

5-2 Ya-1""Ya
B pamrmetimeoy OYHETAX 2ror0 naparpads mMrr paccamoTpms mau-

Goee BayKHBIe cBOMCTBA reoMeTpruecKol mporpecchs.

PaccMOTPEM reoMeTPEIeCKYI0 HPOrpeccrio b, by by ouuy b, o0 €0
sEaMeHareneM ¢. HMeeM:

b,=b,
by=byg,
by=bg = (bgg=b,g*
b,=bq = (b, =b,¢%
b,=bg=0bgN=bg¢ nT A
Hetpyaro morajaTbcs, 9TO AnA JIOGOrO HOMENa It COPABEANHBO

PaBeHCTEO
I b =bg" -t I (13
‘ [ 4 '

370 QOPMYRG N-20 YREHA 2eONEemPUNEcicoll npozpeccull,

Jamevanmue. Ecrin s Npouny BaX(HOE 3ame4EHME M3 NPEABIRYLLEro
naparpacha u NoHsnu ero, To nonpobyiTte pokasats copmyny (1) meto-
AOM MATEMITHUSCKOH MHRYKLUM, NOAO6HO ToMmy Kak 310 Buine caenano
AN QOPMYNBI FrO YNeHA aPMPMETHHECKON NPOrpaccun.

Ilepenmmen opMyay n-ro WIEHA TeOMETPHIECKOH NpOrpectHH
b,=b,g""! s mEge
bﬂ = ﬁ -g*
q

® EEegeM ofoanauenus: b, =y, -Zl = m. [lonyuum: y = mqg®, AAU, OOA-

pobuee,

y=mg*, x€N.
ADryMeHT X COACDXHTCA B IOKA3ATENEe CTENEHH, IIOSTOMY TAKYIO
GYHEROAIO HASEIBAIOT BOKG3CMEAbHOl. SHAYAT, MeOMETPHYECKYIO HPO-
IPECCHI0 MOMKHO PACCMATDHEATE KAK ROKAIAMEALRYID DyrRKUULD, 30
dannyo wa muoxcecmsee N namypaavivix yucer. Ha puc. 127a naob-
pameH rpapuk GyHKumm y = 2%, x €N, a Ha puc. 1276 — rpadux



4. FIPOTPECCIM

7z} vE

e |}

-.P-

[
;
'
»
»

4] .
g § 6‘
JEN X -Ii“f N ’- 1 ‘* wfls o = B
I | o 134 x O] 1| 2] 8| 4| 5| 6| x
Puc. 127a Pwuc. 1276

GyERIUR y=(%T, x €N, B offonx cayeadax MMeeM M30HMPOBAHHEIR

TourH (¢ abconccama x =1, x = 2, x = 3 B T. 4.), JeHAmMUe HA HOKC-
Topoll kpreoli (Ea 060MX pACYHKAX OpEACTABNCHA OAHA M TA e KpH-
BAA, TOJBKO IO-PASHOMY DACIONOMEHHAS W BIOOPANKeHHAA B PASHEIX
Macirradax), DTy KPHBYIO HASRIBAIOT JCHoKermoll (3aMeTAM B CKOG-
Kax, 4TO STOT TePMHH HAM YK€ BCTpEeuaaca - cM, kouenm § 9). Iloa-

pofimee ¢ norasaTeabEON YEKINN ¥ ee rpaduKe peus noliner B Kyp-

ce anrelpEl B HAYAJN MATEMATHISCKOIO agannsa B 11-M Knacce.

BepHemca k npaMepaM 1—§ H3 npegERymmero NyHKTA.
1)1, 3, 9, 2%, 81, ... . 970 reoMeTPHUECKAA OPOTPECCHT, ¥ KOTO"
polt b, = 1, ¢ = 3. Cocranum dopuyiy #-ro uzens:

b” = 1 - 3“-1' T. €, b“ = 3“-10

8
TR 9T0 reoMeTpPHUECKAs NPOTPECCHA, V KO-

oo | e

3 38
2)3’ '2" 'Zo

o=

Topoit b, = 3, ¢ = 5. CocraBuM QopMyay n-ro wieHa:
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4. NPOTPECCHIA

1 1 1 1

3) 5’ _1’ gl ﬁ’ ﬁ’ _m’ ey ¥

JTU reoMeTPpHYeCKad Npo-

rpeccus, y Koropoit b, = b5, ¢ = —% . CocraBum dopMyny n-ro wieHa:

(ut0, BOpOTeM, GHJIO ACHO ¢ CAMOTO HATAJA).

6 2, -2, 2, -2, 2, -2, ... . 9TO recMeTpHYECKAA TMPOTPECCHA,
y Koropoit b, = Z, ¢ = ~1. CocraBuM dopMyny 2-10 WIeHa:

b,=2-(-1""
Hpamep 8. HJava reoMerpHIECKaA TPOFPeCCHHA
By By by veny By oo
a) HssectHO, w10 &, = %,q=—3.Haﬁmb,.

6) Haeecrro, uro b, = 3, ¢ = 2, b, = 1536. Haiitu n.
B) HapecTHO, uTo ¢ = -2, b, = —-512. Haiirn b,.

) MapecrHo, uto b, = 14, b, = é Halita q.
Pemenae Bo poex oryunsx B 00OGES PEIDenRN acwHT Hop-
MYyJa 5-TO UNCHA TeOMeTPHHEecKoi nporpeccHm:
b, =bg "
2

a) b, =bg" = 3 (-3)* = -162.
6) b, = bg*"%

1536 =3.2*-1;

512 =21,
Tar kag 512 = #, To moayuaem: n — 1 =9; n = 10,
B) b, =b, ¢

512 = & . (-2)%

b, =-8.
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4. || NPOrPECCUM

r) b, =b, -¢%
7
33 =14 0%
1
=g}

1 1
g= E mq=—5. (.
Hprmumep 7. VrasaTs B 3a0aEB0d reoMeTpHYECKo# Iporpec-
CHH HOMepa TeX UNeHOB, KoTopHe Soipme 383aHHOIO THCIA Al
2) 5,3 9,27, w4 =72%

383 ,._38,
!4’8""’A_ L]

4
~100(1Y. a_ 1.
B b -100(5] ; A rt

r)bl=:§-, g=2; A= 51/2.

Pemenne. a)3aeck b, =1,¢=8,5 =bg¢""'=38""1 Ham
HYJKHO YRKASATh TAKHAE HOMEPA 7, JAA KOTOPDAIK BHINICAHACTCH Hepa-
BeHCTBO 3"~ !> 729, Bamewaem, uro 3 =729, r.e.nipr n =7
8*-1= 729, IlocKOABKY 3aAaHAAA ODOTPECCHA — BOZDACTANINAR, NIDH
# > T ee upesr! GyayT Goxeime 729.

3 (1Y

Ham uymH0 YKa3aTh TAKHE HOMepa 12, AJLA KOTOPEIX BRHINOIHACTCH

m-1 n-1
HEDARSHCTRO ?[—1—) > -g-,- T. 8, (—-1) > l BaMeuaeM;

2 |2 64 2 32
(1)’_ 1 (1}"‘_ 1
oro | 5 | = 350 T- €. OPH 1 = 6 NMeeT MECTO PABEHCTBO F] =29

ITockonpky sapaHHAA Oporpecens — yOMBaOmana, Ipa n < 6 ee
]
wieHH 6yAyT Gonnme vy
B) Pettb nfieT 0 BATYDANLHEIX DEIICHRAX HEPABCHCTBA 100-(%]'>§,
i 1
T. €. (5)‘ > 200°

6 Mopaxosms, 9k, 9, | 161



é}l FIPOTPECCIHM

BrnameM HeCKOIbKO HAYANLHHX TISHOB IOCAeAOBATEARHCOCTH

1 1 1 1 1

Hcro, TT0 JMIE mEpBEle TPH WICeHA 3TOH MOCNEZOBATEALHOCTH
r)Snechb,=%. ¢= 2, b = %—(JE)H.
Ham HY:RHO YKA3ATH TaKkHe HOMEDA B, AH KOTOPHX BHIOIHACTCA Hepa-
BEHCTHO % (JE)H > EJE.
IocaenoBaTenbEO DOXYIAEM:
(v2)" > 15V;

(2) :
7 > 1542
(Jﬁ)ﬂ > 30.

Bameqaeu,m(ﬁ)w =[(J§)z]! = 2 = 32, suawut, mpu n = 10 BH-
MOMHACSTCA HEePAPEHCTRO (ﬁ)ﬁ > 80, TeM Gomee OHO BEOOXEEAETCA NpH

]
n>10.Ecnnnamn=9,To(J§) =J2T’=2‘J§-= 642. Tar xax
V2 <15 101642 <16-1,5, T. e. 162 <24, E yx Tem Goxee

16J§ < 82, D70 RHAYMT, UTO OpH i = § HePABEHCTRBO (Jﬁ)u>301-lenunon-
HaercH. Tem GoJiee 0HO He BHIOAHASTCA OpH 2 < 9,

Oreema)n>T;60n<6;8)n=1,2,8r)n =10,

IIpameyp 8, PasHOoCTE MeERAY COALMBIM H INATEM TICHAMN
reomeTpryecKkoll mporpeccun pasHa 48, cyMMA OISTOTO H IIECTOTO YLe-
HOB IPOTPeCCHH TaKKe pasHa 48. HalttH Apemagmarsif wien oToli
nporpeccns.

Perenne. [Iepeuil atan. Cocmasaenue Mamemamuveckoll
MoDeau.
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4. NPOTPECCHM

VcnoBHA 388U MOMHO KPaTKO 3anncaTh TaK:
1) 5 b, by, by, vuy

- 1% 2 an
2) b, - b, = 48;
3} &, + b, = 48.
Bocnoasaosapmuck GopMynoit n-ro uiaeHa reoMeTpmdeckodl mpo-
IPECCHH, HOJYIHM:
b,=b¢% b,=bgt, b,=bg"
Toras sropoe ycaosme 3agayuu (b, — b, = 48) MomHo 3amHcATE TaK:
b,¢° - bg* = 48;
Tperse ycxosue sagaun (b, + b, = 48) MOIKHO 3AIMCATH TAK:
blg* + blq“ = 48;
b,g4g + 1) = 48,

R prore monyuaeM cmOTEMY ApyX ypasHenmit ¢ EeyMa nepeMes-
BuMu b, B

{bﬂ‘(q’ -1)=48,
he'(g+1) =48,

KOTOPAA B COYETAHMY C 3AMHCAHHEIM BRINIE YCACBMEM 1) n mpexcTas-
naer coboft MaTeMATHUECKYIO MOAEND 3amavd,

Bropolk aran. Paboma ¢ cOCTRAsAERMOE M0odeivio.
Ipwpasens AS3iie SecTH OSORY YPaDESHEIL CRCTSRN, DoTYYMG
bgq’ — 1) = byg*(g + 1);
@¢-1=g+1
(Mt pasnesrmam ofe macTh ypapHeRMs HA BHpamexne b¢*, ornmiHoe
OT HYAA),
Hs ypasuen®da ¢° ~ ¢ — 2 = § gaxozmm: ¢, = 2, ¢, = -1.

Iloacrasue sHAveRAe ¢ = 2 BO BTOPOe YPABECHHE CHCTEME!, MOJMY-
yM: bl'16°3 = 48’ T. €. b’. = 1.

Ioacrasur sEaveHme ¢ = —1 BO BTOpPO® YparHeHme CHCTEMH, 1O-
ayanM: b -1.0 = 48; aro ypasHeEHe He HNeCT DeIIeHm,
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4. MPOrPECCIM

Hraxr, b1 =1, ¢ = 2 — 2ra napa ABAAeTCA PEINCHASM COCTABJICH
moll cucremm ypasaeHHI,

Teneps MEI MOKeM SANHCATL TEOMETPHUECKYIO IIPOTPECCHIO, O Ko
Topoii nper peun B aagaue: 1, 2, 4, 8, 16, 32, ... .

Tpernit aTan. Omeem na eonpoc zadavu.
Tpebyerca pruncauts b ,. Hueem

bo=0g"=1.2
OTBem b,=2048.

LT

o

= 2048.

3. DOPMYNA CYMMbI WIIEHOB KOHEUHOH
rEOMETPHYECKON NMPOTPEeCccHM
Ilycrs AaHA KOHEWHAA TeOMETPHYECKAd NPOTPECCHS
F b by by s b, b b
O6osHAUNM Hepes S, CYyMMY ee WIeHOB:
8 =b+b,+b,+..+b _,+b ,+b.

Bupesem GopMyay and OTHCKAHHA 9TOM CYyMMH.

Haunem ¢ caMoro npocTore ¢aydasd, koraa ¢ = 1. Toraa reomer
pEyecKas nporpeccd &, Uy, 8, ..., b coCTOMT B3 £ uMced, PABHBIX
b,, 7. e. mporpeccua umeer Bua b, b, b, ..., b,. Cymma sTux wmeen
papaa nb,.

Iyces Teneps ¢ # 1. fjid OTEICKAHNA S, IPHMEHAM HCKYCCIBeH
RH# npreM: cravana paccMorpam S g.

Hmeem:

Sg=®+b,+b,+...+b _.+b +b)=
=bg+bg+bg+..+b _g+b _0+dg=
=b,+b,+b, +..+b,_,+b +bg.
3uaywr,
S =b+{d,+b+..+5)
Sg=0,+b,+..+0)+bg.
Buvren x3 BTOpPOre paPescTER DOpEOS:
Sg-8,=bg-b,
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4. NMPOFPECCUM

B nesoit wacTn BmeceM 3a cxoOkm ofmui¥t mMuommuTENsL S, 4 B
mpasoli — mcmonbayeM Gopmyay b = bg"~' H BriBeceM 3a CKOOKM
o MuosrnTens b.:

Sig-D=b-¢"q~b;
S(@g-1=b(¢-1);

” "

_ b(g -1
=

OTO POPMYAG CYMMbL REPALIX NI WACHOS ZeoMempuNecKoli npozpec-
cui (ana caydas, xoraa q = 1).

HOprucp 9 [Naua Zopcunayg reoMcTPETCSHKAS OPOTPECCRR
by by by e b,
Hapecrno, uro b, = 8, ¢ = 2, n = 6, Haitru:
a) cyMMy 4JeHOB ImporpeccuH; §) cyMMy KBajpaToB ee 4IEHOB.
Pemenue.

=911!I°—1)_3(2‘—1)_ .63 =
a) S, -1 - z-1 =3:63 =189,

6) Brime (cM. ¢, 157) Mm yike OTMEUANH, UTO €CAN BCE WIEHL
TeOMeTPHUECKOl TpOrpeccHH BOZBECTH B KBAADAT, TO HOAYYHUTCH reo-

MeTpRYeCKad NPOTPECCHA ¢ MepPBHM unenoM b u amamenmarenem g2,

Torga CyMMa IHecTR US/AeH0B HOBON nporpeccwn (ygeT BHINCAATHOA
2Y8 _

no popuyae S, = ((:2361 1). INoacrasue B o1y Qopmyay b, = 3,

¢ = 2, gonyvnm:

12 _
8, = 22 = 54095 = 12 285.

O TBe T a) 189; 6) 12 285,

ODpumep 10, Hafitu 8-# unen reomMerpuueckolt mporpeccun,
y Kotopolt b, =3, b, =96, S, = 189,
Pemenne. Tak rak b, = b,¢"~*, 7o noxyqaenm:
96 = 3¢4°" 1
¢-1 = 32.
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b. (g%~ 1)
'l\l ’ -

Hanee Sn = 1 H
189 = 3@-D,
q-1
63¢g-1)=¢ - 1. (2)

Brme M HAMAM, uTO ¢° = 3Z. Y MHOKHB 00€ UACTH PTOTO pa-
BEHCTEA HA ¢, HoayuuMm: ¢* = 32q. Ilogcrasue 329 BMecTo ¢* B dop-
Myay (2), Haxomm:

63g-1)=82¢-1;
3lq = 62;
g=2.

3uas, 410 b, = 3 B ¢ = 2, sgHCANM b,

b, =b,:q"=3-2" = 384,
Oreem b, = 384.

4. XapaKTepucTHiecKoe CBoHCTBO
FEOMETPHUECKON NPOTPECCH
IlycTe paEa reomerpudeckas nporpecemd b, by, by, . b, o .

PaccMoTpHMM TPH €€ WIEHA, CAEAYIOIHE APYT 38 ADYTOM: bc_l; b=, b=+_.-
HepectHo, 9TO

=b

w=-1%

7.1 IBU"

buq = bu+ 1*

TlepemMHOMHSE 3TH DABEHCTBA, NOJIYIAM!

( b: = bu-lbu-i- 1* )

DTO BHAUHT, UTO KBRADAT KAMA0I0 LWICHA NeOMErpHIecKOM LpPOFpeccHH,
KpOoMe NepBoro (M IOcHefHETe — B CAyuae KOHeuHO# mporpeccuu),
PaBeH NPOM3BEISHHI0 NPEAMIECTBYIOMEro B NOCHEAVIOMETO YIEHOB.

Bepao B o0paTHOe; eciH IOCXeA0BATeIbHOCTS (§, ), cocTofNlan M3
YHCeN, OTIHYBEIX OT HYAA, TAKOBA, YTO Aad moboro n > 1 BMmoaus-
€TCA DABEHCTBO

bi=b_ b

n 2=-1"n4+1"

ro (b,) — reoMETPHYECKAA IPOTPECCHA.
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4. NPOTPECCUM

B caMomM gene, nociegHee PABEHCTEO MOMHO HEDENMCATE: B BHE
b,:b,_,=b,,,:b,.
9TO BHAYAT, B YACTHOCTH, yTO b, : b, = b, : ,, b, : b, =], : by mr. 1.
Hornun enopanm, otoomepne mofionn yrags mOcTenonamomLooce
OPEAHICCTEYIOMEMY “LIeHY BCETAa OJHO H TO ¥e, A 9TC H O3IHAYAET,
uT0 3aJAHA TeOMETPRYECKAN NMPOTPecCHH.
QAXTHICOKE ME SOKABANN CACKYIOIIS ToCDEMy.

HJucaodan nocredosameabRoCmys REAREMCR 2e0-
mempuiecrol npozpeccuel mozda u moasvxo nozda,
xozda readpam xaxcdozo ee wneua, Kpome nepeozo

Teopena (u nocreduezo — s cayvae xoneunod nocredoea-
mexvHOCMLL) . PaGen nponzeedenitio npeduiecmatio-
Wez0 U nocredyouiezo LReR08 (XapaKmepucmuye-
¢Koe ceoiicmso zeoMempuneckoii npozpecculs ).

B npeamaymem maparpade MH DOAYIALZA XAPAKTEDHCTHUECKOE
cBoficTBo aprdmerraeckoll nmporpecenn: mofolt ee wien paBeH cpea-
HeMy appdMeTHIeCKOMY HDEeANAYINEre N HOCASIVIOUero yieHos, O6-
PATHMCH TeNePs K XAPAKTEPHCTHUSCKOMY CROMCTEY TeOMETPHUSCKON
OPOrpecCME H BHIOAHHM HEKOTODHE¢ Impeobpas’oBaEWA DABEHCTEA

bl =b,_,b.¢
JE = an—l bn+1;
Ibu = vbu—lbu-&l .

Uncno Vab Hasusawr cpednum zeoMempurecikusm yucer ¢ n b. Ta-
xEM 00pasoM, moclnegHee PARGHCTBO 03MAYAeT, 4TO MOOyay 406020
YREHA 20MEMPUNLCKOLL npozpeccuu pasen cpednemy zeoMempuyiecKo-

My npedwidywezo u nocredymouiezo wacHos. B rakolt ¢opMyanposke
oTeeTMHMBee OOHADYKABACTCH AHANOTHA MEMAY XAPAKTEPHCTHIECKH-

Mu cBOifcTBAMM apHdMeTHUYecKOH H reoMeTpHveckolt nporpeccuii.

Oprwmep 11. Ipw Karon sgavernu x uncaa 10x+ 7, 4x+ 6
n 2x + 3 ofpasyioT reOMETPHYECKYI0 IIPOrpeccHuo?
P e wm e 5 u e. CormacHo XApaKTepACTAYECKOMY cBolicTBy 3amaH-
HbiE BHPAIREHHRT SO/IVKEE YAOBIETBOPATD COOTHEOIICHHIO
(4x + 6P = (10x + T)(2x + 3).
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4. TPOrPECCIM

Pemraa »To0 YPABHEHME, HAXOAMM!
16x® + 48x + 36 = 20x% + 44x + 21;
4x? - 4x - 15=0;
xl = 2,5, xz = —1,5.

Toxcrapasa x, = 2,5 B sananuele supaxenns 10x + 7, 4x + 6, 2x + 3,
HaX0oadM cOOTBeTCTBeHHO: 82, 16, 8. 370 KoHeuHAd TeoMeTpMue-
cKaa uporpeccnd. Ilogcrasaan x, = —1,0 B sazanune pHpamenns
10x + 7, 4x + 6, 2x + 3, HaxoxuUM cooTReTcTEeHHO; -8, (), (. DTO He
reOMeTDUYECKAH HPOTPecCHH,

Orsem x=2,0.

Basepmiaa pASMOBOP 0 OPOIPECCHAX, PACCMOTPHM AOCTATOUHO CHOMNKHBIR
OpEMep (B3 CEPHH TAK EASHBAENBIX CMOIIAHHMX 38744 HA NPOTPeccHH).

Npamep 12, Bzamm TpE WHcia, Koropuie o6pasyior ROBEYHYIO BOIpa-
CTHOIYH) FEOMET PHYLCKYI HPOrPecCut). JuMeTuiH, YT0 eCllH Bropoe YHCAC
YBEINYNTE HA 2, A NEpBOe H TPETHE YACAA OCTABYTS Ge3 HaMeHeHRA, TO NIOJAY-
yrTes aprgMerraecKkas nporpeccnd. Ecam nocne sToro TpeThe WHCAC YoeAn-
unTE Ha 4 7O CHORA MOTYUMTCS TeOMeTDHYSORAS Tparpeccend. Kawme Tpu
qncaa GBAR B3ATH CHAYAIA?

Pem e u ne. [Teppiill aran. Cocmasrenue Mamemamuteciold Moderu.

¥CIOBHA BARAYH MOMHO KPATKO BANMCATHL TAK:

1) £#5, 0, b,;

2) +b,b,+2b;

3 Hb,b,+2,5,+9,

CoraacHo XapaKTePRCTHYECKOMY CEONCTEY apHOMeTHYECKo# Iporpeccun
yenobre 2) 03HAMAET, UTO

b+ 2= hrdy

7
Haxee nDosyuaem:
2009 + 2 =, +b,0%
bl +¢* -~ 29) =4, @)

Corracso XapARTEDHCTHYSCKOMY CRONCTBY N'eoMeTDHYSCKON MDOrDeccHi
ycaoene 3) 03HAYAST, TTO

b, + 2)t=b(b, +9).
Haree mDoxyTaens:
(g + 2 =g + 9
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4. NPOIPECCHH

hfq‘+4blq+4= bfq‘+9bl;
b9 ~ 49) = 4. )
TaxHm obpazoM, DOAYIAEM CHCTEMY ZBYX ypassenuit ((3) u (4)) c asyma
NepeMERALIME b, # ¢
{bl(1+q’—2q)=4.
b(9 - 4g) = 4,
KOTODAS B COYETAHRMH ¢ BAUMCABHEIM BEII® YCHCBHeM 1) M mpejcTaBaser co-

Ooff MaTeMATHUSLKYRY NOZEAD 3ajauu.
Bropgil aran. Paloma ¢ cocmaasennolt Modeavio.

TipEpaBHSE JeREe 9acTH 060BX ypaBHePEHH CHCTEMEI, DOXYIAEM:
5,{1 + ¢* - 2g) = 5,(9 - 4q);
1+¢g¢-2g=9-4g
(MBI pagtenyan obe YacTH YDABHEHKS Ha b,, T. €. HA WACHO, OTAKYHOE OT HYIS),

Hanee BEMeom:
E+2¢-8=0

91=2-‘ q3=_4‘

ToacTaBUB 3Ba4eRHe ¢ = 2 BO BTOpOC YDAFHEHHe CHCTEME!, OOTYTHEM:
b = 4. Baaa b, B g, RETPYARO 3ATACATE TPH WHCKA, 06pPAsYIOIMe reOMETPR-
YecKHYI0 Dporpeccuio: 4, 8, 16,

TlogcraBRE 3HAGCHHEE ¢ = —4 BO BTOpOe YDAEREHHEe CHCTOMLI, NONYIRM:

4
blngs.anmb!nq,mpymamcanmm o0pasyIoImKe reoMeTPH-
4 16 84

MECKYW NPOrpeccuio; 3z, —g& s JE ¢

Tpersit sran. Omaeem na sonpoc adavit.

Ha apyx HalijeHHLIX reoMeTPHUeCKHX NporpeccEll TONILKO IepBad ABAA-
eTcA BoapacTanmesi, Kax TOro Tpefyver yCAOBHe 3aNaNH,

Orpem 4.8, 16.

5. NMporpeccnn 1 BaHKOBCKME pacyeThl

IIpegcrapure cefe, 9TO BM QTKPELIN B aHKe BKJIAA B CYMMe & .
mog p% romoBHIX Ha { JeT. ¥ B&C €CTHb JgBe CTPATErHHA NOBEACHHA!
ANG0 B ROBLE EAMBOTO I'oja XPAHCERR BRIAZA CHAMALDL TPOTECHTEH

BO BHEIAAY, T.€., DOTYICHEHEYI) NPAGHIIE B pasMepe %-a p., tmfio



4. TIPOTPECCIM

upuitTa B GaBK OZMH PA3 — B KOHIe CPOKA XpaHeEHA Biiaja. Kaxoii
JIOXOA BHM HMONYYHTE B TOM M APYTOM CIydaax?

B neproM cayase npa ¢ = 1 B: monyauTe (a+%-a) pP-, Opn
¢ = 2 pama ATOrOBAg CYMMA COCTABHT [a+% a]p.,npnt—s—-

[a +18T‘;- a]p. A T. 1. MaremMaTHyeckas MoOJeNb CHTYADAH — KO-

Heunad apadMerduecKad Hporpeccusa

P 2p 3p dp
¢:¢,¢l+m0 a,a+1ma, +1(I) 100

Hrax, npa nepsoilil crpaTernu moBeeHMA 3a ! JeT BH DOJYIHTE

a[l + i] P. — 5TO TAK HAJWEASMAH (HOPMYXE NPOCTNLIX NPOULHMOS,

Qs s @+ == A,

100

Ecn# BM pemnim mpafiTE B SaHK TOXBLKO B KOHIE CDOKA Xpaxe-
HHA BKJIALA, TO OpH f = 1 DonyuaeMas CyMMA COCTABHT, KAK H B mep-

p L ), .
BOM CAy9ae, @ + =— 700 -G, T. €. a(1+ loo]p., CYMMA BKAAKA YBENH

qpaacek B (1 + ﬁ) pa3. Bo CTOARKO e PA3 OB YBEAHIHTCA H K

KOHOY BTOPOrQ I'oje XPaHeHHNA, H K KOHLY TPeThels I'oja XPaHeEHS
A T. 2. MateMaTHdecKas MOZeJh CHTYAIIHH — KOHEUHAS I'eQCMeTDH-
uecKad IMPOTPECCHS

oo ) o] ] o)

Hrexr, opa propoli crpaTeridn mOBe[eHAA 34 § JeT BEl MOJYIATE

(1+—07]' P- — 9T0 TAX HASHMBAGMASN (DOPMYAE CROMHBLX NPOYLHINOE.

PaccMoTpum KogKpeTHHME mpumep. IIyerh BRIAa cocraBlader
10 000 p., 6asx gaer 10 % romoeEmx, CPOK XpaBeHHSA BRIAJA —
5 ner. Bcar Bu BMGpAdE cTPATEeruio NpPOCTHX MNPONEHTOB, TO
K KOHIOY CPOKA XPAHeHHA BH IOAYYHTE B ATOTE CYMMY, PABRYK)
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NPOrPECCHM

10000 [1+ 51'010-), 7. e. 15000 p. Ecam &e B BROpaAR CrpaTe-
IHIC CIOKHHEX IPOICHTOB, TO K KOHI[Y CPOKA XPAHCHHA BH HOAYIHATE

5
B HTOTe CyMMYy, pasHyIic 10000 [1 + _}.‘l] » T.e. 16 105,1 p. Kax

100
TOBODHATCA B OAHOM DERJAMHOM CHOTAHE, MOYYBCTBYHTE DASHUILY.



4. MPOrPECCIN

OCHOBHbLIE PE3YITHTATH

B mMOBEAKOMANHCE ¢ HOBOM MATEMATHY .
8O DOCAeROBATENBHEOCTHID @ynmmeﬂ E&Typa.mom apryuem'a)

Bu yéHAJIR HOBEIE TeDMHEHEI MATEMATHISCKOTO ASBIKA!

YnCIORAS NMOCHENOBATENILHOCTH, N-H WieH UoCIefoBATETEHOCTRS
MOHOTOHEHAA (BOZpacTAloAf, YOREBAINAA) MOCIEACBATEALHOCTD;
apudMeTnuecKkan OpOTPeccHs, pa3HEOCTE apudMernveckoll mporpec-
CRH}

TeOMeTPHUECKAA TPOrpecCHsa, SHAMEHATe b I'eCMeTPHYecKoH mpo-
TPecCHH.

MEr BeeH HOBHe 0003HAYCHASA:

(y') BB Y5 Ygr Ygo «oo» Yp» «-» — BAA YHCIOBOR IOCHENOBATEND-
HOUGTH;

+ — pna aprdMeruueckoll nporpeceHn;
— ANA reoMeTpEdecKod mporpeccum;
8, — 2ng cyMMur X, + Xy + .00 + X, UNSHOD HOOTEZOBATANLNOCTE (V).

Mu ofcynmnm TpH cHocofa 2afamEms 9ACIOBOM DOCASHOBATETS:
HOCTH: aBAJATHYECKH; cloBecHE; peKyppeRTHBINA,

Mzr chpopMyarpopanu u oGocHOBANY DaJ CBOHCTE aprdMermueckoil
n reoMerpEueckolt nmporpeccrit, Ciesiem BX B ogHY Taluamiry,

Apudmermuecsan CeoMerpisecRas
nporpeccRa DpOTpeccus
Onpepenesne a,=4a, 6, =a _,+d |b=bb=b_,-q
b20,g%0
Qopuyna n-rouneEa | g =g, + (- 1)d b =bg?
XaparrepHcTHYSCKO _ G st
ceoitcTRO a,= T+ Ibl_d -1 u+1
DopMyIA CYMME -
1 9aeHOB 8 =%1h , 8 = i ]q=1

i 2 B q_




rnasal SNEMEHTH! KOMBHMHATOPMKM,

5 CTATUCTHKM U TEOPUM
REPOSTHOCTEM

§ 18. KomBunaropHsie 3anaun

§ 19, CraruCTHKa - OH3SHH HHEHOPMALMM

§ 20. Npocresiwume BOPOATHOCTHLIG 33534H

§ 21. DxcnepumeHTantHEI® RaHHLI® H BEPOATHOCTH
cobbLITH
OcHosHeie pesynstars

§ 18. KOMEMHATOPHBIE 3AJAWM

Ipocreiionie RoNMSZHATSPHNS J0ZAYE DoOROALES EaNCWE-
HAIOT AETCKYI0 MIpy B KyDHEHM. MMeerca Konedsoe gHCNC KyOHKOB,
HJIH SJIEMEHTOB HEKOTODOTO KOHEYHOTO MHOMKECTBA, 8 Hy:KHO HOCIH-

mamt. vﬂﬂwﬂﬂﬂlﬂﬂ 'IIA'? 'El"ll'ﬂ mrv vnuﬁnumﬁ’ MUY D MODNITETY T2 SWhTAY
AR AT ARLAEAEE AW A B b P e e b Bl Ly ¥y

KyOnioE (u1emMenToB). Ecam ByMHBX KoMOMBAIEH He CAKITKOM MHOTO,
TO BCE HX MOKHO IPOCTC HEPETHCIATH, HIH, KAK roBopaT, mepedpaTs
ree moawerAncru. R amoum B cocromMT Memod nepefiopn rapuanmof

AN AR A P S L e § A P A AL Mk e R bama  Frw e arie e

Hanpumep, ecad n3 mudp 1, 5, 9 caexyer cocTABMTE TPEX3HAUHOE
gieno ez mosropawmpxcs nudp, TO BCe BOIMOMHEIC BADHAHTH He-
TPYAHO BHIONCATE. O1o 159, 195, 519, 591, 915 m 951. 3mavmT; Beero
MOMCHO COCTABHTE IMECTh TAKHMX WHCET,

TlogueprHeM, 9TO VK¢ B 9TOM NPOCTOM DPHMEpPE MB DPHBETH He
enyualiHErl, A pAIYMHO OD2AHUI0BAMHbIL nepebop. CHAuATA HA Hep-
BOM MecTe sadEKCHPOBAIR 1 M YBHIENH, 9T0 TAKMX BAPHAHTOB BCETO
gea: 1569 1 195. 3arem BA mepBoe MECTO MOCTABHIH 5 W YBHAGNH,
9T0 MOJYYHICCH eire XBa sapuanTa: 519 n 591. Harkonen, TakuM Xe
o0pasoM COCTABIUIM 4YMCA, HAYEHAWImUeEcS ¢ 9, — eTo 9156 n 9561.

Xopomo nmozobpameErnt mepefop BapuABRTOB Kpaiine maxem B Go-
Jiee CIOMKHBIX CATVAOHRAX, KOIrJ8 H KOJHYECTBO BOCGMOMHBX KombGm-
HAnMH TOCTATOYHO BENHKO, H HOACYeT OPHXOMHTCA BECTH, PACCMAT-
pPHEBaS PaBIHUYHEIE CIIYUAH.

Opumep 1. Hanupp 2, 4, 7 crenyeT coCTARUTE TDEXARATHOA
4HMcho, B KOTOPOM HH OXHA n;mppa HEe MOYeT HOBTOPATECA Gonee aByx
pas.
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5. || SNEMEHTE KOMBMHATOPUMKM, CTATMCTUKU U TEOPIMA BEPOSTHOCTEN

8} Hallryi HauMeHBIHEE TAKOE YHCIO.

6) Halitm HanGoxninee Takoe IMCIO0.

B) CKOJLKO TAKMR drcell, HATHHAIOMIKXCA ¢ 2, MOMKHO COCTABUTE?
I3 CROABKO BCETO TAKMX THCENI MOKHO COCTABHUTH!

Pemw e H » e, a) Hummensmam wacaom Gyaer 224, segh ecad Ha
OepBOe WIA HA BTOPOS MECTo BMecTOo NHGMDH 2 mocTaBuTh mudpy 4
e nubpy 7, TO VEGNHIHTCHA MM UKCIO COTEH, HJIHM YHCIO JEcHT-
KoB. A pa3s mudpa 2 y:xe NOETOPHIACH, TO HA IHOCAECKHEM MECTE AOJIE-
Ha croars urdpa 4 (a 5e T).

6) Paccysxaas aganoTnuHo, Haliflem BanGonsmee aremo — 1o 774.

B) CHagana Ha3zopeM uucia Ge3 nosropenpd ougp. 9ro 247 m 274.
IloToM HA3OBEM THCAA, B KOTOPIX LOBTOpAETCA 2, Do 224, 227, 242,
272, Yncno, B KOTopoM noBTOpEHa MHdpa 4, ToAbKo ogHO — 3T0 244,
Yueno, B KOTOpOM moBTopeHa mudpa 7, Takxe ogao — 210 277, Beero
mosyaaaock 2 + 4 + 1 + 1 = 8 uncean.

1) Komnvecrso unces, Raunnaoinxed ¢ nudps 4, MOXHEO DOCYH-
TATH TAK e, KAK B IYHKTe B); HX BCero BoCceMb. PagyMeercd, To Xe
BepHO H AJd YACEN, HAYAHAKIIAXCHA ¢ NUADPH 7, HX TOMe BOCEMb.
Beero moayunm 24 gucas.

Oreem a)224; 6) 774; B) B; r) 24,

QOpPMAIEHO ANA OTBETA B TYHKTE T) MOXHO Ghimo 6Ll ¢ me De-
marth a) i §). OgEako B kaxxzxol aagave HA nepeop BapHanTos GLiBa-
€T MOJIe3HO ABHO BHIONCATH HECKONBKO THNWYHHX koMmbumanuil, xo-
AYYeCTEG KOTODKHX MK coffpaeMcd IOACUYITATE,

Kax B MBOrEe MgreMarEvecKHe safayn, npmuep 1 r) gonmyckaer apyroii
cnocol pemenna. Bor oE. Haﬁneucnaqmmmeoexmmamx
URCSN, MOMODLIS MOWIN COCTARUWE Ity I 2, 4, 7, Tlo npasuay yuuowe
mcmmmmmcamnom,mﬁyma-s-8=27.
A Teneph BRIYTEM KONHUYeCTRO YHCeeX ¢ TpoBHAIME nopTOpeRHAMH mrdp. Ta-
KHMX unces Bcero Tpm: 222, 444, TT7. Buaunr, oreer: 27 — 3 = 24.

Pemenme nprnepa 1 B) TaKke MoXHO ohODMHETL COBCEM HO-OPY-
TOMY, 380MCAE IOCTPOSHHIE TREXIHATHOTO YHCKA AT 3A IIANOM, B BHAE
HEEOTOPOTS snogTaixEorge rnsus, Yomecruw mepeyre nudpy 2 B pepx-
Buif IPAMOYTOALHAK, OT KOTOPOIO MPOBEAEM TPH «Aoporus (puc, 128).
Onncoo-rne'rc-rnym-rBHGOpynmpoﬁnncbpm. 1o vy 2, unm 4, wam 7.
Hoxyams TpE DpSMOYPOILERES 2o BTODPOM YpoBES @I nepetigom

K BubGopy Tpe'rbeﬁ nudpu. Ecom Bropoif madpol oxasanack 2, mo
IO YCTOBMIO TpeTheil mudpo#t moxer 6uTh mim 4, miad 7. SEATHAT,
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NEMEHTH HOMEMHATOPMHY, CTATUCTIMM M TEORMM BEPOSTHOCTEM

o A2k 7
/ 4
[22] [24]
AN
4 7 2 4 \7 2 4 7
| ! | 1 | I | |
224 || 227 242 || 244 || 247 272 274 || 277
Beero: 8 umcen
Puc. 128

TYT BOAMOSKHO BCETO ABA BADHAHTA, B PESYALTATE KOTOPHX HOTYIATCH
rpexaRaTmae wene 224 x 227. Eoxm sxe propan nudpa pasea 4 mun 7,
TO AnA Tperrell TUdPH orpaHmYeHdl HET, H 2T0 MOKeT GHTL Han 2,
Hau 4, nau 7. 3HAYNT, B KAYKAOM U3 STHX ABYX CIVIACE BOSMOSKHEI
OG TPH BRPHAETA SGCTARNCHES Tpexaraymnix wmcer Horyuarcs amena
242, 244, 247 u 272, 274, 27°7.

MEI COCTABHNIT TAK HASLIBAEMOE Jepeso B03MONCHLIY GAPUAHINOG.
HperwympcTss 3TOIC oHocsfa PaccyFRPETOna COCTONT B &8I0 Darninn-
HOCTH! BCe BAPHAHTHII BHAHEI HA KapruHke (cM. puc. 128), B noHar-
HO, AR AMeHHO OpPraEmasoBad mepefop BceX BOZMOKHOCTEN.

Hpuamep 2. «3ror Beuep cBoGOAHLIE MOMKHO TAK IPOBECTH...» ¥;
1mo#iTH NPOTYAATHCA K PeKe, Ha IUIOIAZEL KAH B NAPK M OTOM Ioii-
TE B rocTd X BuTe mav k Bure. A MOMHO CCTATLCA A0OMA, CHAYANA
NOCMOTPeTh TEeNEBH30D I NOYHTATh KHIUKKY, a4 JOTOM IIOMIpaTh ¢
OpaToM uau pazolparbcAd HaKOHell ¥ cefa HA IMCBMEHHOM CTOJE.
Hapucoparh A€peBo BOSMOMSHEX BAPHMANTOB,

O T B ¢ T: Jlepeso BADHAHTOB IpeAcTABIEHO Ha puc. 129,

Mpdmep 3. B ypHe JexaT TpH HepasAMIYMMLEIX HA OIMYIb
mapa: aa Geasrx ® ogvH wepHEni, IIpyM BEITACKHBAHAN YEPHOTO IMapa
€r0 BOSBPAImAaT 06paTeo, a BNTAINeHEE Genril map OTKASAKIBAIOT
B cTopoRy. TAKYI0 ONEpAIIMI0O IPDOHGBOSSAT TPH PASA IOADAX.

a) Hapecopate Aepep0 BOIMOXKHEIX BADHAHTOB.

6) B cKOALKHX cayd9adX TPH BHITAINCHHHX mapa 6yayr ogmEoro
npera?

* «JToT Bedep crobommuid / Moxno tak nposecrm:/ 3a rymammnill 06-
poxEnili / Hepamagal aalpecrm...» (A. Kymmep).
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5. 3NEMEHTHI KOMBUHATOPMKW, CTATUCTIA0A U TEOPMWU BEPOSITHOCTEN

Begep

nmm/\m,..
NIV

NN AN

Burg Buxa Bura Buxa Bumra Bura Bpar Cron Bpar Cron
Bezro: 1) sapBanEros
Puc. 119

B} B CKOIBKHX CAYHASX CPeJE BHTAIPHHBIX Mapok Geanx (yaer
Sonnie?

r) HapucoeaTs AepeBO BOSMOMCHEIX BADHAHTOB OIS YETHIPEX
BRITACKHBaAHHYN mAaAPOB.

Pemennme a)jlepeso BO3MOMKHLEIX BAPHAHTOR NPEACTABICHO
Ha puc, 130,

Caywualt BaITACKHBAREA ZBYX Oesblx mapos ocolermrlt. B aTox
CAyYae OCTAETCA OJMH TePHHIt AP M TOALKO €ro NOTOM H MOMKEO

GyneT 6paTs.
B
/ B
BEY BY
A
BY BY q
q \3 g \3 4/ \B q
9 B9 B4 9 B4 H q
Bcero: 7 BapRaHTOB
Puc. 138
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5. “ INEMEHTHI KOMBUHATOPUKM, CTATUCTMHM U TEOPUH BEPOSTHOCTEN

BBY BY BY g BY q q
BBY BY B4 ¥ B9 W% k! B1u | 9 k!
Beero: 11 sapuanTon

Prc. 131

6) Ilo fepeBy BAPHAHTOB BHHO, YTO 9T0 BOBMOSKHO B @ IMHCTBEHHOM
cayuae, KOrja TPH pasa HNofApAN BLITACKMBAETCA IIAD YEPHOIG ITRETA.

B) Tpex fennx mapos GwTEL He MOMeT. SHAUNT, peUsb MAELT O ABYX
GeJINX B 0ZHOM YE€pHOM IIape. OTO BOSMOYKHO B TPeX Cayuaax (cm.
pepeno sapranTop: BBY, BUB, YEE).

1) Sxecr K mocnegHeMY YPOBHIO fepesa BAPHAHTOB Ha pmc. 130
ZobaBuTCA enje ONMH YPOBeHb, COOTEETCTEYOIMHAA TeTBepTOMY BRIGO-
py (puc. 181). &

Taxroro poAa IHATPAMME! B IOAPo0HOCTAX YAOOHO pHCOBATE TOJNE-
KO BN CPABHETENRHO He0OIBIIOro YHMC/A BADHAHTOB, 8, HanmpHMep,
Ans coreH KomOuHamull fepeBo BApPHAHTOB HNEAMKOM Heé HApHCYEIDb.
Torpa mpuxopurea mefcTBOBATE HmO-EpyromMy. dame Bcero npH pas-
JMIHEIX DORCYETAX HMCHOALIYENT MPGSUAD YMHONEHUS.

IIPABHJIO YMHOSKEHHA

Haa mo2o umobot Halimu wUCR0 8CeX GOIMONCKLIX Ucxodoeé Heaa-
aucuMozo npocedenus dayx uenvimannii A u B, credypem nepemno-
MUMb UCKO BCeX ucxodo8 ucnumMarus A u ucxo écex ucxodos
ucnwmarus B,

Ang orAcHeHNA MpAEUNA YMHOMEHMA HapUCyeM Jepes0 BapuaH-
ToB. Ha nepsoM yposre y Hac 6ygyT nepeuncaens Bee HCXoak 4, G,
Loy so05 By &, BoTHTARUS A, Tlocnme RARAOND B2 Y3 BEINHCAHELIY
HCXOJOB BOZMOXKHEI BCe HCXOAE b, b,, b, ..., b, _,, b, Mcomrarma B —
B HMCOHTAHNA OPeANONArAIOTCA He3aBUCHMEMA. B pesyapraTe mo-
AYIMTCR & + & + R + ...+ & = nk HCXogoB (pHc. 132).

[ 1

IIparuno yMHOMEHNA MOXCHO OBACHATE H HO-APYIOMY, ¢ HCIONh-
3oBaHMeM TalaHnEl BOSMOMKHAEX PE3YABTATOB MPOBCACHAA AEYX HCIRI-
raguil. IloAcHEM 3T0 Ha Npamepe.
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//%\\a

3 a’a-l

NOAD DN

L By e b, b, b, b, by . b
Beero! 2 pas no &, 7. e. nk ucxozon

&

Puc. 132

IIpumep 4. Ha aasrpax Bosa moxer Bulparts nmomry, Gy-
TepOpOA, IPAHBE MM KeKC, 8 GAUMTH UX OH MOSKeT Kode, COKOM HIH
redupom. CKONBKO BAPHMAHTOB SABTPAKA €CTh ¥ BOBH?

P em ¢ 5 n e. CoSepeM Bce BADHAHTH B TAGIMLLY.

ITawowra Bymeptpod Hpanur Kerc
Foge | Kode, nmomma | Kode, Koge, opamni | Kode, Kexc
SyrepSpon
Cox Cox, nawmxa Cox, Cok, DpAHME Coxr, Kere
GyTepbnoa
Kegup | Kedpup, nmonria | Kedup, Kedup, npamnx | Kedup, xexc
Oyrepbpox

Tar xkak BHGOP efH H BANKWTKA NPOHCXOAUT HESABHCHMO, TO B
Kagok xneTre GymeT cTOSTE OAHH M3 BOZMOMKHEIX BADHAHTOB 3ABT-
paxa, BepHOo u ofpaTBoe: mofoil BApHAHT 38BTpaKa (yZeT pacmonao-
#K€H B OTHOM M3 KJICTOK, SHAYHAT, ECEI'O BAPHAHTOB CTOIBKO A€, CKOMb-
KO H KAeTOK, T. €. 12.

OrTerem 12,

Jameuanne 1. Bcauii paz B KOHKPETHOM 2agaue coscem He ofaza-
TENbHO PHCOBATL Tabniuy M 3anOnHATL €€ uenmom. MOKHO NPOCTO Mc-
NOAL3OBATE CAMO NPABUNG ymHowerHn. B npumepe 4 peiwledue moxer
BbrnageTs TaK: sMcnoitanme A — soibop enbl, ¥y HEro Yetbipe MCXOAA, a
ucnbitaume B — suibop HamTKa, y Hero Tpu ncxopa. Buibop eael v seilbop
HanUTKa HesasHCcHMbE ApYT ot apyra. [o npasuny ymHOMeHna nonydaem
oreer: 4 - 3 = 12,
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3amousnne 2. TpaBuno ymHOMEHHA ANA A4BYX WCnbiTaHMii ypobHo
o5BACHATL, KaK mbl BUBMM, KCNONL3YA NPpaMOYronbHule Tabmupt. Ho ecnu
NPOBORATCA TPM MCNLITAHKA, TO ANA HAAKOCTRALUMK HAAO HMCNONL30BATh M
ASMHY, W BEICOTY, M WMPHHY. Ha KapTHHKE NONYUMTCA NPAMOYrONLHLIN Na-
pannenenvnes, pasGuTbiid Ha KyGHIM. 3ech YIKe 1 PUCYHOK, W 0BuACHe-
HMA BLIFMAAAT CNOMHES, NOCKONLKY, Hanphmep, GYRYT Hesuahmble KyOu-
win. Ee xyme peno obcTout ¢ werbipbms ucnbitaHMami. [lna pucyuka s
3TOM Cflyuae Ham He XBaTHT M3MEPEeHMI, NMOCKOSLKY OKPYXMOLIEE HAC
NPOCTPaHCTSO BCErD ML TPEXMEPHO. Tem HE MeHee NPEBHNO YMHOMEe-
HUA BEPHO M ANA TREX, M ANA YETLIPEX M T. fi. HEZABHCHMBIX KCILITaHINA,
Ana obbacHeHMA AOCTATOUHO HAPWCOBATE HYMHOE AEPEeBO BAPHAHTOB ¥
NOACHMTATL KOMMUECTBO BOIMOMHBIX BAPHAHTOB.

Ja cRefyIOImero NpHMepa Mb DIPHBEAEM TpH cmocoba peImeHnA:
xepefopoM, ¢ MOMOLILI) AePEBa BAPDAAHTOB U II0 NPABAIY YMEOMKEHMI.

IMIpamep 5. B xopuaope TpH saMnoury, CHOILKO HAMEETCH
Pa3THYHHX BapHABTOB OCBeISHAA, BR/IOHAA caywall, Konga Bce aam-
TIOYKA He ropar?

P e m e = u e. Jleppriii cnocol (mepeGop BapramTos). IIporymepy-
oM JIAMHOOURZ ¥ OyIeM OWcATh + AIN — B 3aBHCHMOCTH OF TOFO, Fo-
PHT ®IN He F'OPHT oYyepexHad Jamuouxa. Toraa sce cnocolH ocpeme-
ENA MOXHO OPOCTO NNepeYHcAdTs, Borogu: +++, ++ — +—+, +——,
-+ +, -+ -, - =+, - - —. Beero socoMr BaPBAHTOE.

IlepBas nanmoura

/’“\

Bropas AaMIoouks Bropas RaMIOuKA
.nau:noqm mmm
+4+ ++- -+ +
Puc. 133
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Bropofi cnocoll (aepeso rapuanTos). Ha prc, 133 marnagso npea-
CTaBJIeHEl BOCEME BAPHAHTOB OCBEICHHAA KODHMAODa.

Tpernfl coocol (DpaBuaO yMHOMEHRN). [lepBad JAMIOYKA MOMXET
HAH FOPETh, WJIH HE opPeTh, T. e, AMEeTCH OBA BOZMOMHEIX HCXONA.
Ho ro xe camoe oTHOCHTCH KO BTOpo#l m K TpeTnell saMnouke. Mu
OPSAIOJIaraeM, 4TO JAMOOUKH FODAT HIW BET He3a&LUCUMO ADPYT OT
Apyra. IIo npaBuay YMEOMEERA MOAYUYAEM, YTO UHMCIO BCEX BADHMAH-
TOB OCBemeHus papEo 2 -2 +2 =8,

OTeer 8.

¥ Kamgoro H3 #THUX Tpex cmocof0B DEIIeHMA B KAMAOM KOHEDeT-
HOM Clydae €CTh M OPeMMYymecTBa, ¥ HeJOCTATKHA. Bribop cmocoba
pemenna — sa paMul OrMerHM Bce te, UTO NPABHIIO YMHOXKEHRA
TO3BONAET HPAKTHISCKH OJERM CHOCO00M pewmaTs caMnie pasgoolpas-
Hule sagawn. Hanpamep, oEO NpHBOANT K KpaliHe Ba:XHOMY B MATe-
MATHKE NOHATHIO JAKmOpuara.

IipuMep 6 B ceMne mecTs YeNOBEK, A 38 CTOJOM B KyXHe
INeCTH CTYJbeB, Bhino pemnieHO KARKILIA Beuep mepel Y)KHMEOM pacca-
MUBATHECS HA STH IIBCTH CTYILEB HO-HOBoMY. Croanko aHelt uneHm
CeMBH CMOPYT BeJars oT0 0e3 HOBTOPeHUH?

P e 1 e H 1 e. OTBEeT OKASEIBAGTCH HEOXKHAAHHO GONEMNIMM: HOUTH
Asa rogal O6paceum ero. Ina yaobersa paccy:RIeEN TpPOHEYMepyeM
cTynea N1, Nt 2, e 3, N 4, Mo §, Nt 6 m Gyaem cumTaTh, 9TO “LIEHN
ceMeln (Gafymga, geAyIIKA, MaNa, OANA, A09h, ChIH) 3JAHHMAIT MECTA
mo ouepead. Hac nHTepecyeT, CKROILKO BCETO CYMECTRYET PASAMYHEIX
cnocofoB paccaykABAHHAA,

IIpeanonoxum, uro mepeot cagurca 6abymxa. Y Hee mMeerca
IOeCTh BAPHAHTOB BHOOpPA cTyna. BTOpEIM caauTea JeayImmKa H He3d
ésucumo BhIGApaeT CTYX M3 OATH ocTaBIAXcA. Mama gemaer csolt BhI-
Gop Tpernedi, m BRbOD v Hee GyAeT B3 9eTHPEX CTyaAReB, ¥ mamm Oy-
JeT yXe TPH BAPHaHTA, ¥ AOUKH — ABa, EY a CHIH cAjer Ha
eANECTEEHHEIN HesaHATHE crya, Ilo mpaBEAY YMHOMEHMA IONYYA-
eM, 4TO Beero uMeerca 6+ 5+4 -3+ 2+ 1 = 720 pasnuuHKX cnocobos
paccammpaEnd, a 720 aaelt — sT0 B ecThH mMOUTH ABA FOJA.

O r B e 720 ameli,

Onpeaenenne. TiponsseseHne OAPAL MAYIIMX TePBLIX N Ha-
TYPRIRERIX uHcen 00G3HASAKT /] # HAsKBaloT 3k BakropBa»:

n!=1‘2‘3‘.n’(n"1)'ﬂn
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Ozno ua sHaueHuN aBErIHACKONO CAOBA facior — «MHOMOTENLS,
Tak uro ax PaKMOPUGA TIPUMEPHO TEPEBOAUTC KAX «COCToAIAN u3 n
mEOoxATencl s, IIpuEeneM EeCKONBKO IePBHX SEAYeHHH ana nl.

nil 2 3 4 5 6 7

nl|1|1-2=2|21-8=681'4=24| 4!-5=120|5[-6="720| 6!-7 = 5040

Buauennus nl ouens GHCTPO BO3PACTAIT ¢ YBeNuueHueN 2. Hampr-
mep, 10! Goasme, gem 3,5 NuanMona, a 15! npumepno passo 1,3 Tpun-
JODCES.

Jdna mopcueroB, cBASAHEKIX ¢ ntl, OhiBaeT yOOOHO HCIOALIOBATH
crenyomywe GhopMyay.

Gopuyaa Otnacaeane

M=(@nG-11-n n=1-2-3-,.-(r-1)-n=
=(1:-2-3-...-(r=1)-n=(n-1}n

I-anrpmln 4 DELTTEMTAR TN O S TROTT IO 1!'—41 AErOM o nfiana.
=y ey ) Pt P e e e e 6! . 5! AR e dek i AR

TeJIBHO HAXOZETL BCe YeTHPE PaxKTOpHANA M FOTOM HPOHIBOAHTH BhI-
qucaeHnd, YHofHee CHaYANS NPOBECTH COKPAMICHASA;

71-41 6!1.7-41 7

.51 6415 5 4

Opumep 7.

a) Croppxmuu coocofGaMu wersipe BoOpa MOTYT IO OZHOMY pasbe-
IRATHCA HA BCO JeTHDE CTOPOHI?

) B 9 «A» Kiacce B cpedy ceMb YpoKoB; anaredpa, reoMeTpui,
JHETepaTypa, pyccknit asusk, aprnuiickull s, Suonorua 1 GUIKYIh-
Typa. CROIEKO BADHAHTOB DACIMCAHMA MOMKEQO COCTABMTH HA cpemy?

Pemenne,

a) IIycrs BOpH pasGeramTcd moouepesHo. Torja y mepBoro €CTh
TeTspe BAPHAHTA BHOODA HADDABIEHHA, ¥ BTOPOI'O — TPH BAPHAHTA,
¥ TPETHOI'0 — ZBA N ¥ NOCIemHETO — OOME BapHaHT. IIo mpasmiay
YMHOXKEHHS HNOAyuaeK oreT: 4+ 3+ 21 =41= 24,

6) lna anreGpH eCTh CEMb BADMAETOB PACHOOJNOXMEERA B pacIaca-
muH, Ecan Ana aareGpe BEIOOD CAenaH, TO ANd reoMeTpHE HyoeT yxe
mecTs BapuanToB. Ecnn axreSpa u reoMeTpRA 38HANH B PaCIHCAHAHR
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CBOE MECTV, TO AJA JHATEPATYDL UCTHETCA NATh BADHUHTOB U T. A.
Ho npaeuxy ymaOXEeHNA HoaydaeM: 7°6-5-4-3-2-1= Tl = 5040,

OTBema)24; &) 5040.

Mpr BAEAN, W0 YCHOBAS 36A0Y BLIVIAAAT [0-PASHOMY, 4 PEIIAICTCH
3TH 38JIaYA MOMTH ONHMM M TeM e cnocoboM. SHAUUT, €CTh KaK0e-T10
ofmee mpaBmuo MR PelIeEMA TAKOre THOA 38384, Muk chopMymupyenm
€ro B BHAE TEOPeME] O IePECTAROBKAX JCMeETOE KROEEIHOr0 MEOIKECTBA.
Teopema I I PAGAULRBX IREMENMOE MONHO PACCMACUME RO

O0HOMY M It PAIAULKBLY Mecm Posno n! cnocobam.

Heropaueckn cnoxumocsk Tax, uro G6oxee ymorpeburencs Be Tep-

MHE ¢DACCTAHOBKAS, & TEDMHH «IE€PECTAHOBKAS, M IOITOMY 8TY TEO-

pemy uamte GOPMYIARYIOT TAK: «Tuck0 acex nepecmaro60Kc MRONCE-
cmaa u3 n sxemenmos paero nly, Coxpamenno 9T0 SAIHCHIBAIOT B

Buge opMyan

B »roM corpamernn Oyxea P cooTBeTCTBYeT IepBO# GYKBe aHI-
nuftckoro raaroaa (CymecTBHTENbHOro) permute (permutation),
KOTODLIN U DePeBOAUTCH KAK «IOPeCTABNATEL (+¢nepecTaHoOBKa»). Ha-
npumep, P,=381=6, P,=T1=5040 m T. &.

§19. cratvcimka —
IM3AMH MHDOPMALLMM

Haanem ¢ xoukpeTHOro opumepa. Jfonycrms, uro B 9-x Kiac-
cax «As ¥ «B» nameprmu pocr (B carrmMerpax) 50 yuenmxos, Iloxy-
unaca Habop nm3 50 umcen. Bpax au caMoe MATeHBKOE 3 HUX Gyner
MeHbIe 140, a camoe Gonsmoe — Goasme 200, Moxao, cobmoaas
OYEpPeAHOCTL M3MepeHRil, BHINNCATh BCe JAHHEIE B CTPOYKY Wepes aa-
naryio. Momxuo pacoosIoMHuTE HX B ABE KOJOEKM B COOTBETCTBMI
¢ KJIACCHEIMM coiickamH, MoxHO KaK-TO 3anicars HX B BIUAS Tabainsl
5x10 1 1, o, B mrore Gyger cobpaEa DOMHAA ARGOPMAZAA O EPOBE-
heHEOM msMmepernH. K comarenno, npakTHYECKH OpH JoboM crmocole
PACIIONOMKEERA giCORIOMHKO 6CeX AAHHMX 9Ta AHMOPMAOUA TPYNHO
TUTAGTCA: OHA HE HArJAAHA, 3AHAMACT MHOTQ MECTa, HIKAK HE YIODA-
l0ueHA U T, A,

A TpescTaBETE DPESYALTATHI, COCTOAImIAe He u3 50 AaEHLIX, a A3
500, 5000 mwruz n3 MuauoHOR pasimunux vucex! Hanpamep, umero
H pasMepH BxJanoB B COepbaHke sa Texymuli rog mrH JaHHEE
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0 NPORSBOANTEALHOCTH TDVIA HA NDEANDHATHAX Kakoli-Enbvib oThac-
JM 110 Beelk cTpaHe, PesYALTATH rOJOCOBAHHAA HO BCeN H3GApaTenb-
HBIM ydacTKaM B T. 0. EapacrBennnilt pasyMabill BEIX0R — KaKHM-
To obpazoM npeodpasvéamb MEDEOHAYANLHELIO AAHHEIE M3MEDEHMA, B
TIEPBYIO ovepelb 3aMeTHO YMEHRIIAE HX ofmee Konmdecreo. OxHa us
OCHOBHKIX 3a[aY CTATACTHKH KAK Pa3 B COCTOMT B Hazmemamed
obpadontke uHdopmauuu. Koneano, ¥ CTATHCTARKH €CTh MEHOTO ADV-
X 3a8a9: NOJAydYeHne ¥ XxpageHWe HEGopMADAN, BHPAGOTKA DAZTHY-
EEIX OpPOTHO30B, OMEHKH HX JOCTOBEPHOCTH M T. A. Hu oxHa HM3 3THX
negeit He xocrmxuMa Gez ofnaforsm aaHERIX.

HUrax, B nepsyw cuepeshb 3aiiMeMcd CTATHCTHUSCKUMH METORAME
obpaborkm madopmanmu. Kax npasmno, nopagor npeobpasosammi
IIePBOHAYANLHO NOXYICHHOH WEGODMATTAH TAKOB:

1) cEawana OaHELIe NaMEPEHHR Ynopsioiusaiom u epynnupyom;

2) saTeM COCTABIAIT Maliuys pacnpederenus GGHKbIX;

3) rafruny pacupareeHus TEDORONAT & 2PUKY DacnpedensHitd;

4) HaKOHeL, DQIYYAOT CEOETO POJA RACNOPM Jannuix NaMepPeHUst,

B KOTOpOM colpaEo HeGOALINOEe KONMYECTBO OCHOBHEIX YUCAO-
BRY XAPAXMEPpUrMUYK OONYIeHENN WHPOPMAIAN,

SaduKcAEPYeM 0AHO KOBKPETHOS H3MEPEHHE B IPOCACHHM INar 38
mAaroM, KaK ero JaHHEe NpeobpasyirTed B mpolecce 00paloTHM HE-
topmanum,

HasMeperHe(H) ¥V 50 paborHHKOB MrOPOACKOre NPeANpUATHA
TMOOPOCHAN OOEERTE BPEeMA, KOTOPOE OHH B CPEOHSM TPATAT Ha Ipo-
eag ot goma go paGorhl. IIooryuaincek clexVOIIHe AAHHLIC B MAHYTAX
(c rounOCTEIO HO 1() MEEYT).

20 100 20 30 40 50 30 80 90 40
80 50 20 50 30 30 HO 60 60 GO
80 40 60 50 100 60 90 10 20 &0
90 80 20 40 H0 10 B0 40 30 40

60 120 30 40 60 20 60 10 50 60
1. 'pymmmmposra rmadopsamnn. Ilepsoe, TTo casgyer OOeHATH, —
9TO PAMKH, B KOTODHX BOODIIE MOTYT HAXOLUTLCH ZAHHKE H3Mepe-
Hua. Menee 10 MuHyT (1. ¢. 0 MMHYyT) HUKTO He 3888KMn (TEppUTOPH-
AJBHO AoM B pabfoTa — 3TO He OAEO H TO ie), a Gonee 180 mumyr
(6onee Tpex 4acoB) Ha IPOe3A MO FOPOAY B ONHY CTOPOHY EBpPAA IH
®To-T0 OyAeT TPATATER KaXALM neHb, 3HAYHT, B HPUHOMNIOE B STOM
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H3MepPeErH MOI'IH MIOJYIHTRCA 4wncaa 10, 20, 30, ..., 160, 170, 180.
M=t cocrasnnn obwuit pad daxnoix, JaHAHeE pacoNaraioT, KAK Opa-
BUAO, 8 nopadre eoipacmanus.

Hrax:

Hamepenue O6muii pax AaEERIX
Bpens mpoeaan. {(muu) 10, 20, 80, ..., 170, 180

MpramMep 1. Bunacate obmniil pan faEEHX CASTYIOIIHX HIMe-
peHnRft:

a) MecaAn poKACHMA YYeHWKOB Bamel mKoan; 6) rog podacHHEA
BAIIINX POACTBEHHIKOB UM 3HAKOMBIX; B) rofoBOil mpOIeHT EaYUCHe-
Hul 00 BKAsZAM B Gagke; I) HavanbHLe GYKBE B NepBoil CTPOKE CTH-
XOTBOPEHHA,

PemeH e a Beero moxer noayaareca 12 mecanes. Ecim
NePeYNCaATs HX He N0 HAZBAHHAM, 8 [0 HOMEpPaAM, TO NOJYUHM
obmmit pag aanELIx:

1,2.8.4.5.6,7.8.9,10, 11, 12.

0) Bpaa au y Bac ecTh POSCTEREHHUKH MAHM 3HAKOMEE, KOTODBRIM
mHOr0 Soasme 100 mer, a BOT EOBOPOMKACHHEIE BIOIHE MOTYT BCTpe-
TaTHCS. BHawnT, ofmuil pam ZaEELIX BHrASgET Tax: 1900, 1901,
1902, ..., 20085, 2008, 2007, 2008.

B) Harako# yaaxaomuit ceba 6auk Gogee 15 % rogosuIx He gacet.
Tro wacaerea HHXKEell ofieBKH, To TyT Mexee 0,1 %, Rovopsie maer
C6epbarx Poccun 1mo BRAAJaM 40 BOCTpe(OBAHN, HOBOSMOXKHO Ipex-
CTABHTH. 3HAYAT, B BTOM cayuae o6mmlt paa ZAHEHIX BEIVIAZAT TAK!
0,1; 0,25 ...; 0,9; 1; 2; 3; ...; 14; 15.

r) B nepeoit cTpore cTHXOTBOpEHAA B OPHHELOHIIE MOTYT BCTDETUTHCH
Bce GyKBH pyccKoro andasora or A go §I. Cregyer HCKAIOTUTE He-
peansgrie cayuas (b, 'b, bI). Octasimecs SyxBul MOEG, HAEPHMED,
TIepEeEYMEDOBATE N0 MOPAAKY ¥ Nepe#TH K uHcAoBoMY ofIeMy pazy:
1, 2,3, .. 29, 30. a

IToguepKHEEM, ITO OUpPEHeieEHA B CTATHCTHKE HE BCEIfa HOCH!
CTONL e TOYHMIL XAPAKTED, KAK, CKAMEM, OUpEeNejJeHHH B TeoMerT-
pan aan aarebpe. Hanprxep, B nyvEkTe 6) opuMepa 1 or gobasaenis
1399 k mocaepovureasnoctu 1900, 1901, 1902, ..., 2008 vu4 He ne-
pecTaBer GEITH OBIAM PAROM JABHKX, B NyHKTE B) BCE MOOBHS NPO-
IeETH MOMHO OLUIO M3MEDATH ¢ TOYHOCTHIO OO0 HECATHX, H TOTHAA
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obmuit pay AAHHRX cocrasmnu G umexaa 0,1; 0,2; ...; 0,9; 1; 1,1;
e 14,9; 15,

IIpm npoRefeEMH KOHKPETHONO HIMEDEHUS BIOJIEE MOMET CLy-
YHUTHCA TAK, UTO KAKHe-TO JAHHLIC M3 ofINerc paga soobme He BCTpe-
TATCA. 3EATHT, HAAO OTANYATE PeabHO NIy TCHHEE Pe3Y/IbTATE] H3ME-
peunsd or obiero paga AaHunx. Hanpumep, B ugumepenun (M) mam
BCTPETUIHACHL TOIBKO TaKme peayaeraTel: 10, 20, 30, 40, 50, 60, 80, 90,
100, 120, Kaspmoe u3 2THX uHcesa HASHIBAIOT GGPUGHMOU HIMEPEHHR
(HEOROJIB!OO HEIPHBLEITHO, HO B CTATHCTAKE HCOOJAB3IYIOT CJAOBO MMEH-
HO 3KeHCKOr'o pPoza).

Bapuauta uamMepenuf — O0uH U3 Pe3yaAbMAMO8 5MozZ0 UIMe-
penusn.

Ecniu Bee BADMAETH H3MepeHHS NEPEeYACIATh 0 Hopaary (a Ges
OOBTOpeHmEl), TO NOAYIRTCA pad JaMH WX udmMePenus. B BEameM namepe-
man (H) pag gausux — 3ro 10, 20, 30, 40, 50, 60, 80, 90, 100, 120.

Hraz:

Hamepenne O6muili pan naEEEIx Pag paunex maMepenEn

Bpema mpoeana | 10; 20, 30; ...; 170; 180 10; 20, 20, 40, 50, 60,

F=<"F

(smE) 80, 90, 100, 120

IIpxwmep 2 Bunucars paj JaHHLX HAMEDEHOA, COCTOAMETO
H3 Beex pasuhIX OyxB NePBHIX ABYX CTPOK CTHXOTBODEHMIN:

a) «He ropopm EEKOoMYy / Beé, 9To Th BHgen, aabynb...»";

6) «9ro mepeso cocHa, / U cyxsba cocEm acaa..»™,

Pemenne. a)a,06,620,¢8& 3, u,K 8 MHK0,pCm4
b, b. Tyr mcoonnzoBaEs 21 6ykea Ha 33 Mecrax n nosTopenuHit SyKB
QUEHL MAJO.

6)a, 6,8 0, ¢ u no0p cmy, b, b 9 i 3lech HCIOTLIOBAHK
18 6yxs na 30 mecrax, mopTOpeHuit Soaklre, 1 B 0cOGEHHOCTA 3T0
oTHOCETCH K OykBe «¢» (8 moBTOpeHnit). o

HKak M1l BUZRM, He BCe BADHARTH KOHKPETHOIO H3MEpOHHT HaXO-
IATCA B OMAHAKOBOM NoNoKerdH. Kaxue-To BCTpeualoTeas MHOMO pas,
KAKEEe-TO pee, 4 HEKOTOPHI® BCTPEIAlOTcd N0 OJHOMY Da3y.

* H3 cTExoTpopeEEA (. Marnensmrrama,
** Uz craxorsopenusd 10, Murepamona.
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Onpegegenne, Ecan cpegyt Bcex AAHHBIX KOHKDETHOTO M3ME-
peHHS OAHA U3 BAPHAHT BCTPETHNACH DOBHO k paa, To wmcko k2 HA3H-
BAIOT KPATHOCTHIO 0TOH BADHAHTH H3MEDEHHI,

Hanpnwmep, B nsuepenun (M) spema 60 Mumyr BeTpeTmnocs Bo-
ceMb pas, a BpeMs 120 MaayT BCTPETRIOCE OZHAMNAK. 3HAYHT, RpaT-
HOCTH BapmaHTH 60 paBHA BOCHMH, & KDATHOCTE Bapma®TH 120 pes-
Ha eanuEune. Ilepea aaneuelimeit oGpaboTroit fanHKe HaMepeHnA
yaobHo czpynnuposams. Hensetea oro Tar. Jina ynaobeTea sanmmmenm
ZagaHe namMeperns (M) B gecATKAX MHHYT.

2 W 2 3 4 5 3 8 9 4
3 5 2 5 38 3 5 6 6 &
3 4 6 5 10 6 9 1 2 5
9 8 2 4 5 1 5 4 8 4
§ 122 8 4 6 2 8 1 5 8

ByneM ABUraThcd o0 CTPOYUKANM H 3a4MCDKHBATE OUEPeAHLIE PE3yih-
TATH, & KaXHoe 30UEPKHBAHAE KOUUPOBATh HHAMKS COOTBOTCTBYIOMEH
BApHAHTH B PHAAY ZaBEEX. IIepBeie TpH pesynsTaTta 2, 10, 2 B nep-
BOi CTPOKEe 3a4EPKHYTH B 3HAK TOTQ, YTQ Ml HX Y:Ke yLiH. JIMeAN,
KOTOPHIMH 3TH PesynbTaTel epeuePKHEYTH, TOBTOPHM B BRINACAHHOM
aapaHee o0IIeM DANe AaHHEIX:

1 2 3 4 5 6 7T 8 9 10 11 12

/" /

BoTr uT0 mOIYyIHTCA HOCJe NPOXOMACHHAA HePBOM CTPOKH: B Hel
o ABA pasa BCTPETEMUCH BApHaHTHL 2, 3, 4 @ Do ozHOMY pasy — Ba-
pmanTH 5, 8, 9, 10,

1 2 3 4 5 6 7 8 9 10 11 12
A T For 7

Pesyasrar nocne mpOXOMACHHA MEPBEIX ABYX CTPOK BHIrIAAHMT
TAK:

1 2 3 4 5 6 7 8 9 10 11 12

TR [ L /Y A A

Jna yacbcTpa mOACUETOB BMECTO KEsKAON NATON YepPTOUKH Upo-
BOZAT JUHAW ¢ APYTAM HAKJIOHOM, KOTOPad IlepeTepPKHBAeT JeTHIDC
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npeasAymne veprodxkH. Ha mpaxTHxXe, KOHSTHO, Bee MOACHETH IPO-
H3BOAAT B OJHOM MECTe! BeAEL NMPOMEIKYTOYHEE pesyJbTATH He HYWK-
HEl. Bor KaK B HTOre GymeT BHIrIAfETE PESYALTAT MOACYETA KPATHO-
crelf B Hamem mpEMepe:

1 2 8 4 5 6 8 g 10 12
[ TR TR LT R T TR TR 11 1 i 1

Tenepsr MOMHO COCTABATE C2pynnuposcinbiil pad dannvix. B aem
KAEOaA BADHAHTA NOBTOPEHA HMEHHO CTOJNLEO PA3, CKOJABKO OHA
BCTPETHNNCE B Z3MEPEHEEN, T. € SUCHO J0BTOpeHIdt wamolt papuan-
Thl PABHO KPATHOCTH TOH BAPMAHTEL

1,11, 2,...,2,5,...,8, 4,...,, 4, 5,..., 5, 6,...,6, 8,8, 9,9,9,10,10, 12
H B ] 10 3

Ha sroM saxaHunBaeTcA nepeiifl mar ofpatorkn mudopmanmm —
e YOOPSAOUUBAENE M MPYIONDOBKA,

2. Tabamunoe upeacraprense Hmpopmanny. Brecem B tabuuny
PAI AGHHHX M3MEPEHNA ¥ KDATHOCTH COOTBETCTBYIOIINX BADHAHT.

Tlomyunm madauyy pacnpederenus faHERX. BoT XAR 3T0 BHTAAIUT
B uaMepernnu ().

Bapsarma
1|1 2| 3|4| 5 (8689 ]|10]I12
Kparhoen | 3 | 6 | 8 | 7110 | 8| 2| 8 2 1 60

Cyramn

Ecya cI0XUTE BCE KPATHOCTH, TO HOAYUATCA KOJHYECTB) BCEX
AGHHEIX M3MeDeHUA — o0zeM usmeperuxk, Tax Kaxk OOpalIABANM
50 paGoTHAKOB, T0 00beM RaMeperna (M) pasen uMenno 50. Ha npak-
THKEe AJS KOHTPOJAA BCErAa CKJIATHBANT HalllcHAbe KPATHOCTH Ba-
DPHAHT: CYMMA AOJIKHA DABHATLCH 00HEMY H3MepeHHA.,

Janee, npa o6medi oNeHKEe paCOPeAeICHANA JAHHLIX HE OUYSHDL BaK-
HO, uTO, HAOPHEMED, Bap¥aHTa 1 MMeeT KPaTHOCT: 3 cpepd Beex 50

AAPHEX. Tax Kag -5% = 0,06, To ynobHee cKA3ATE, UTO 3TA BAPUAHTA,

BAHUMAST WECTE COTHIX obmero ofpema uamepennd, Tax B DOCTYIAIOT,
T, @. JeJIAT KPATHOCTE BAPHARTH HA OJbeM H3MEPEeHHA H NOIyYalorT
YACTOTY BAPDHAHTHL.
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Epamnocme eapuonmos h
L 4 BAPp = OfzeM U3IMEPEHUA J

YactoTnl BCCX BapHART YAO0EO IPALHCATS chnemyiomes cxporoll
K yxe cocrapreHBol rabnnne. Ilonyuernyo Talauny HasHBaOT Mmal-

Autielt pacnpedenenun yacmom usMepeHusn, Bor Kax 10 BHINIAXWT B
namepenmu ().

BapmanTa
1| 2| 3(4|85] 6|8 |9 |10}12

Cyroan

Kparpocrn| 8 [ 6 [ 8 | 7 |10 &8 | 2 | 8| 2|1 50
Yacrora (0,06(0,12/0,16|0,14] 0,2 |0,16]0,04}0,06]|0,640,02{ 1

CymMma BeeX 9acTOT Beernaa paBEA 1 — Beas T0 cyMma Apobeit
¢ OZMHAKOBHIM SHAMEHATENEM, ¥ KOTODEIX CYMMA BCEX WHCAHTeNei
HAK pa3 ¥ DABHA 3TOMY 3HaMeHATen0. Jlas ynoficTsa cuera # BOCTPO-
eHUA rPpaPwuKOB YacTOTHl HEePeBOAAT B MPOLEHTH 0T obkeMa mamepe-
uus, Torxa Tabammy pacopefeneHHEs AONOMHAIT emle cTporoM wac-
TOT B nponeHrax. OHAa mOJXyuAeTCA B3 NpexnNAymell CTpORM
ymHOXennen Ba 100 % . Hrax, ana wsmeperna (H) nonygaem taxyio
rabauny,

Bapsazra
1|1 218|456 | 8|9 |10]12

Cynann

Kparmocts | 8 6 8 7T110]| 8 2 3 2 1 50

Yacrora [0,06]0,12/|0,16|0,14| 0,2 (0,18/0,04|0,06/0,04|0,02

1
Yacrora, %! 6 112 116 1 141201161 4 1 8 | 4 | 2 | 100

CymmMa Bcex wacrToT B OIpOLEHTAX, KOHEYHO XXe, paeHa 100,

3. I'padmueckoe DpeacraBlenne HEGopMamun, Htax, pacupese-
JIeHHe JaHHHX H3MepeHmA yACGHO aajaBaTh ¢ nomoursbio Tabamn. Ho
MuI 3HAEM, YTO U aasa PyHrROANd ecth mabauunwill cnocol ux zana-
BEA. Tabaansl o6pasyioT «MOCTHK $, [0 KOTOPOMY OT pacxpejeieHus
AAHHEIX MOMKHO Oepeliri X pyHKIEaM u rpadeican,
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OrromuM no ocH aficnEce 3HAUEHHA B3 NepBoll cTPORH TabrHnL
PacOpescneHAd, a4 IO OCH OPANHAT — SHAUCHKA M3 ee BTOpoll cTpokn,
IlocTpouM COOTBETCTBYIOIINE TOUKK B KOOPAMHATHON miaockoerH. Ilo-
ayaumM rpadusecKoe naobpaxenne aneomelica nadopMagan — 2pa-
Qur pacnpedenenus evibopru. locTpoeHARE TOUKHE ANA HADIAZHOCTH
CORNEAINT OTpesKaM™, BoT KAk To BEITAANAT B RaMeperH (M), aaun-
Hule KOTOpOoroe Me y:xe npeacTaBuny B rafuyuaHoM BRAe.

Hoocmabemmee | 1 | 2 | 8 4 5 6 8 9 | 10| 12

IIo ocE opamEar | 3 6 ) 7 10 8 2 3 2 1

Ha KoopgHHATHON IIOCKOCTH MEI DOXYUHAHR JOMAHYI) AHHHUIO
(prec. 134), roropaa apagerca rpaduKoM HekoTopoit KycouHO-NHEHEEH-
HO#i PYHKOAH, JTY JNOMABYIO HASHBAIOT MHO20Y20AbHUKOM HIH
noAUZOROM pacnpedeaerus saaaRIX., CofcTBeEHO, polygon B OEpeBO-
ZMTCA KAE «MHOTOYTOXLHEHUES,

TouHO TaK 3Ke COCTABJMEHHKe TAGAMNE PACHPEeZeNOHEA JACTOT H
pacnpepereHnA TACTOT B OPONEHTAX IMOSBORMIOT NOCTPOHTE MHOZO-
U20ABHUK YACMONM A MHOZOYZORbRUK wacmom 8 npoyernmax. JIna Ha-
TIAZHOCTH B NPAKTHICCKHX NPHIOKEHHAX yAOOHEe HCIOIL30BATH
MHOTOYTOALHHKH HACTOT B MPOUSHTAX: B HHX H3MEHEHHA IO OCH Op-
ausaT o7 1 go 100 Gosee BRIpaswTeALHLI, YeM Ha3Mexnemns oT O ao 1.

y
10!!

4 i
N = e - —

L
O dh— 5t e e v o om am oaoasom
Bt —mm - -

[RPRp S -

Puc. 134
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y“

ke DG OO e GO OH -1 0O
i L L L L

10 11 12

7
Puc. 135

TlocTporM MHOTOYTOJALHEWK YACTOT B NPONERTAX ANA A3MEPeHMA
(H) (puc. 185).

Mt e e e e e e e m = =

[ el
7 S VU g g g T

e - - i ——————

Ty
oo

U

S
[ .

Ilo ocm afemmce | 1 2 a 4 5 ] 8 9 | 10 |12
TNoocuopaudar | 6§ |12 | 16 | 14 | 20 | 18 4 6 4 2

ME BHAEM, 9TO A2MKe A HeGoabmoro ofybeMa HaMepeHTd aKKy-
PaTHO® ¢npHYechiBAHHes WHGOPMALNHE — JOBOJBHO KDONOTANBAS
patGora. llpe onmepuposasnd ¢ GoasmAME ofbemamu nEGODMATHE
HCHONB3YIOT MeToanl Hpabamxenaof rpyIOMpoRKE AAHHEIX. B raknx
CAy9aAfX BAPHARTON H3MEPeHMHA SRIAETCH HEe OXHO THCJIO, & UALRO-
BOX IpPOMEXYTOK.

Hanpmmep, B mameperuu () Bcex paGoTEmKOB mpegnpuaTas
MOMKHO PASAETIHTE HA TPH PpynObl, Bo-IepBHIX, 9TO T€, KTO JKHBET
Gansxo or paborsl. OHA TparaT Ha jJopory 10, 20 mam 30 mumyr.

90
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L]

Bo-BrOophIX, 3T0 Te, KTO JKHBET Hegaxero, Hx nyre aanmmMaer ot 40
Jo 60 munyr, Bee ocTanbHule EHUBYT AANEKO M NPOBOAAT B Jopore
fonee yaca. TeM cAMEIM MKl DastRIM DPOMEXKYTOK MEXIY caMoll Ma-
Jeaskoll # camofi Gonpmolf sapramToit HA mpome:xxyTkm 1—3; 4—6;
8—12 (B gecarrax MuAyT). BMecTo ZeCATH NEPBOHAYANBHEIX BADH-
AHT DONYYMACCH BCeTO TPH HOBHE; OAHN3KO, HEAANEKO, OANEKO.

IIlna RaXaore MPOMEKYTKA MOMHO HARTH KONMYECTBO DE3ViLTA-
TOB M3MEDEHHs, NOMARNIAX B STOT HPOMEXYTOK. [lonyYnM KpaTHOC-
T B Tabamny pacnpemesreBERa HOBHIX BADHAHT.

Bapsarma
Cyroa
GmzEo HEIAGKD RAIIEKD
Kpatsocts 17 25 8 50

Paszymseerca, MOMHEO COCTABHTL B Talauns pacnpejcieHAsa gac-
TOT B NPOIEHTHLIX YaCTOT HOBAIX BADHAHT, BoT 4TO MOMYYMTCA,

Bapmazrm
Cymaan.
G HEEAREXY SARCEX
Epar=HOCTH 17 25 8 50
YJacrora, % 34 50 18 100

TIpu Taroili rpyGolt omenke Mu KOe-uTo Vre- 16%
pAM U3 DepPROBAYANLEOH EHGopMamun, Hanpu- AATEKO
Mep, Temeps HEH3BECTHO KOJAHM4ecTBo palorHm- 50%
KOB. IIVTh KOTODHX COCTARNAST HMeRED 60 maayT.

Pty - hd wem
Ho Mm1 wro-To B nprofipern: mEdopManns mo- 34%
ayunna Gosee scHoe H yAoSHOE ANA O6BACHEHNA Gxmako
nnencraanrenme, BoT KAk 910 BRINIATUT, HATDM-
Mep, HA Kpyrosolt nuarpamme (puc. 136). Puc. 136

IIpm rpadmrseckoM npeacrapaIeErr Goanmmx
ofLeMOR HHMQODMANTHN MHOTOYTOJRHENKH DACUDEACTCHAA 3AMOHAIT
ZUCMOZPaMMAGMU, UIH cmoabuamwsnu Juazpaxmexmi. BR mossako-
MHUTECL ¢ HEMH B crapmelt mxoge,

4 YucnoBhie XAPAKTOPHCTHKH JAHHEIN M3MepeHmg. Haxariil ve-
NOBEK, KPOMe CBOMX (hOPMANLHEX NACHOPTHHX A8HHLIX, ofaazaer
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pagoM Apyrux ceolicTs ¥ ravects, Kro-To sywme Beex pemaeT sapga-
9@, KTo-10 GPioHeT, KTO-TO 3aMeUATEeNRHO HTDAET HA PHTApPE H T, II.
OaHako cpaBHUTeNsHO Hebonpuian nacnoprHaa mHpopMamua (PHO,
AaTA POKAEHHA, HOMED B ZATA BRAAYH HACIOPTA) OO3BOLAET OZHO-
SHATHO OHOPelelHTh JeJ0BeKAa, BHACIRTE €r0 CPead APYTRX. ¥ LaH-
BRIX M3MepeHuMl TOME eCTh CEBOETO DOXA Kparkmit macmopT, ¢O-
croamutt ns HaGopa OCHOBHHIX YucA08bix xapakmepucmuk. Ilo-
ACHHN HeROTOpLle M3 HEX HA YXe 3HAKOMOM HAM HpHMepe HaMepe-

mua (H).

Pﬂﬂ‘l‘-‘l‘m'l‘l. \lﬂmm} AAOUIWA LN I arorroras Tnirniy ﬂﬂpHaHTﬂw

HABHBAKT PA3MaxoM Uamepenun, B namepeanu (M) pazMax paseH
120 - 10 = 110 muayran. Ha rpadpuke (cM. puc. 134, 135) aTo giauna
ofnacTH ONpejeNeEAA NEOTOYTOJIBHAKA DACTIPCREKCHENA JAHHBIX BAR
pacnpeaeneand JACTOT.

Ty BapmadTy, KOTOPAA B H3MePeHHMH BCTPETHIACK Ualle APYIHX,
BA3RIBAIOT MOJ0oU usMepernud. Ecau ganHule nsMepenus yxe cofpa-
HH B ABYXCTPOUHYIo TAlMHIYy pacupefieleHud, TO AA8 HAXOMKASHUAA
MOOL CHemyeT:

— BO BTOpoi CTPOKe (KPATHOCTH) BHIGPATE HANGOMLIIEE YHCIO;

— OT HalifleHHOTO YHCJA TIOABATHCA HA KJACTKY Bblllle: DOJIYYeH-
Hoe uncao B OGyzer mopoit.

Ecin gaHAnic MSMEPEHRA NPeACTABNEHE IPapAYecKH B BUAE MHO-
IOYTQILHEKA DacnpefeieHasd, TO MOAS — 10 TOUKSA, B Koropol mao-
CTHTAETCA MAKCHMYM MHBOTOYIOALHMKA pacipefenenud. Hampmmep,
B usMepeRnn (M) moga pasna 50 muayranm — manGoxnimee 4uexo pa-
GorEEKOB (10) MMeHHO TAK OLEHHMBAIOT BPeMA CBOEIO NpPOe3fA.

HauGosee BaxHEO# XADAKTEDHMCTHKOH# YWCIOBOTO DAAA AAHHERIX
aBageTcA cpednee sHavenue (cpeduee apudmemunecioe, WIN MPOCTO
cpednee).

[ﬂu Haxoxdenus cpedHezo sHavenus caedyem: ]
1) npocymmuposamo ece Dannbvie USMEPEHUA;
2) nORAYLEHRYIO CYMMY pazferumv HG KORUHECMEO SAHHWX. J

Hna moacdeTa cpesmero 3@avenns yAoOHO MCIONH30BATH Crpym-
OHPOBARHKIA psA ARAHEKIX, BOT KAK 9TO BRIMIAANT B HaMepenun (H).
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CIDYNnEpoBaEHLI DAT AAHEBIX HIMeDeHKA
L1.4,2,..,2, 3,..,3, 4..,4,5,..,5,6..6, 8,8, 9,9,9,
e N e’

8 L] 8 T 10 8 3

10, 10, 12

HaizeM cpenHee 3HAYEHHE:

1-3+2:6+3-8+4-7+5-10+6-8+8-2+9-3+10-2+12-1 _
50

_3+12+24+28+50+48+16+27+20+12_4’g
= %0 =48
HYT). 3HAYAT, cpegHE: BpeMd POesas A8 ONPOIEHHNX PAGOTHAKOR
cocTasaaer 48 Munyr.

Ecan Tabhpna pacnpejeneHEna 4aACTOT JAHHBX Y:Ke H3BECTHA, TO
cpeflHee SHAYCHHE MOMHO BRITHCIAATH MPAMO mo Helt, CMorpure:

1.8+2.6+8 8+..+12.1_4, 8 5. 6 o 8

0 1 50+£.‘ 50+3 50+..+

et i
ALV LT

1
+12°-5'0—.

Bee apobu B nocaegge#t cymMMe — T0 YACTOTHL BADHAHT, KOTODEIE
CTOAT Oepel] 9TAMH JpolAMHA B KAYeCTBe MHOXATeXAell. S8HaudT, B
TafaNne paclpeRcicHNa JACTCT MOREC ZPOCTC NCPEeMEOXKHTL TasIt
B KayRaoM cronfile H 3aTeM CIOXKHTE BCe HOJYIeHHEIe FPOH3BeleHHNSA.

Bapstasra
123453891012“‘“‘

Yacrora|0,06|0,12|0,16|0,14| 0,2 |0,16/0,040,06|0,04|0,02 1

Mposepaiire: 10,06 +2-0,12+3:0,16+4-0,14 + 5. 0,2 +
+6-0,16+8-0,04+9.0,06 +10-0,04 + 12 - 0,02 = 4,8,
Céoprryrapyen ofmee npaenro,

daz naxomdernus cpednezo 3SRaAVCHUA JANHMX UIMEPEHUR mno:]
1} xamOuo eapuarmy UMHONCUMD HA €e Yacmomy:
L2) CRONMUTRE 80 NORYLEHHLIE RPOussedenus. J

Mu saxoRuAM 3TOT naparpad emre OfHANM KOHKPETHEIM IpHMe-
pPOM H3MepPeHHA, KPATKO HOPTOPHB ANA Hero Bce mary 1)—4) obpa-
Gorkm gaHHEX (CM. c. 183).

T Mopaxoeus, 9 k., % 1 193
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IIpumep 3 Ha pcTynuUTentHOM MHCEMEHHOM SK3AMEHE IO Ma-
TEMATHKE MOMHO NoayInTs: or O g0 10 6ammos. Copor abmTyprenTOB
TNOIYIRIH TAKHE OIEHKH

L

6 7 7 & 9 2 10 & 5 8
7T 8 7T 9 9 2 2 6 6
6 7 8 8 2 8 e 7 5

8 2 6 8 /]
a) CocraruTe oSyl pAT NAWHEIY: YIODATOYNTE B CIPYIIADPORATE
NOJy9YeHHEIE OLESHKH.

6) CocTaruTte Tal/nuu pacopenereHuEs AAHHLIX ¥ PACIpeAeIcHES
9ACTOT.

B) HocTpouTh rpadHxn pacnpefeZeHRA JAHHLIX B PAcTIpeAesIeHAS
9aCTOT.

r) Haitte paaMax, Mony B cpeiHee MaMePeHH.

Peme n ne. a) B oprEnane BosMOSRHN TakHe ouenkn: 0, 1, 2,
3,4,5,6, 7, 8,9, 10. 9ro ofuuill pad darnnx. B KOBKPETHO NpeAI0-
SMEeHAOM H3NCDSHHAHN BCTPETHIRCh TOABKO Tanme ovueaxa: 2, 3, §, 6,
7, 8, 9, 10. 3o pad danxvix, Bee URCIA B HEM — GQPUSHING UIMEpe-
ruf. Haxkonen,

2..,238238238,556..,6,7,..,7,8,..,8, 9,...,9,10 —
— 8 4 5

§ 11

L -]
=]
e |
-]

BTO C2PYRNUPOBAHHLIG PAd OAHRBX,

6) Beero seicTarneno 40 opesok. 3aaunT, 40 — 310 003eM TAHBO-
v paMepennd. ColepeM KDAaTHOCTH Brex POCEMM BAPRAHT B TAOGAHILY;
HOACHHATAEM M BHeCeM B TY e Tal0AMny BCe YaCcTOTHI.

Bapmanrs
2 3 5 6 7 8 9 10

Cyron

Kpatnocts 5 8 2 11 9 4 5 1 40

Yacrora, % | 12,56 | 7,6 5 |27.6)2256] 10 j12,5] 2,6 | 100
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5.

KpaTHOCTB
BAPHAHTHI

Puc. 137

MEBoroyronsa¥E pacRpeRcAcHMA BACTOT

YacToTA

BADHARTES

vh

Puc. 138
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y MHOroyroanMHE pPACHPeacIeRES
qyacror (%)
BAPHAHTH, %
“i
anl
25 4
20+

15 4

[P-Y W,
|
3

1 Z 8 4 5 6 7 8
Puc. 139

B) ITonryvennas TabaAna pacupeneleHuA NOBBOJSET TOCTDPOHTE
TPH MHONOYTOJBHHKA pacupejelieHAA: NAHHEIX, YACTOT M 4acTOT B
npouenrax (pume. 137—138).

Ilo cyulecTBY, DA3NTHYAA B 9THX IpPadHKAX COCTOAT TONBKO B BHI-
Gope egmHMn H3MepeHHA U MacTaba IO OCH OPAMHAT.

r} BepHeMca K NepBOHAYANLEEIM XAaHHHIM. Pasmax naMepenug
pasern 10 — 2 = 8, Moda passa 6 — »Ta OmeHKA BCTPETHJACE WMAIIE
Apyrx. Haxomen, BulaucaInM cpednee snaienue:
2-5+3-3+5-2+6-11+7-9+8-4+9-5+10-1 _

40

=245 _
=<5 6,125. @

§ 20. NPOCTEIME BEPOSTHOCTHBIE
3ALAWM

C HeKOTOPRIME KOMOHHATODHHBIMM BARAYANYN MEL Yie
BeTpeuaseck B § 3 1 18, B ramaolt 13 HAX ME IOACYATHEBAIH KOIHA-
YeCTBO BCEBOSMOMEKHHX KoMOummanuit, KOTOphle TeM HIM HHEIM CIOO-
cofoM MOHO cOCTABHTL, MCXOAA M3 YCMOBHA KOHKperHON sanauw,
Hanpawmep, n3 oadp 1, 6, 9 MOXHO COCTABMTE POBHO IIECTh TPex-
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SHAUHEIX uuces Ges mopropAmmuxca mudgp: 159, 195, 519, 591, 915
7 951. A KaRky J4CTE A3 HHX COCTABRHIOT, HAMPHMED, YHCAA, KPAT-
HHe nata? DHAHo, 9T0 B3 2THX INECTH TACSA TOABKO ABA IACHA Ac*
narca HA nATh: 1956 m 915. 3maunT, uneaa, KpATHHE OATH, COCTAB-
AT 03Ky mpems obmrero YHCHA BCEX COCTARMSHHEBIX THCEN, B TeOPHH
BEPOATHOCTEH NOBOPAT B TON CAYYAe TAK:

1
§ — MO0 SeROSMHOCTD MOZ0, YN0 MPCXIHANHOE YUCRO, COCMAE-

AeHNOe U3 Henosmopswyuxcs yudpp 1, 5 u 9, Oydem xpamno namu.

PaccMoTpHEM eIIe HECKOJNBEKO IPHMEDPOB, CBABAHHEIX ¢ IoaobEOHN
caTyanned.

IMpawmep 1 W3 nadp 1, 5, 9 cryualinum obpasom coCTABIAIOT
TpexX3HAYROE YACTo Oes moproparcmuxca mudp. Kakosa BepodTHOCTE
TOT0, YTO DOMIYIHTCA THCAO;

a) bompmee 500; 6) xpagpaTHHIE KODeHE M3 KOTOPOrO He GoabIne
24; B) KpaATHOE TPEM; I') KPATHOE ZeBATH?

Pemersne.

a) Hs mecTn BosMoOkHEX umcen 159, 195, 519, 591, 915, 951
nepeue ABa uucxa 1569, 195 merpme 500, a mocreAHNe YeTHIpe THC-
aa 519, 591, 015, 951 Soasmre 500. Buaumyt, untaa, Soxemme 500,

COCTABAANIT ABe TPeTH (% = %) obmtero unCHA HCXO/0B H HCKOMAA

2
BEPOATHOCTE PABHA T+
6) Tax xax 242 = 576, 1o xBagpaTHHe KOpPHE M3 uAcen 159, 195,

519 Mennine 24, a KBaAPATHHE KOPHA M3 uncen 591, 915, 951 Gons-
me 24. 3EavYRT, HY'KARE HAM IMCJAA COCTARIAIT HOJOBHHY o0mero
YHCAA ACXOR0B H HUKOMAH BEPOSTHOCTE PABHA %-

B) Cymua nadp xamaoro H3 mectH uncen 1569, 195, 519, 591,
915, 951 pasaa 15, T.e. aennrca Ha 3. IosToMy KAMIOE M3 IIECTH

yHcen xpatHO 3, Tak Kay %= 1, T0o BCKOMAH BEPOATHOCTHL PABHA 1.

r) Cymma nadp Kaxaoro us wacea passa 10, T. e. He geamrTea
Ha 9. IlosTOMY CpeAR STHX NIECTH 4Kcesn BoolIne HeT YHCEN, KPAT-

HEX 9. Tax xar %=0, TO HCKOMAA BEPOATHOCTH paBHA 0.

Orserta) %; 5)—-;-; 8 1;1)0.
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ITpoamanuaupyen peinenve npuMepa 1. B nyEKTe B) oTBeT MOMK-
Ho (sLN10 IOJNYIHTDh, He BHIDHCHIBAA ¥ ZAXCe He MOACYHTEHIBAA BCe BO3-
MOMKHEC TDeX3HAYHEE yAcaa u3 uadp 1, 5, 9. IIpocTo npu nepecra-
HOBKAX mudp ux cymmMa 15 He MeEAeTCA, T. @. Bee TACAS OYyAYT KPaTHEI
TpeM, 3Aeck ME HMeeM Ae0 ¢ JocmoseprbiM cofvimuen, Qo nponsoli-
Aet npn anéoM cnocolfe COCTABIEHAA TPEXdHAYHOTO YHCaa M3 madp 1,
5, 9 es nopropaomuxca mrdp. B nyHKTe I) HARAKOE U3 YHCEN, KOTO-
phie BoolIIe MOJKHO COCTABHTE B3 IM(p 1, 5, 9, Be gennTeda Ha 9. 3necs
MBI BCTPETHINCE C HEBOIMONHWM cobbimuesm. OBO HUKOrZA He Tpo-
uzofifier mp¥ COCTABACHYA TpeXsHAYHOrO umcaa m3 uadp 1, 5, 9 Ges
noeropeHnil. B OYHKTAX a) B §) AETepecywIiHe HAC CODBITHA MOIMIHA
KAK mpoma3ofiTH, TAK M He mpomsodTH NpH caydaliHoM cocTaBIeHHH
TpeXaHATHOro uucaa. Taxkne coGHITHA HASHBAIOT CAYYailHNMU.

IpocTefimuit », HagepBoe, Hanlo/ee A3BeCTHHIL MOTOMHHAK CAy-
qafignx colerruli — 510 Arpa «OpiadHKA»: MOHeTKY NMOAODACHIBAIOT
H CMOTDAT, KAKaAd N3 e CTOPOH, «Opefs RNH «DEIUKas, BEIAAET.

OCparure BHUMAHNE HA HOBLIE TepMAHE: clyvaldnoe cobmrrie,
JocToRepROE colhiTHe, HOBOBMOMHOe coORITHE,

Il p n me p 2. MoBery mogGpactiBawT Tpa pasa. KaxoBa BeposT-
HOCTB TOTO, YTO!

a) Bce TPH pasa BHOAAET spelkasr; §) «pellkas BEINAJET B ABA
pasa daime, YeM <Opeis; B) <Opesis BRINAMET B TPH DA3A dame, YeM
<«pelKas; r) IpH NepBOM H TPeTHEM NMOAGPACHIBAHMA DPe3yAbTATH
SyayT pasnAYHEI?

P e m e 5 1 e. CocTaBANM gepeso BapHanToB, o8osEaune O — BHI-
OafcHHE «OopJas H P — BLimafleHHe «penikus (puc, 140). ME BEAHM,
YTO BCEl'C BOSMORHBL BOCemb Hexogos: 000, O0P, OPOQ, OPP, P0OO,
POP, PPO, PPP.

a) «Pemkas BRIIANET TPM DASA TOARKO B OAHOM M3 BOCEMHW MCXO-

OB, BHAYUAT, HCKOMAS BeDOATHOCTE PARHA % = 0,125.
0) s BocEMA BOSMOKHHX HCXOZOB TOJBKO B TPEX CAydadx epei-
Kae BLIIGAET B ABA pasa yame, deM sopeie: PPO, POP, PPO. 3ua-

TrT, DOEOMAS BODOSTEOLTE oA E = 0,875,

Asaa ) A A A

B) Ecom «pemkas BENANA XOTE Pags, TO «OpAOBs JOAMHO OEITL He
metee Tpex. Ho rorna moabpackeanuft 6yer BEKAK He MeHbIIe YeTH -
Pex, a BX N0 YCAOBMIO BCETO TPH, SHAYMT, YKA3aHHOe COUEITHE HEBO3-
MOXXHO. Bopouem, MoxHO mpocTo mepeSpaTh Bece BoCeMb BOIMOXKHEIX
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/°</\>’\
/\ /\ /\r T/\

000 ()OP OPD DPP POO POP PPO pPP
Beero: 8 ucxomons
Pwc. 140

HCXOAOB B YBHAETH, YTC HE OfMH B3 HEX He mogxoamr. Hrax, acxo-
Mad BepoATHOCTD pasua 0,

r) Ha BocbM¥ BOSMOKHHIX HCXOA0B MHTEpecymllee Hat coObiTHe
npousolifier B CHSXYIOINEX Yerhipex cayvasax: 00P, OPP, POO, PPO.

8Ha9AT, ACKOMAA BEeDOATHOCTL DABHA % = 0,5.

Orpem a)0,1256; 6)0,375; B)0; 1) 0,5,

B pealbHOCTH MOHETKA MOJKET He TONBKO YHOACTE HA OAHY B3 CBO-
UX CTOPOH, HO M ODHCAOHETLCA K CTeHe HIM HOEKe CTVAA, MOMKer
VEATHTECA JOBOJIEHO JANCKO, ee MOMET KTO-TO CXBATHTE B YOSKATH
E T. . flcHO, 9TO DpH NofcueTAX BEPOATHOCTEN HEeBOIMOIKHO HJIH, IO
xpafideit mepe, 0ueHB CAQEEC yIecTE noaobEbIe cryuan. Iloeromy aa-
PaHee AOPOBPAPHBAIOTCA, UTO NPH NOADDACRBAHME MOHETKY BOIMOMK-
HH TOJBKO AB& CAYUARA — <Opefe MIHM spelIkas H, Golee TOro, UTO
ITH CYIAH PREHOBOIMONHL Mesray cobolt, D10 osuauaer, aro Bepo-
ATHOCTh BRINANEHHA «ODIA» NIPH OXHOM DoAGPACLIBAEWY MOHeTHM 28~

. 1
panee upec?no.sazaemcs pasnou E H COOTBETCTYBEHHO BEDOATHOCTE
BHIOAJEHAS ¢DEIIKM» IPH ONHOM HOAODACHIBAHAM MOHETHKHM TAKEKE
npednorgsacmon plenol E . loxyuscres meman ¢WpearsLEads Mo-

HeTK4, WM OpocTeBlIas 6epoAmHOCMNGA M0JeAb DeaBHEIX MOHET,
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5. || INEMEHTHI KOMBMHATOPVYKM, CTATUCTKM W TEOPWIM BEPOSTHOCTEW

Pasauuse ryr OpHMEDHO TaKoe e, KAK MeXIYy DeaNbHEIM ABTOMO-
Gmjen u Mammpoill, KoTopad, RaK 10 OLHBAET B TEKCTOBLIX 3aJa4aX,
HA NPOTAKEHUE HECKOABKHEX YacoB eAeT ¢ IOCTOAHHON CKOPOCTRIO 110
npamonunefinzoMy mocce, Koneumno e, B npaMoaudgefinocts mocce,
H PABHOMEDHOCTh ABMIKEHMA, A H IPOCTO <DACCTOAHME MEXAY OIVHE-
rana A H B» — 5T0 TOABKO MOdeAu pealbBHIX cuTvanuit. Oamako
AAA mpocTelimmux, NepBoHAYANLHEIX NOACUETOB KAK PA3 B HyKHE Npo-
CTEle MOAEIM: BeAk ASUCTBOBATL B CAOKHEIY MOAEAAX HAMHOIO CJIOM-
Heel

Hrax, Mu OpuxoauM ¥ CAeAyIOmeMy cnocoly moacders Bepoar-
HoCTH caydalinoro cofuTEA, Clenuapu0 NOAYEPKHON, YTO 3T0T CHO-
€00 OpAMEHUM MOALKO B TeX CAYIAAX, KOTAS BCE HCXOXH HEKOTO-
pPOTO HMCHOBEITAHMA DPEGHOBOIMONCIHYL.

[ KAACCHYECKAA BEPOSTHOCTHAA CXEMA )
Hdas Haxowderun sepoamnocmu cayealinozo cobumus A npu npo-
8edenun HEKOMOPOLO UCTBIMAKUA caedyem;

1} nattmu sucao N scex 803M0MCHBIX 1eX00068 OANHO20 UCRMMARUS!
2) rpaiimu xoaunecmao N(4) mex ucxodog ucnuumanus, 8 xome-
puix nacmynaem cobvimue A}

-

(4)
N OMO u Oydem DAasHO eepoamuocmu

3) nattmu vwacmuoe

colvl
L mug A, y

TipuHATO BepCArHOCTD cOOBIHA 4 00osHaAqaT: P(A}) (00bACHeHHe
raxoro ofo3HAYCHHA OYeHEB NPOCTOe: ¢BEPOATHOCTHs No-bpaHmys-
cka — probabilité, no-amrmuticka «pepoarao» ~— probably). Hrax,

HoBoARBO wacro oyartat 1} —3) npuregensoli wuaccmueckoll Be-
poATHCOCTHOY CXeME ERIpAsKAIOT opHolt noponsEO aaumHOM dpasoif,

ENACCAIYECEOE ONTPEARIERHE BEPOSTHOCTH
Beposmuocmuio cofoemus A npu nposedenuy HeKOMOpPOZ0 UCHbI-
MAKUR HA3LIGAIOM OMHOUIEHUE YUCAE mex ucxodos, 8 peayavma-
me xomopuix Hacmynaem cobumue A, X ofuieny wucay ascex (paa-
HOBOZMON KX Mexcdy colol) ucxofoe amozo ucnuMaHuA. J
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B wacTrHOCTH, ecal cOGHITHe 4 HegO3MONHO NPH NPOBEXCHUH

N(4)
N

= -1% = 0. Haoporus, docmoeepHocmb COORITHA A IPHM ODOBeASHHAH

HEROTOPOTO HCOHTAHHA 03HA4YAeT, TT0 N{A) = N B nosromy P{4) =

HEKOTOpOro MCOHTAHEA, TOo N(4) = 0 1 nosrony P(A4) =

IIpamep 3. B npasanseoM gesateyropeiake ABCDEFGKL
cayualimsiv o6pasoM OpoBenH OAHY Ha auaromameit. Kaxoea mepoar-
HOCTE TOIQ, 4TO:

a) no obe CTOPOHAEL OT Hee JEKHMT ONMHAKOBOS KOJHYECTB) Bep-
IO¥H;

6) no ogay cropory or aumarosanm Gymer semars Gomee apyx Bep-
TIIHH;

B) JUATOHA/IE OTPESAeT OT ACRATHYIOALEARA KAKOH-TO TDeYTONLENR;

r) O09H B3 KOHOOB ZHATOHAMN — BepmaHA L unu sepmmma D?

Pemernnme,

a) Bre moboit mzaronans AeyRAT ceMb pepmwH. Tak Kax 7 — gmcio
HEeJeTHOE, TO N0 00e CTOPOHET He MOMKET JIeHATH OAHHAKOBOE KOIHIECTBO
BepIIMH, SHAYHET, ITC BEBOIMQYKHOS CODLITEES, eT0 BePOATHOCTE pasHA (),

6) Ecau mo ogEY CTOPOHY OT AMATOHAIHA JCKHT 0JHA BEPUINHA, TO
IIo APYTYI0 CTOPOHY — IIECTh BEPINHH; eCJIH 110 OZHY CTOPOHY JesKaT
JBe BeDHIEHE, TO IO APYTYH) CTOPOHY — NAThH BepmmuH (pac. 141a);
HBAKOHEN, ECAH IO OXHY CTOPCHY JEKAT TPH BEPIIAHEL, TO X0 APYTYI0 —
yerupe (puc. 1416). Mu smaam, aTo B a0Gom cayaae xorsa 6 ¢
oaEOA CTOPOHE! AexuT 6ojee ABYX BepIUIMH. JHAYHT, MB MMEEM ALN0
¢ ACCTOBEPHEIM COOLITHEM, €T'0 BEPOATHOCTE pasma 1.

B B
A c A C
L D L D
K E K E
a F G F
e, 1d4a Puc. 1446
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Puc. 142 Puc. 143

E) CHaqANA NPHAETCA NOCIATATE KOAEYecTBO N BeeX AHATCHANEH,
Harxano azearoEans MOMKHO BEHOPATE SEBATEIO cocofaMu, a ROHem —
OIECTRI) COOcODAMM; EeAh DPH Y3eé BRIODAHEOM HaYaNe AMATOHAND
He/lb3dA OPOBECTH HHE B 9Ty BepOIERY, HH B ABe COCefHMe BePIIMHEL
IIo npasnay ynmoxenns noxyuserca 9 «+ 8 = 54 auaronanu. Ho
OpHA TAKOM HOACYeTe KUKAYH AHATCHAJNE, HAOpAMep DG, MEI mocym-
TANW ABAMNLAR KAK AHATOHAAL ¢ HAUANOM B D M XOHNOM B (7 H K&K
AMATOHANEL ¢ HayandoM B G ¥ xoHNOM B D (cM. puc. 141a). 3uaumr,
BCErQ nposeaeHo N = b4 ; Z = ZT AmaroHanei.

JuaroRa M, CTpEsalonide TPeyroasHmky, — 910 AC, BD, CE, DF,
EG, FK, GL, KA, BL (prc, 142). Hx peBaTE — CTONBKO, CROJLKO Bep-
mmH Yy ABCDEFGKL, 3saunaT, BCKOMAA BepPOATHOCTD pamm2—7-—%

r) B3 repuraanr D MoAHO ODpoRecTH MeCTh Auarcraieiil (puc. 143)
z n3 pepmanw L — cromsrs sme. IMonyqaercn 12 zmarcsenci, ne
OZHY H3 HAX, & HMEHHO REATORAAL LD, Mu mocumramma asaxne. Oc-
TANbHEE AECATH AMATOHANEH NOCYATAHEI OO OZHOMY pasy. SHAYHAT,

mETEpecYIOUIeS Hae cofitrrme npomzofiner = 11 oryusgy, 8 noromy Ho-
KOMasa BePOATHOCTH PABHA %

COrBex;aj0; 6)1; B) E; F) %

Hmeerca TecHad CBAIb MEKIY, C OAROH CTOPOHEI, MHOMECTBAME,
HX 2/eMCHTAMH H DOAMEOJKECTBAMA H, ¢ APyrofi CTOPOHEI, BCIOLITA-
EFMAMA (OORTAMHE, SKCHePHMEHTAMH), HX MCXOAAMH B CAydalHuIMmu
COOBITHAMM,

JooycruM, BHl KakUM-T0 00pasoM nepeuucamad sce N Boamon-
REX MCXOZOB HEKOTOPOTO ONETA, HCOKITAHRAA, SKCOEPHMEHTA, MosKer

6LiTh, BH BEIDACAJE 9TH HCXOAW B OAHY CTPOKY, 9€pe3 3aUATYIO.
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Beero: N mexopon

W3 mEux: N(A) GRaronpHASTCTEYIOEHAX
colrITII0 A

Puc. 1442 Puc. 1446

MoskeT OLITE, EAKAEI MCXOA SANKCANH B OTAGILHYK CTPORY H CTpO-
K# npoHyMepesanu, Moer ObiTh, BBl H300DAZHIHN KCXO/Mh KAKMMMU®
TO SHAYKAME HA JucTe GyMard HAH PasMeCTHAH HX N0 PASHEIMH
ApJIHYKAME HA KPAHe MOHHTOPA H T. . Baxkso, wro Bee N gcxofos
BEL PACCMOTPE/H KAK Ef@HOe MEOMKeCTEO, DEPETaCIeERoe Nos/eMeH-
THO (puc. 144a),

Teneps EaC MHTEPECYET EePOATHOCTE HEKOTOPOTO Caydaitmore co-
OmTua 4, Roropoe MOKEr OPOAOHTH, & MOMer B #e opodsoiiteg B
PesyIbTATe ONPOBEIERHOTO ACIEITAHEA. DTO O3HAYAET, ITO COOEITHE A
OPOHCXCABT IIDH HACTYIJICHMH MOXbKO MEKONOPWX H3 BCeX BOIMOYK-
Aanx N nexopos. OraeTan ux (gpesgouxu Ha pue. 1446). Torne B na-
IIeM CIIRCKEe BCeX HCXOAOB BOJHEEAET HEKOTOpPOe HOAMHOMKECTBO, CO-
croamee B3 N(A) saeMeHTOB.

Moryuasrog, wro coyuniizpe cofsrrme 4 — 2ro npocTe mopmas-
MeCTBO MHOMKECTBA BCeX HCXOHOB, & BEPOATHOCTDL COORITHA A — »T0
JONA HCXOHOB, OAGZONPUAMCMEYOUWUX A, CDERY MROMeCTBA, Boex N

BOAMOMCHENY HCXOACE. B UACTHOCTH, BEPOSTHOOTE HANIOND OTAGNLHOTO
HBCX0Aa PABHA -;;-, T. €. Bte OHE PABHOBEPOSTHEL.
B sumenpuBeleRHOI TAONAEe ML MOKASEIBAEM CBAJL MEMAY TeD-
MHHAMF TEOPHHM BepPOATHOCTEH M TeOPHH MHOMKECTB.
Hcnurragse ¢ N sexoxams MuomecTao 3 N saeMenToR
OraeasHilil McxoA HCONTAHAA DlEMEHT MHOXKECTEA
Cayuaiinoe colitrrie TTogmmEoseCTBO

HeposMoxuoe coGurTie

Iycrue moaMHVAECTBO

JocToRepHOE COGEITAE

TomanoxecTso, CORNARAIITEE

CO BCEM MHOMECTROM

BepoaTHOCTE coORTRR

JoJI aNeMeRTOE HOOMHOMECTBA
Cpefin BCBX BJIGMEHTOR MHOMKEeCTEA
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0O6a croxboa B 9Toil TabGnANe MOryT OHITE HPOAOJMEHEl! HOBBIX
NoHATHil B B TeOPHH BePOATHOCTeH, X B TEODHH MHEOMECTB XBATAET,
Kak ops 3T0M ¢IepexoANThY IO CTPOYRAM — BechbMa CJOKHEINAL BO-
npoc. M orpagdauMes TONbKO HefOALIANM IPOABMKeHNEeM H HATHEM,
Kax oODRIYHO, ¢ IpMMeDa,

IIpamep 4. 17 Touex u3 50 noxkpamenw B cHHEMl IBer,
a 13 Toser H3 OCTABIZHXCA TMOKPAIDEHN B CPamKesmili mser. Kanosa
BEPOATHOCTE TOTO, YTO CAYSANHEIM o0pasoM EHIGDAHEAR TOTRA ORAMET-
ca: a) cureil; 6) He opaHyKepoil; B) OKpaIIeHHEOH; I) HeORpALIeHHOH ?
Pemegme.
N(cunue mouxu)
N

- - E -
a) P =5 0,34,

6) P = Nine opam;m mouxa )} - 505;13 = 0,74.

N{cunas uru OPAHINCE8AR MOYKE) 17 4 13
N 50

_50-(17+13) _
0 0,4.

B)P =

0,6.

ry P @

Cobnitne B HASWBAKT IMPOTHBOIOMOMSHEIM CO-
6prTiio A, ecad cobuiTve B HPOMCXOAET TOT/IA M TOJBKO TOrAA, KOTAA
He NPONCXOART cobirHe A; obosmauenue; B = A. Cofurua A u B ma-
SHEBAIT HECOBMECTHEIMH, €CJIM OHE He MOTYT DPOHCXOEHTL OAHOBDe-
MEeHHO.

Heconmecrane cofiuiTug HaobDamanTes HeOeDeCeKANITAMHCH
IOAMHEOMECTBAME MHOJKECTBA BCEX MCXOJ0B MCOLITAHMA (pme. 145).

A A -

Puc. 145
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5. 3NEMEHTE! KOMEMHATOPMM, CTATMCTMM M TEOPMM BEPOATHOCTEN

Tunauarit OpuMep HECOBMECTHRIX COOHITHI: Aioloe cobriTHe A 1
OpOTHEOMONOKHO® COOHTHE A.
JorazaTeapcTB0 cnepyiomefl TeopeMul, No CymecTey, MOBTODAEST
peIlcHHEe IMpAMepa 4E8).
Ecau cobwmus A u B nHecosmecmuvi, mo seposm-
Teopema 1 HOCMb MO2O, ¥MO Hacmynum uau A, uau B, paena

Pi4) + P{(B).
Hoxasarenccrpo. OGosnatem Oyxsoii C HETEpecylOmee HAC COOLI-

mxe, Oofirrrue O maprynaer TOTgA ¥ TONERD TONAA, KOPEA TDOBOXOAHAT

xoma Out odno us coduimuii A uau B. Tar Rax A 1 B HecOBMeCTHEI, TO
N(C) = N(A) + N(B). Pazaenunm ofe YaCTH 2TOTO DABEHCTEA NOUWNEHHO

Ha N — udono BOSY BOSMOWHEIX HOXONOR uenmrrawua. Tlompama:
_N(©) _ N(4)+ NB) _ N(4) _ N(B) _
PC) = ¥ = N ==t = P&+ PB).

TeopeMa ZOKASAHA.

Jxa Toro arobnl TeopeMy 1 3amBCATH ¢ HCIIONL3OBAHAEM (HOPMYII,
HYKHO KAK-TO HAIBATE H O00RHAYATE cobLrime, cOCTOAmEe B HACTVIX-
nedun xora 6m omporo B3 AByX aauntix coburriil A m B. Taxoe co-
6rTHE HASMBAWT cymmoill coduralk A v B n obosaauaior A + B. IIpn
IENeBOAE COEDATEE CIOMKEHHAS CAYIANHEIX colmrrmii Ha ASMK TeoDHEER
MHOMXeCTB IIOIYYASTCA onepanns o0reAHHeHHH MHOMKECTB: COOTHOIIIe-
HEe x ¢ A U B #ak pas B 03HAYALT, UITO AAH X € A, mnm x € B,

Hrax, Bor Kparras (hoDMYIADOBKA TEODEMEI 1:

(Ec.uu A u B necoemecmnvi, mo P(A + B) = P(A) + P(B). )

Ans naxomdenus sepoamrocmiu RPOMUGONORONK-
Teopema 2 H020 cobwmus caedyem us eGunuyv evivecms ee-
POAMEOCMY caxo020 cofmwmus: P(A) = 1 - P(4).

Hoxaaarenecrro. Coburne A + A aocrosepro: npnmogouncxone

BEOTEITATHS npoucxoga? aabo cofitrmue A wmfin cofirmae A, RmaunT,

P(A + A) = 1. Coburee A u nporusomoicxkHOe coburree A Heco-
BMecTHEL. 3Haumy, P(A + A)=P(4) + P(A). Tlosromy 1 = P4 + A) =
=PA) +P(A) m P(A) =1 - P(4).

TeopemMa JOKA3aHA.
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HoBonsno wacTo yAcSHO HCOOAB3OBATE ¥ CHUMMETDHYHYIO (hopuMy-
ay P(4) = 1 - P(A). 910 GuBaer B Tex ciIyIadx, KOras HOCIATATH
BEPOATHOCTE HPOTHBONOAQHOIQ cobEITRA npome, WeM HANTH Bepo-
ATHOCTE caMoro cofuTra. Trnuunoill ceryanuell apamorca cobRTHA,
onucaENe KOTOPHX HCHOoas3yer 00opoT «xora Oul oamu pas» wau ana-
JIOTHUHLIA eMy.

Npumep 5. Kanora BeposTHOCT: TOTO, W) OPH FpeX mOLAENd
EATENLHLIX OpocaHyAax MTpaJBHOIO KyOMKA Xora GH OoAWH pas BHIA-
amer 67

Peme nmxe IIpE ogpoM Opocamnru KYOHKA PABHOBOZMOMKHEI
pumagennd 1, 2, 3, 4, 6 nam 6 ouxos. IIpE BTOpOM OpOCaHEM, BHe
SaBACHMOCTH OT HCXO0AA MpeaHAYIero GpocaHmnsA, BOIMOKHEL Té IKe
pe3yneTaTel. Jlng rpex (pocaHuil no mpaBMNY YMHOMKEHMA HOAYIAEM,
TT0 Beer'? RO3MOKHO N =6 ¢ 6 - 6 = 216 mexonos. Obozmaumm Syrsoil A4
HHTEpecyloinee Hac co0nMTHE, T. €. BHNIAgZeHNe XOoTa Obl ogHol mecTep-
Ky, B ueM Jxe COCTORT OPOTHBONOMOAHOE cobmirHe A ? OHO 03HauserT,
470 IWeCTepKA BEOOOINe He BHIIAJET B B [ePBHI, HA BO BTOpOi, BN B
Tpetaii pas. Ho Toraa sce TnH pasa HA KyOuKe BHIDAACT OJHA H3 NATH
oudp 1, 2, 3, 4 nan 5. [IpuMeRrM elfe pas NPABUNIO YNHOKEHAA H

Haiizem, aro N(A)=5 - 5 « 5 = 125, 3naunr, P(Z) = 125 = 0,5787

216
nPA)=1-P(A)~0,4213. @&

M5 NO3HAKOMMNIMCH ¢ BePOATHOCTHRIMM 3AZAUAMM, B KOTODBHIX
MHOHECTBO HCXOA0B MOKHO TeM HBIH HHHM COOCOGOM DOACIHTATE,
JApyremMm cnoBaMe, MEHOKECTBO N BeeX BOSMONRHHX HCXOHOEB KOHEUHO.
Ho BeTpeunloTcs HCOHTAHRA I ¢ SeCKOREUHbYM MHOKSCTEOM HCXOAOB,
K BMM KaaccHYeCKAR BePOATHOCTHAHA CXeMA Yiie HeIPHEMeHHMA.
Pacemorpam npumep.

Opumep 6. Coryualinnim o06pasom BRIOBDAIOT ONHO U3 pelle-
BErli EepaBeHCTBA |« ~ 1| < 3. Kaxosa BEpPOATHOCTE TOr'O, YTO OHO
OKAMKETCA ¥ pPelIeHHMeM HEDAPEHCTBA |x - 2| = 87

P e m e u u e. PasyMeerca, clleayer A1A Hauaia pemuTh 06a He-

ABEHCTBA, BCIOMEMM re0METPHYeCHHY CMBICT MOZYAA PA3ZHOCTH
a-bl — om0 paccToAHEe MY TOMKaMH ¢ B b ueaoB0l mpamoi,
TlosroMy BepaBeHCTRO |x - 1] < 8 oamauaer, wro pACCTOAHHAE MEXKAY
TOUKaM® ¥ ® 1 He Goabme 8, 3mauny, [-2; 4] — pelllenne STOro He-
paBeHcTBA. OTMETHM STOT OTPe30K ANuHOHN 6 mrpHxoekol (paC, 140a).
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5. || SNEMEHTH! KOMBMHATOPVMM, CTATUCTIAOA M TEOPI1 BEPOSITHOCTEN

s e a2 L e e e s o
-2 0 4 x -1 0 5 x
Puc. 146a Pic. 1466
ANB
—_—
-2 -1 0 4 *
Puc. 1468

Bropoe Bepaserctso |x — 2| > 8 osmauaer, uro paccroanme Mex-
AY TouraME X B 2 He mensme 3, 3wauwmr, (—o0; -1] U [5; +o0) —
pemeEBe 2TOore HepasBeHeTBa (pme. 14606). OrMer M 9T0 MHOMXKECTBO
Apyrolt mTpuxoskoil, B nepeceuenun monyurTCcAa orpesox [—2; —1]
(prc. 1468).

M= BEAMN, YTO H3 BeeX pemmennil HepaBeACTRBA lx~1] < 3 ronexo
00ny wecmyo ¥acmb COCTABNAIT pellenus Hepasencrsa |x — 2| » 3.

3naunT, HCKOMAA BEDOATROCTL DABHA -;' |

IIprmep 7.I'papruecknit pegarTop, YCTAHOBASHHHH HA KOMIS-
wrepe, cayualino orMeuser oAHY TOURY Ha MOHWTIODE — KEafpare
ABCD co croposoili 12 cu. Kakopa BepoATHOCTE TOIO, TIO 3TA TOUKAS

&) OKaKeTes B BepxXHell IONOERHEe MOHRTODA;

6) oxamerca OZHOBPeMEHHO E HEEHeH H B AeBOM IOJOBHHAX
MOHHUTODS;

B) Oyaer yasneHa OT BepmuAEN D He Gonee vem Ha 11 cm;

T) 6yaeT GMIDKe K HMRHTPY MOHHMTODA, UeM K Bepmmune C?

Pem e H B e. a) IInomans peero MoRATODA DaBsa 144 cx?, Ilio-
mAAE BepXHel NOJOBEHE MOHWTODA pABHA 72 cM®. SHAYAT, ACKOMAA

BepOSATHOCTE DABHA % = 0,5 (pmec. 147a).

6) B 310M caAy4ae PemAKTOP MOJKeT OTMeTHTE JM00yi0 TOYRY H3
neBo#l HuycHe# uvereeprm mommTopa (puc. 1476). HosTomy BepoaT-
HOCTE YEABAHHOTO cobEITHA paBHa 0,Z5.

B) Hapucyen wpyr pagmycom 11 cM ¢ merTpoM B Touke D. B ne-
peceyenun ¢ KpaaparoM ABCD noJyuaMmTes UeTBEpPTH ITOro Kpyra

(puc. 1478), ee NNOMAAL DABHA %u - 113, v, e. 30,25n. Bolacuun,
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5. |I NEMEHTH KOMBUHATOPMII, CTATUCTVM M TEOPMM BEPORTHOCTEW

KAKYIO 9acTh HallgeHHad MAOCIIAAL COCTABAAET OT MICI[AAK BCErO
MOHMTOpA:

80,25n _ 30,25-3,14 _ 94,885
14d 144 i - 0%

Oreomenne naomaaeit Kax pas M AAeT HCKOMYIC BePOATHOCTE.

r) Coepmmas orpezxon opmpny £ ¢ memrpoy O Momzropa, X 2ro-
MY OTpe3KY HOCTPOHM cepeAdHHEY mepneHyMKYAADp m. Ero Tourn
paBHOyAaneHEL oT ToueK C 1 O, a4 TOUKM, Je:KaIIHe BhIMe M, HAXO-
aoreg Grmme p O, uear puenrpy Q. Myers E=m NBC, L=m N CD
M =mn OC, Torga AKCL cocTOBT M3 BCEX TOUEK MOHHMTOpA, KOTO-
pule yAaneHEH or C He ZaNbioe, 4eM OT ODeHTpa MOHETOpA {pme. 147r).

B C B C

%

Puc. 147a Puc. 1476

\x ~

)11 L\m

Puc. 147 Puc. 147¢

tes
(53
to
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5. II SNEMEHTH KOMBMHATOPMKM, CTATUCTHA M TEOPWA BEPOATHOCTEM

Hmeenm: 5D = 1242, KL = %BD {cpeaHAA TMHUA TPEYTOJIBHHKA

BCD)=6+2,MC=1c0=1BD=32. Buawur, S, = LKL - MC=

=3-6J2-3/2 =18
Tax Kax ILIOMAZSL S BCET0 MOHATOPA pPaBHa 144 ¢M?, TO BEPOATHOCTE
Babopa ToukH s AKCL pasua S?n = 'llTi' =0,125,

Ilo ycaoBMIO HaM caeayeT HAalTy BepOATHOCTD colETH, HPOTHBO-
nmoJIoxaoro nonaaanmuio B AKCL. ITo gopmyae P(4) = 1 — P(A) noxy-
YaeM HCKOMYK BepoaTtaocTs: 1 — 0,125 = 0,875,

Qreem: a)0,5; 6)0,25; =B)=0,66; r)0,875.

Chopuynupyem ofmee IPaBHIAO IXT HAXOMKIACHHS IeOMeTDHUe-
CKuX BeposrAocTed. Ecau naowade S(A) dusypei 4 pasdesuniv va
naowade S(X) gueypw X, xomopas yexuxom codepicum uzypy A,
mo ROAYNUMCA BEPOAMHOCMIL MOZ0, YMO MOYKa, cayvalino ewlpan-

Ras u3 Juzypw X, oxaxemcs 6 Quzype A: P = %

ARaNoruuno NOCTYHAIT U ¢ MEHOKECTBAMH HA YHCAOBOR mpamoit,
M ¢ HPOCTPABCTREBHEMY Tenamna. Ho B 3THX CAYUAAX IIIOIAH CJe-

JyeT 3aMEHUTE: NAH HA JMMEY YHMCJOBHIX MHOMECTE, HAH HA O0BeMEl
IPOCTPANCTRONTRIY TN,

§ 21. SKCNEPMMEHTANBHBE [AHHbBIE
M BEPOSTHOCTH COBbITHH

B aaxmounrensHoM naparpade IIABE § ML DACCRAMKEM O CBHIM My
BEPOATHOCTAME caygaiiunix coOprrull (§ 20) ¥ sxcleDHMeHTANLHAIME CTATH-
CTHYeCKEMH FAHHNME (§ 19). HanoMunM, 4T0 cTATHCTHYECKHE SAHHNE, HKAK
OPABINO, IpefcTaBaswT cololl aanEme Kaxoro-anbo KOHKPETHOIO H3Mepe-
HHA, OPOBEACHHOINV 8 PeaRbROCMY, 4 OIPH BHYNCHCHUH BEPOATHOCTeM CIy-
ualiEX cobnTHil ME HMeeM Nemo ¢ Tolt wnH uHON Modervio peassHOCHIU.
Kax e cBasansl Mexny coboll peansaocTs ¥ MoJeas peansnocTa? Hackomrs-
K0 TOYHO HAICH TeopPeTHYeCKHe IPeJCTARNSHAR 0f UKPYIKADMeM MHIpe CooT-
BETCTEYIOT TOMY, 9TO NPOACXOZAT HA IPAKTHEKE?
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s. ll SNEMEHTH KOMBMHATOPUKM, CTATUCTHKI U TEOPHI BEPOSITHOCTEN

PacesMorpuM ROHKpeTHE mpuMed, chasannmii ¢ naufionce MapeCTHRIM
HCTOURHROM CHyTAlHELX cofrrait — noIbpackpaHiieM MOHETKH,

IIpamep 1 HanpakTruecKux 3aEATEAX 0o 00paboTRe AAHHEX HaR-
mer Az 20 IROMEHAKOE nontpocaa nyGneevio momerky 50 paz. moscuwran
KOJAM9eCTEO ¥ BRNAgeHW «0pIas H 38IMHCAI 3TO KOJHYBCTBO B MPOOEHTAX OT
obmero yucaa Gpocaunist. Ilonyvennsie gaursle Sy coSpann B Tabanoy.

N |1|2({3)4|5|6]|7|8]9]|10(11/12]|18]14]|15(16]17(18(19(20

k |24]|27(23|26|28|25{24|25|26122(23123 |22 (2627 (24|28[29|30)21
% [48]54)46)|62(56|50(48|50|b2)|44|46(46|44[52(54 |48146|58|60(|42

Mn pHAHM, 970 BCTPETHAMCE AOCTATOYHO DA3GPOCAHHNE DEBYABTATH: OF
21 po 30, Ecau 4acTOTY NOABJICHHA +0DJAs TEPEESCTH B NPOMONTE, TO IO~
Jyaarch pesyasrarH ot 42 xo 60%. C oot cropoE:a, poero noxpsuna (25)
OT uHCIA Beex GpocaHMit MOAYYHAACH TOMLKO B ABYX cayvuasx. Ho ¢ gpy-
ro# CTODOHH, OTHIOHEHHA OCTANLHMX Pe3yALTATOR OT 25 He Tar Yy n
BeJMKM: caMoe GONBIIOE OTHIOHOHM® PaBHO 5, T.e. cocrasaaer 10% or ob-
mero xoaxuvecTea GpocaBuii MoEeTkH. OGREIHAAM NOXVYEHHEIe DESVALTATE
B Gonee XpynERe rpynnsl. ByseM CUHTATE, 970 cYMMAa PesyasTaToB N1 &
N 2 — 310 opuE pesyarrar maa 100 Gpocammi, cymMsa peayasraros M3 u
MN: 4 — oro BTODOHR peaviaprar Ana 100 Gpocammit u r. m. IToxyynM HOBYVIO
Tabnumy.

M [1-2]|3%-4 |6-6 | 7-8 |9-10 | 11-12|13-14|15~-16|17-18 | 10-20
R |51 |49 | 53 | 49 | 48 46 48 3 62 51

Iepeson B OPOUSETH TYT KOXKHC He JeiaTs: Dojp nospaerne §1 sopaas
npr 100 GpocapEaAX KAK Das K 03HAYAST NOABACEHe <0pvias B 51% cayuaes
or obmero uncxa Gpocanuit, Temepr posno nozosuna or 100 Gpocanu#t Bool-
e He BCTDETILIACH, HO BATG OFKAGHEHRHNA oF oToR MOAOBHAN B NpPOLEHTHOM
H3MEPeHUH YMEeBLIIMINCE H COCTABIAWT yiie He Goxee 4% . ITpogo/mnnm yx-
pynrerne. IlocMoTpANM, uTO BHIAET DA rpynoupoRre no 200 Gpocasmit.

N 1-4 5-8 9-12 13-16 | 17-20
k 100 102 94 99 103
% 50 51 47 49,6 61,5
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5. INEMEHTb) KOMBUHATOPVIKM, CTATUCTMKN M TEOPMM BEPOSATHOCTEN

Mu BEaps, YTO IPH YBeARYCHHEX Koaudectsa Opocanuft MomeTkn gacro-
18 MOABNCHAA «0piar mpRlmmmaercs K DomokERe or 0fimero gncaa Gpoca-
unil, OcolemHO 3T0 3AMETHO, eC/IH DACCMOTDETh BCe NpOBeIeRHLIe GpocaHMH
MOHETKH — ECe NOETODPeHHBSH OFHOTO H TOTO XKe NpocTeliiilero sKCIEpPHMEHTA
co cayvaltarm Bexopom. Beero B mposegeRnsoi 20 + 50 = 1000 Gpocanmil mo-
HETKHA <0pels» NOABAJICA B 498 cayvasx:

100+ 102 + 94 + 99 +1083 =500 + (0 + 2 - 6 — 1 + 3) = 498,

IIpomesTHAN YACTOTA DOARTEHNA «ODAAs, TAKUN olpasos, panna 49,8%,
H OTKJIOHORHE OT NOJOBHHH, T. €. or 50%, cocrapnger rosko 0,2%. (@

Boolme npoBeieHBe SAMeTHOTO YACAA SHeHepAMeHTOE NOKASLIBAPT, YTO
YACTOTA BHNAJEHHA «0DJaAs IpH AocTraTouro Sonbmmon uncke Gpocapnit npax-
THUeCKH HeornmupMa or 0,5, una or 50% . Hanpuumep, 5 GOALIIAHCTDE Yed-
HUKOB N0 ¢TUTUCTUHE WM 0O TEOPHM BEPOATHOCTEN HDHBOXAT DPOGYJIhTIATH
aKcnepuMenTOR dpanrnyaciore yvenoro M. Broddona (XVIII p.) n amrumit-
croro maremarera K. IIapcosa (romen XIX B.). Orm 6pocamm MoHery cooT-
BeTcreenns 4040 m 24 000 pas, 1 <openv Bhimas 2048 ® 12 612 pas. Ecan

NOCYATATD YACTOTY BHIAZNEHHA 40DJAA*, TO NOIYIHTCH 2048 _ 0,50693...

¥ Boddora x 24000 = 0,5005 y ITupcora.

Qrpajenesue, IIpn HeorpAHAYEEHOM YBENHYEHHHN YHACHA HE3RBEHCAMBIX

lIO.BTOpBEHi OAHOTIO H TOO JKe OOLRITA B HEHIMEHHBIX VCROBHAX NPAKTHYECHKH
AOCTOREPHO, YTO YACTOTA IIOEBReHAN QHKCHPOBAHROTO cryualimoro cobwirea

cfinmsasncd ¢ HEROTODIIN NOCTOSHELIM UACTOM, D10 SRISHHe HAZKIRAMT OTA-

THCTHYOCKOR yeTolMHEBOCTEI0, & YEAJAHHOR YACAO — CTATHCTHYSCKON Bepo-
ATHOCTHI0 cOOHTHS,

TlogqepxEeM, YTO INA KAKAOIC KOHKPETHONO YRCJA NOBTOpeHRE omkita
YACTOTA NOABJMEHNS COOLITHA CKODEE BCErs OTANYAECTCA OT BePOATHOCTH CO-
Orrrug. Annenne craTueTruecKoR yorofiaupocTH PADANTHADYET AL, YTO C
VYBe/THIeHNeM YNCHA ORTODEHNE ONBITA BEPOATHOCTE SAMOTHOTO OT/NIMY YA«
CTOTH COSHTHA OT erc BEDOATHOCTH CTPOMHTCH K HYID,

Taxaa ycroliuHBOCTE HMeeT MecTO He TORLKO And Opocamplt MoHeTHH, HO
H A BHITACKUBAHMA KADT, BEINAAEHAS ONDEACACHHOTO UHCAA OYKOD HA HUI-
PANBHHX KYOHEKAX, onpefefeHHdA cpegHeCcyTOYHON TeMiepaTypel H Boobme
aan GonsizuHcTea eaydafinuy cobwiTell. flaneane craTEcTEUecKoR yeroitun-
BOCTH COSIUHACT DEANBHC NPOBOJHMBIG, SMAUPUNECKLe ACINTAHRAS ¢ Teope-
TEYSCHHME MOAeNAMMA 3THX HCONTAHAN,
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5. ll 3MEMEHTHl KOMBMHATOPMHM, CTATUCTIA W TEOPMM BEPOATHOCTEA

IOpamep 2 CraTHCTHYSCKUE HCCTONOBAHEA GOALUIOTO KOANYGCTBA
ANTEPATYDHHY. TEKCTOR TOKAILNM, YTO YACTOTH NOABASHMA Tol mim mmol
6yxBH (HaH npobela MeXEOy CAOBAMH) CTDEMATCA NPH YBRIHYeHHH ofbenma
TeKCTA K HEKOTODEIM ONpefeleHHLIM KoHCTAHTAM. Tabummil, b XOTOPHX co-
Gpansl GYKBEI Toro HIH HEOrO ASHEA H COOTBETCTBYIOIUE KOHCTAHTH, HASK-
BAKOT wacmomusimy madauyomny g3uxa. [IpppegeM Talauny BCTPEUBSMOCTH
GYKR DYCCKOTO AGLIKG (JACTOTH MPHEBEACHH B OPOMERTAX).

Byxaa A|B|BIT|HA|E|XK]3|H|H
Yacrora |62 114188111261 72010,7]1,6]6.2]1,0

I3 F= F ¥ =¥ F ¥ ¥ [ 2 =¥

Byxsa Kla|M|HE|o|m|P|c|TlVy |a
Yacrora 2,8 [3.5 (2,6 [5,3 9,0 (2.3 [4,0 (4,553 (21 ]0,2
Byssa |X (I |9 (m|m|uin |2 |05 ]-
Yactora [0,9 (0,4 [0,4 10,6 {0,3 |1,6 [1,4 {0,8 |0,6 [1,8 |17,5

¥ Xammoro apTOpDA €CTH CBOA WACTOTHAS TAGima HcmoarsosaEHa Gyks,
GIIOB, CEeNMpHYBCKHX JUTePATYPHSIX 050poToB K T. n. Tio #rosf uacToTHOH Tab-
AHLES MOYKHO ONPBAENAT: ABTOPA NPAMEDPHO TAK JKe, KAK H N0 OTIEUATKAM
nansiieB, Bor asa mpumepa u3 mamelf HegasHedt weropuu, o cerogagatmuero
OES He YTHXAIOT CHOpH 00 apTOpeTRe «Tuxoro Honar, Murorme CYHTANT, YTO B
23 roga raxyo rIyOoKyI0 B EOHCTHHY Reanryl xrury M. A, IHoxoxos namu-
CATH MPOCTO He MOT. BHABMTANMCE pAGHEIE APIYMEHTH H DAIHEIe KAHTUTATH
B apTOpH. OcofeHHED KADKANK GBLTH CIODH B MOMEHT NpuUCy EAeHNS eMy Ho-
GeeBcRON mpeNun o aaTeparype (1965). CraTicTudecknl aEaIU3 TeKCTOB
H CIHYeHHe ¢ TeReTaMy, rxe aeropereo M. A. Ilomoxoea He BEREBAND CO-
MHEeHKH, DOATBEPANIN BCE ¥Re PAMOTESY O HOM KAk of MCTHHHOM ABTOPe «Tn-
xoro Homas.

Bropas scropua HOCHT moamtHyeckH#t xapakrtep. B mauane 60-x rogos
+HA Banafier , K&K 10BOPHAHN TOrAA B CCCP, onylnuKosaIu AMTEPATYPHEIE IHo-
A3BEJIeHNH, +OUepHAIITEE MPOTPECCUBREIR XAPAKTED CONHATMCTHISCKON cHe-
TeMEl..». AsTopom ssasiaca A. Tepno, m 3T0 OLUI, BHE BCAKOTO COMHEHHS,
NCORACHMM. B COOTEeTCTBYIOINUX ODTAHAX NDOBEAH CPABHMTEJREBIN AHANNS
OnyGANKOBAHHEIX ¢BPEAHTEABCKHXY TEKCTOB H DEIYALTATH CAHUHAH ¢ HMe-
IDIIENHCH TEKCTAME PAA BPOSMCIKHEIX KAHNUAATOB B 8BTopul. Tax GEUIC ye-
TAHECBNEHO, YTO RACTOAIINM ABTODOM ABIACTCA JUTePATYDPOBEE Anapelt do-
natoBuy Cunaepcxuil, O, b ofImenm-70, B HTOre H He OTHHDENCH, H HA CYAR
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5. |I NEMEHTBI KOMBHHATOPUMKMK, CTATHCTIHIM M TEOPMM BEPOATHOCTEN

B 1966 rogy («Ipomecc CaEascroro K JIanus/as) NOTYYHEI CeMBb J6T HAKASA-
HOA B Konopmu ofimero pekuma. Bor Taxas craTHeTHKa.

IIpuBefeM HpHMED HCHONB3OBAHMA CTATHCTERH BpH pacmudpoRKe 3aK0-
AEPOBAHEEIX TeKCTOB. OOME U3 IIePBEIX MIBOCTHHX CIOcoGOR MIMGPOBKY TOk-
CTOBRIX coobIennil COCTONT B cleayiomeM, Kaxayio GYKBY ambapuTa Ashl-
K3, Ha XKOTOPOM nmEmertca cooligerne, saMensorT kanofi-To apyroét Gyxnolt
aT0rO 3Ke anpapura. Ilomyuaerca nepecrmaroexa Gyks axpasara. Hanpamen:

A|lB|B|r|O|E|B|x|8|H|K|A|M[H|O]|..| &
A|bI|E|lX|8|M|@|Wioil0O|{P|T|C|Y|IX A

Torga croBocOYETAHME <MILIAA MaMas mocne mudhpoBRE Oyaer Buraa-
NeTh TAK: ¢CHOTAA cgcds. AApecaT INCHAHKA, ¥ KOTOPOrG ecTh Talaana mepe-
cTaEoB RA GyHE, (ed TPYFa cMoeT NpoBecTd ofpaTHEI NepeBoR 3arafaa o
CNOBA <TUDKIPA», Ecan de mocnaHue mepexBavdeHo), s MAdposadnEbIl Koz
HEeHZBECTeH, TO ODH paciuEdpOBKEe MOMLET NOMOYL CTATHACTHEA. JONycTHM,
ATG TeKCT BOCIARERA BocTargune Soanmmott. Hanpusep, SRGaO cTpauamn: Ha-
mERonACHOTO Texcra. Hoxyaurca 30—40 crpover no 80—T0 Gyxe, T.e.
Beero oxono 2000 «mudposarBeIXs Gyxe, CocTABHM U9 HUX YACTOTHYIO Tab-
JPDy BOTHSTACMOCTIN B TOHOTS OBKM U ¢pasuny oo o Tafinunedt aerpeuwa-
eMOCTH ¢HacTOSEX» OyKB pyccroro ambapurta (¢M, Brime). Ecou nns ma-
xofi-ro GyxBuI, craxem ara U, nopcunrannan wacrora npessicHT 9%, To ¢
saneTHOR Ronell yReDOHHOCTH MOMHEO VTBEDEAATE, 4TO drofk GyrBolt aarmud-
poeaEa Gyksa O HepBOHAYAALHOTO TexcTA. Ecam e 4acTora GYKBEI, CRAMEM
M, B wmdponKe oKasasacs papHolt npumepuo 7%, T0 cropee Beero aTo muhp
Gyxnm E. Konedro, T&K DOAYYHTCH TOALKO NPHOMHGHTeNHHAA DPacOIWpPOB-
KA, NOTOMY UTO, CRaxken, Syxest A n H pym 1T 5 Y Hepasmuqauss!l o YacTOTe
BerpeqasnocTi. Ho noroM Momu0 6yeT YYeCTh I'PANMMATHYRY DYCCKOTO Hohl-
Ka, Tabnunsl BOTPeYaeMOCTHE He TOABRO GyKB, Ho u yeToMtunBhix coderamuit
6yxs (CT, IIPO), cotoal, iupeanorn, o6mnll cMECT NoCKAHHA B T. I, M B HTO~
re ycmemno pacmmahporars aMelomuilica Texer,

Taxolt crarucruvecknit Meron paloraer B npu aamene Gyxs andasura
NPOBBBONLEEIMP SHAYKAMHE, HAIPAMEp:

A|lB] B lr|n|le || x|l3|..|la
W/!| { |mpoGen| ' Q@ |2 | ; | ® | @ §

fpnenne cTaTucTHYeCKO# yeTofiumMROCTH NMOSBOMAeT HPULAASHTENBHO
OOGHEBATD BEPOATHOCTHE coSHITHE faske B TeX cnydyadax, KOTaa 9TH BePOSATHO-
CTE MH 3apaHee He SHaeM, [leficTBHTeNnHO, IYCTh TpebyeTca HalTE HAR
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5. II 3NEMEHTH) KOMBMHATOPMKM, CTATMCTIKM M TEOPMM BEPOATHOCTEN

OHEHHTE BOPOSTHOCTE COOMTHA A DPE MPOBENEHHNH HEKOTODOTC HCHEITAHAS.
Byaem npoBoanTh He3aBHCHMEE NOBTOPEHHS 3TOTO HCIHTAHMS B HeH3MeH-
HBIX yenoBEaX, OTMETHM Te H3 MOETODEHHN, B KOTOPHX HACTYIIAIO HHTEpe-
cylomee Hae cobTHe A, H NOJCSHTASM HACTOTY HACTYILNeHHMS cobhrria A,

CrarHcTHIeCKAd YOroiMHBOCTs OSHAYAST, UTO ODH Npopeenuy Goanimo-
I'0 YHCHIA DOBTODPHHEN HCNBITAHMA NONCUATAHHAS YACTOTA HPAKTHUECKH CO-
BOAJET ¢ HEMBBECTHON HAM BePOATHOCTHX) HACTYINEBHA cobrrrua A. BHawuuT,
HalizenEan yacroTa IpuGAMANTE BHO DABRA BepoaTHOCTH coburrus A. Creny-
€T TOIBKO TOYHC HOHHMMATDL, WT0 YACTOTY HACTYILIEHHS ME! BOACYMTHIBAEM
ANA PeaRsHLLX CODBITEN, & BEROATHOCTE — AAA MeopemurecKkols xoderu orux
coOerruii.

IDprmep 3. Kaxpull nz gecaru mrpoxoB 50 pas moapas mMoETODII
OEECEpeMonmIe Spocanma mpex HrparsmIrv Eocved payrpuEone ma X I0g-
CYMTAN KOJHUecTBO & Tex Gpocamuil, B KOTOPHIX He Bbimaia mecrepka. Ilo-
JYUHIUCE TAKHe DESYJILTATHL

N 1 2 3 4 b 6 7 8 9 |10

E 28 (82 | 24 |80 | 31 )25 | 20 | 20 | 27 | 28

a) CocraBETE TAfmUMY TacTOT (B NPONEHTAX) HOBENIANEHIS ISCTEPRY AT
EaEI0r0 HrpoKa.

6) CocTaBuTh TAONHIY Y8CTOT (B OPONESHTAX) HeEHMIATEHHUS MIECTePKH LA
pesyasraros mrporos 1—2, 3—4, ..., 8—10.

p) Kaxopa gacrora g mecreprm xug poex SO0 pposerommery
Spocanuit?

r} Hafity BepoATHOCTH: HeBRIDAACHUSA IIeCTEPKH HpH GPOCAHUH Tpex HI-
paaeHbix Roorel.
Pemenue,

Ve [1 ]2

- .

[+-]
[
tn
[+
-3
Co
o
L
o

k 28 | 32|24 | 30 | 31 | 25 (29 | 290 | 27 | 28
% |66 |64 | 48 | 60 | 62 1 50 | BB | 68 | 54 | 56

O » |1-2 | 8-4| 5-6 | 7-8 | 9-10
% | 60 | 54 | 66 | 58 | &5

214



5. II SNEMEHTH KOMBUMHATOPMKI, CTATUCTVKM M TEOPWA BEPOATHOCTEN

B} Beero nz 500 opopegenantx Gpocamuii mecTepxa OTCYTCTEOBANA B 233

CAyIaaX. SHATHT, T6CTOTA DABHA % = 0,566, umm 56,6%.

r) TIporeneM moncuer oo KiaaccHdeckoll RepoATHOCTHON cxeme. IIo mna-
BUNY YMHOEeHHH NpH OpOCAHHAH TDeX DA3JMYHHX MUIDATEHBIX KocTell BO3-
MomHO N =6+ 6+ 6 = 216 paBROBOIMOKHEIX HcX0X0B. IIyveTs A — cobrrTne,
COCTOMIee B HeBHITAJCHUH MIECTEPKM. DT0 SHAYHMT, YTO A4 Kamaol KocTH
eCTE TONBKO NATH PABHOBOIMOKHELX nexogos: 1, 2, 3, 4, 5. Crosa no npasn-
AY YMEO/KEHEHSA NOayIaes, 910 N(A) = § * b + § = 125, 8maywr,

P(A) = A _ 125 4 5ray,
N 218

Hrax, M BESEM, ITO MeOPeMUNECKaR BeDOATHOCTL HORLINANEHUS Niec-
TOpKY, BNYNCASHERSE N¢ Rusccmuccnoclt poposrmoeTmolt xodoan, cocrapnger
mpEMepro 57,9%, a craTHeTIYecKAd 9ACTOTA, BHYHMCACHEAS NPAKMUYECKLL,
pasra 56,6 % . Pacxommenue, KOHSYHO, HMeeTCH, HO He CIMINKOM CYINECTBEH-
HOe. |



5. || INEMEHTBI KOMEMHATOPHKM, CTATUCTHMKM M TEOPHM BEPOATHOCTEA

OCHOBHBIE PE3YJIbTATDHI

o B N03HAKOMMIMCE C OCHORHEIMHE METOIANM PEIOeHHA IpoCcTedmmx
KONORHATOPHLIX 3aJaq:
nepefop BAPUAHTOB)
IOCTPOEHHE AepeBa BAPHAHTOB;
TNPABHIC YMHOMEOHHUA.

o Mu BRenm HOBoe OHATHe: daKTOpHAN.

o BH N03HAKOMRAIMCE ¢ HOBOH MATEMATHYECKOH MOJENRIO, KOTODAS
CIYKHT OMHCAHMEM MHOTHX BODOSTHOCTHHIX 3azad, — maccme
ckolf pepoaTHOCTHOM cxemolf. Lna moacuera BepoSTHOCTH B 9Tolk

Mozenu acnoansyeTca opuyna P(A) = ¥ .

o Bu yamamu 06 ocHOBHEIX BHARX Cy9adpRIX coGprTuil:

JOCTORODHOS 1 HORNIMOMHOR onfikrTus:

R W A e e AR A P W W AR e

HeCOBMeCTHEe cOORTHI;
COBEITHE, MPOTHBONOJIOMCHOE AAHHOMY COOLITHIO)
CYMMa ZpyXx chyaaltimnrx cofiaTal,
e Mu noxasasu TPR TEODEMED:
0 YHCHEe NeNeCTARCBOK MHOMKECTRA; COCTOAIIEND U3 I SEeMEHTOR;
P =nl;
0 BEDOATHOCTH CYMMH ABYX HeCOBMECTHEIX COBEITUIS;
0 BEDOATHOCTH UDOTHEOIONMKHOND COSEITI,

& M1 obcynunn npocreiimue MeTOAE cTaTRCeTHIecKoi oOpaboTre pe-
SYALTATOB H3MepeHRH, HOAYIeHHHX OPH OPOBEAEHUH TOr¢ HIH
HHOrQ SKCIEPHMEHTA.

e Bl yzmanu HOBHE UOHATHA M TEDMBHLL:
ofmrii pAA AAHHKIX M pAj AAHHKX KOHEKPETHOTO H3MEpeHRA;
BAPHAHTA DAAR AGHHEIX, ee KPaTHOCTH, T4CTOTE B NPOOEETHAA 8-
CTOTA;
CrPYNIAPOBAHHEEIY DPAJ AGHHEIX;
MHOTOYIOJIBHHKH PACIIDOACJICHHAA.
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e Bl 103HAKOMHIHCE ¢ NPOCTeHIMIMMY YHCT 1 _XAPAKTeDHCTH
EaMp wEdopManun, moxy4deHROH mpuy nponenemm axcnepnnem-a,
ROTOpHe 00pasyiT CBOETO DONA IACIOPT Pe3YJIBTATOB STOTO IKCIE-
pHMeHTA:

obnem,
pasamax,
MOAa.,
cpenHee.
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