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NMpegucnoeue ansa y4awmxcs

Joporue peesituknaccHuku! B oToMm y4eBHOM rogy Bbl COAETE BbINYCKHOM
ak3ameH no anrebpe 3a KypC OCHOBHOW cpeaHen wWwkonbl. Ha ypokax mare-
MaTUKW Bam MPEOCTOUT HE TOMbKO MO3HAKOMUTLCH C UENbiM PSaoM HOBbIX
TEM, HO W NOBTOPUTbL BECb NPOROAEHHLIA paHee matepuan. B koHue yyebHoro
roga Bam HyxHo Oyner cpoenate BblIOOpP: MPOOOMXUTL 0OpasoBaHue B Npo-
deccnoHaneHbIX yuunuwax, konnemxax wnn obweobpasoBatenbHbix y4e6HbIX
3aBegeHusx. Npuyém ecnu Bbl pewnTe NpomomxkuTe obpasoBaHue B LIKONe,
iuge vnM rumHasuun, To BaMm HYXHO Dyaet Beibpate npodwunb knacca, B Ko-
TOPOM Bbl BypeTe y4uThes.

JanHoe nocobue 0T4aCTU NOMOXET sBallemy BhIOOpY: udyyaTh NuM mare-
MaTuKy Nno nporpamme yraybnéHHoro nnv no nporpamme obuieobpasoBarerb-
Horo kypca. YT1obbl nokasate OCOBEHHOCTU MPODUABHOrO WU YrayGnéHHoro
U3y4yeHus mMaremaTtuku B CTapwux knaccax, B nocobum no anrebpe ans
9 knacca 3HauyuTenbHO GONnblue BHUMAHWUSA YOENSeTCs TEOpPeTWHecKUM Mono-
XeHusM. M xoTa B 0ObACHUTENbHBLIX TEKCTax BCE ELé A0BONbHO PeaKko BCTpe-
HaloTCA HEeNpPUBLIYHLIE NS WKONLHOro Kypca anrebpbl cnoBa «Teopemar, «ao-
KasarenbCTBO», TEM HE MEHEee MHOrue yTeepxaeHus B nocobuu nubo poka-
3aHbl NONHOCTLIO, MO0 3T gokazaTenbCTBa NPennaraeTca BbINONHWTE Camo-
CTOATeNbHO. ABTOPbI HAfEIOTCH, YTO TakOW NOAXO4 MOMOXET Bam BblbOpaThb
crneunanMsaumio.

B yuyebHom nocobum npegctasneH Gonbwoit Habop pasHoOGpasHbIX Mo
TemMaTuke W YPOBHIO CINOXHOCTK ynpaxHeHui. [NpobnemMHble, uccnegosarenb-
CKMEe 33[a4n BblAeNeHbl cneuuansHbiM 06pasoM — uUx HOMEep OaH OPYrvMm
LIBETOM.

ABTOpbI HAAEITCH, YTO U3yyeHue anredpsl Mo aToMy nocobuio Byaer ans
BAaC WHTEPECHbIM W MONe3HbIM, MO3BOAWT yBUAETb anrebpy He TONbKO Kak
y4eOHbIf LUKONbHBLIA NPEAMEeT, HO U Kak CPeAcTBO PasBUTUA CBOMX Cnocob-
HOCTEW, NOMOXET paccMatpuBaTb MaTemMaTMKy Kak 4acTb 0OLeHenoBe4YecKo

KYNbTYPBI.

BHYTPM TEKCTa MCNONL3YIOTCS cnegyowme 0603HaYeHUs:
[[] — dopmynuposku onpegenennii n Teopem

I — BblAENeHMe NpPasun U CBOWCTB
m — BblAEnNeHne BaxHoro Martepuvana

IE — NopPAAoK AeNCTBWA, anroputm
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CDYHKHPI

MX CBOMCTBA M rpaq:)mcu

B aToin rnase npoposxkxaercs uaydeHne obumx cBoicTe GyHKUMA. B yacT-
HOCTW, paccmatpusaloTcs ybbiBaHWe W BO3pacTaHue, YETHOCTb U HEYETHOCTD,
OrPaHUYEHHOCTb M HEOrPaHWMYEHHOCTb MYHKUMA. 3AECb Xe paccMaTpuBaeTcs
rpaduk KBagpaTUHHOM QyHKUMKM — napabona. 3asepalnT GYHKUMOHANBHYIO
NUHUIO yyebHuKa npeobpa3oBanus rpadukos GYHKUMA, a Takke nocTpoeHue
rpadukos ¢yHkumit Bupa y = [fix)| n y = Alx|).

§1. CBOUCTBA ®YHKLUN

1. BospactaHune u y6biBaHMe (YHKLMIA

vk Tt Ha pucyHke 1 usobpaxeéH rpaduk
' ' I HekoTopoin dyHkummM ¥ = flx), 06-
nacTb onpegeneHusi KoTopoi — npo-
mexyTok [-5; 4].

Mpn BO3pacTaHWW 3HAYeHWiA x OT
-5 po 1 3Ha4YeHws y BO3pacTaloT, a
npu BO3pactaHum 3Ha4eHun x oT |
0o 4 3HayveHus y yboiBaloT. [OBOPAT,
yto yHKuma y = flx) Ha npomexyr-
ke [-5; 1] BoapacTtaer, a Ha npome-
xyTke [1; 4] — ybbiBaer.

Mpun x = 1 dyHKUMA npuHUMaeT
Hanbonbllee 3HavyeHwe, pasHoe 4,
Puc. 1 anpu x = -5 — HauMmeHbLlee 3Have-

Hue, paBHoe —2.

Onpepenexve. DyHKuMs J Ha3biBaeTcs BO3pacTalOwWen Ha MHO-
wectee X, ecnu Ans niobbiX ABYX 3HAYEHWA aprymeHTa x; U X, MHO-
xecTea X, Takux, 4To X, > X,, BbINONHAETCH HepaBeHCcTBO flx,) > flx,).

MOXHO AN KpaTkocTu nucatk: «f{x) 7 Ha MHoxecTse X» uimn «fix) / npu
nwbom x € A»,

oy
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Onpepenenne. OyHkuMa f HasbiBaeTcs yObiBaOWEii HA MHOXECTBE
X, ecnu ana noGbiX OBYX 3HaAYEeHUMIA aprymeHTa X; U X, MHOXECTBA
X, Takmx, 4TO X, > X,, BbINOAHAETCHA HEPABEHCTBO Sx) < Ax,).

MOXHO Ansi KpaTkoCcTu nucatk: «f(x) \ Ha MHOXecTBe X» unu «fx) \ npu
nobom x € X».
WMHorpa nonesyiotca Gonee kpatkuMu HOPMYyNMpPOBKaMK.

Onpegenenns. Oyukuma [ HasbiBaeTcs Bo3pacTaloweii (ybuisaoweir)
Ha MHoXecTBe X, ecnu GonbliemMy 3HA4YEHUIO aprymeHTa CoOTBeT-
creyer Gonbliee (MeHbluee) 3HaveHue PyHKuMK.

Ecnu Ha Bceit o6nacTu onpegeneHns GyHKUUA BO3pacTaeT, TO eé Ha-
3bIBAIOT BO3pacTaowei pyHkumein, a ecnm ybbiBaer, To yosisaloweii
dyHKUMEN.

PyYHKLMIO, BO3pacTawolylo Ha MHoxecTBe X wunu yGmiBaowyO

Ha MHOXecTBe X, Ha3biBalOT MOHOTOHHOW YHKUMEA Ha MHOXecT-
Be X.

OueBuaHo, 4TO0 ecnm y = f{x) BoapacTaer (ybuiBaeT) Ha MHOxecTee X
m M = X, to y = flx) Bo3pacTtaer (ybbigaeT) Takxe U Ha MHOXecTee M.

3amevaume. Ecnm dyHkums f BospacTtaeT (y6uiBaeT) Ha MHOoxecTee X,
n BO3pacTaeT (yOuiBaeT) Ha MHOoxecTBe X,, TO HeNb3s CAenaTb BhbiBOA, O TOM,
4TO QyHKUMs [/ BO3pacTtaer (ybuiBaeT) Ha mMHoxectee X, U X,. YTo6bl noka-
3aTb 39TO, AOCTATO4HO MPUBECTU MPUMEP.

DyHKLUMa

_ X', tne x 21,
Jor= {9, rae x =1

BO3pacTaeT Ha KaxOoM U3 NpomexyTkos (—o0; 1] un (1; +00), HO He ABnseTcs
BO3pacTaloueil Ha MHOXecTBe (—oo; +c0), Moyemy? O6BbsICHUTE 3TO.

Mpn uccnepoeanum dyHKUMKM Ha BO3pacTaHue (Mnwm yOblBaHUE) NPUHHATO
yKasbiBaTe HaMbONMbLWNIA M3 NPOMEXYTKOB, Ha KOTOPOM GYHKUUSI COXpaHaeT
XapakTep MOHOTOHHOCTU. Tak, pyHKuMs y = fx), rpaduk KOTOPOIA n3obpaxéH
Ha pucyHke 1, Bo3pactaeT u npu x € [0; 1], v npu x € [-1; 1], u npu
x € (=5; 1). OpHako npu wvccnegoBaHUM 3TOM YHKUMU HA MOHOTOHHOCTH
NUWYT, 4TO AaHHAs YHKUWMS BO3pactaeT npu x € [-5; 1], BknioYas 8 npo-
MEXYTOK BO3PACTaHUs KOHUbI OTpe3ka.

ToukuM, B KOTOPbIX (yHKUMSA He onpepeneHa, B NPOMEXYTKU MOHOTOHHOCTH
HEe BK/IIOYalOTCS.

BbISICHUM xapakTep MOHOTOHHOCTU HEKOTOPLIX BUOOB (BYHKLMIA.

& 1. Ceonctea dyHKUMIA NS =



Puc. 2

%. B Kaxaom

I

1. O6parHasi NPonopPLMOHASILHOCTb, T. €. QyHKUMsA flx)

13 NpoMexyTkos (—oo; 0) n (0; +o°) npu k > 0 y6uiBaet, a npu k < 0 BO3-
pacTtaet (puc. 2).
PaccMOTpuUM pasHocTe flx,) — Alx,), rae x, # 0, x, # 0, n npeobpasyem
eé:
k k kx| -— ka = k(xl — x;) = —k(xz = x]) 1

for) = Ax) = x_zF}T= % X1 e
Ecm x, >x; >0 wwm x, < x, <0, To B No6OM U3 3TUX Cnyyaes
— X
X, — x; > 0 1 xx, > 0. 3Hauut, Apodb xixa‘ >0.
1

—k()-'2 - X

Ecnm k£ > 0, 10 )ao. CnepoeartenbHo, npu k > 0 nony4yum

| i
Ax,) - Aix,) < 0, otkyaa fix,) < flx;). 910 o3mayaet, 41O fix)  Ha npome-
xyTke (0; +20) 1 fix) \ Ha npomexyTtke (-o0; 0).

Ecm k < 0, TO %ﬁ—’w. CnenosatensHo, npu & < 0 nony4um
12

fix,) = fix,) > 0, otkyaa fix,) > fix,). 310 03HauaeT, 410 fX) / HA NPOMEXYT-
_ _ ke (0; +o0) u fix) 7 Ha NPOMEXYT-
A | L=yl L] ; ke (-oo; 0). )
21 A I = < 3ameTum, 4To dyHKumMa flx) =
— T2 - B HEe SIBNSIETCA MOHOTOHHOW Ha BCEWn

obnactu onpepenenusa. [okaxute
3TO CAMOCTOSITENLHO.

2. OyHkums fix)=+x Boapac-
Puc. 3 Tawowasa (puc. 3).

% masa 1. @yHKuMKM, UX CBORCTBA U rpadpukmn



BripaxeHne VX umeer cmbicn npu x = 0,

T. €. D(f) = [0; +o0).
Nyctb x, > x, 2 0, 1. e. x, — x; > 0. Pac-

cMoTpum pasHocTe flx,) — Ax,) u npeobpasy-

em eé:
ﬂxg) = ) = J;Z_\/;Iz

_ o)) s

Tak kak x, >0, JJT]>0Hx2 -x, >0, 710

= i, S )
Farin

3HauuT, fix,) — fix) > 0, fix,) > fix) n
Sx) 7 na D(f).

3. JluHeriHasa ¢yHkums, T. e. dyHkums Bmuaa
Ax) = kx + b, npu k > 0 aenaercs Bo3pacra-
lowei, a npu k£ < 0 — ybBuiBawwen (puc. 4).
JokaxuTte aT0 CaMOCTOATENbLHO.

4. CreneHHas ¢yHkuma fix) = X" ¢ Hary-
pasibHLIM rloka3arenemM n Npyu Y8THOM n BO3pac-

.yJ

.1.
~T o

=Y

Puc. 4

TaeT Ha npomexytke [0; +co) u yBuiBaeT Ha npomexyTke (—<o; 0], a npu He-

4ETHOM n BO3pacTaeT Ha Bcel obnactn onpegeneHusa (puc. 5).
MpoBeauTe AOKa3aTeNbLCTBO STOM0 YTBEPXOEHWMS CAMOCTOATENLHO, pac-

CMOTPEB OTAENbHO CHauana cayyai ¢ 4ETHLIM nokKasaTenem CTEneHn, a NoToMm

C HEYETHBIM foKasaTenem.
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YnpaxHeHus

1. Kakas u3s dyHkiMit gBIsieTcs Bo3pacTalolleil, a Kakasd — yObiBaloliei, eciu:
Ay =135 — 8 B)_}’:%; ny =x, rme x > 0;

) y=-=3x+7 r) y=—%: e) y = x’, me x < 0?

2. Jloxkaxwure, yto dyHKIMA y = |x| yObiBaeT Ha nmpomexyTke (—o°; 0] U BO3-
pacTtaeT Ha npomexyrtke [0; +o0),

3. Ipaduxkom dyHkuum g swisiercsa jomaHas ABC, rme A(—1; -2), B(2; 3),

C(6; 2). Iocrpoiite rpaduk 310i (PYHKUMM M HAWIWTE MPOMEXKYTKH, Ha
KOTOpbIX (DYHKIIMSI g BO3pacTaeT U Ha KOTOPHIX OHa yOBIBaeT.

-x?, ecmn -2< x <0,

1, ecniu 0<x <1

4. Tlocrpoit =y ’
octpoiite rpaduk dynkuni fx) x?, ecnn 1< x <2,

—x+6, ectu 2<x <6.

Vkaxurte 06-

JIacTh onpeneneHus1 U obnacts 3HaueHuit dyHkuuu. Hailnure npomexyTku,
Ha KoTtopbiX dyHKUMA f
a) yObiBaer; 6) BO3pacraer; B) COXpaHseT MOCTOSHHOE 3HA4YeHME.

5. Tlpu kakux 3HaueHUaX g (QYHKUU:

a) y = (5a — 2)x + 16 saBnseTcs BO3pacTalOLICH;
6) ¥y = (1 — 3a)x — 21 sBasiercst yObIBalowIEii;
B) ¥= T=22 ggnsercs Bo3pactaouieit Ha npomexyTtke (0; +00);

2
r) y= ”; sapiagercs yobiBawlleid Ha npomexyrke (0; +o0)?

=2x+1, ecim x<-1,

ABJIAETCH MOHO-
-x+2, ecmm x>-—1

6. [loxaxurte, 4To (DyHKIMS g{x)z{

TOHHOM.
7. HokaxwuTte, uTO (PYHKLUMS:

a) ﬂx)=% BO3PAcTaeT Ha MPOMEXYTKe (4; +00);
g B P |
6) &(x) = YOBIBAaET Ha MPOMeXYTKe ( 0o; 3).

8. Haiinure Hynu GhyHKIMH, NPOMEKYTKH 3HAKONOCTOAHCTBA, NPOMEXYTKH
BO3pacTaHUA U yOLIBAHHUS (PYHKLMHU:

a) y=|x—3| —1 B) y = — 4
G)y=4-—|x+ 2 Ny=x2.
9. Bospacrawlueil unu yowiBaolueid apnsgercs (QyHKUHS:

a) OX)=+/x+1-yx-1; 6) g(x) = 6x — |3x — 2| — |2x + 5)?

B

fmaea 1. @yHKUUK, X CBOWNCTBAE U rpapukmn
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10.

11.

12.

13.

YnpaxHeHuss Ans NoBTOpeHus

WiaBecTHO, uto hyHKIMA ¥y = AX)
SIBJISIETCSL BO3pacTalolleif Ha mpo-
MexyTke [a; b|. Hdokaxure, uro
dyukuus y = fix) + n apasetca
BO3pacTalolieil Ha ITOM Ipome-
KYTKE.

Lenoit yacTelo YMCIAa X Ha3blBa-
eTcsi HauboJiblliee LENnoe YHUCIIO,
He mpeBocxomsiilee x (o6o3Hava-
erca [x]), a ApobGHOH yacTeiO
YyHCia X HasblBaeTcH PasHOCTL
MEXIY YHMCIOM X U €ero wuenoi
yacTeio (oGo3Havaercsi {x}). Ha-
npumep, [5,3] = 5, {5,3} = 0,3;
[-5.3] = -6, {-5,3} = 0,7. Ha
pucyHke 6 noctpoeHbl rpadMku
¢GyHRuMi y = [x] u y = {x}.
Kakosel obmactH onpeneneHus
Kaxnoin u3 ¢yHkumin? Haiinure
JUISL KaXJI0H M3 HMX: HVAH (PyHK-
LWAA; TIPOMEXYTKM, B KOTODPBIX
y <0,y > 0; npoMeXyTKH BO3-
pactaHuss M yObIBaHUSA, TIpoMe-
KYTKHM, Ha KOTOPbIX (hYHKLMS CO-
XPaHAET TOCTOSSHHOE 3HAYeHWE,

H306pa3ure cxemaTM4ecku rpa-

ya | ly=[x] L&

2+ —_—
" -
a{-ai-30 13 15l3ly
—i
W i
1 [T 11s
=u 44

L,

Puc. 6

buk dyHKIMM, YKaKHTe 06/1aCTh OTNIPEAETEHHUS H OBJIACTh 3HAYCHMI thyHk-
UMW U BBIACHUTE, ABIdAeTcd M GyHKUMA Bo3pacTalolled Wiu yObiBaloLei:

a) y=yx-4+2; 6) y=4x+3-1.

H3obpasure cxematuuyecku rtpaduk (PyHKuuu Y=

6—x

e Vkaxure mnsa

3TOH (PYHKIMYU ITPOMEXKYTKH MOHOTOHHOCTH M ONpEIeNTHTe XapaKTep MOHO-
TOHHOCTH JUISl KaXIOrO MPOMEXYTKA.

14. BeimonHuTe Ae/ieHHE MHOTOWJICHA HA ABYWIEH:

16.

a) (@ —xF —x + 10) : (x + 2);

6) (' + 3 — 6 —4x + 5) : (2x + 3).

15. Jlokaxure, 4TO TMPH HEOTPULIATETHHBIX 3HAYCHMAX g U b BEepPHO HepaBeH-
ctBO (@ + 1)(b + 1)(ab + 1) > 8ab.

Peumiure HepareHCTBO:

a) 28 — 6x < x;  6) 27 .54+26.
3

§ 1. CeoiicTea GyHKUWIA § g N



2. CBoMCTBA MOHOTOHHbBIX (DYHKLMWA

PaccMOTpyUM HEKOTOPbLIE CBOMCTBA MOHOTOHHbBIX (PYHKLIMIA.

1. MoHoTOHHas yHKUMSA Kaxpgoe CBOE 3HaYeHue NPpUHUMaeT Nnllib
npM ogHOM 3Ha4YeHUW aprymMeHra.

AoxkaszarensctBo. [lyctb y = flx) — npousBonbHas MOHOTOHHas
¢yHkuMa (Bo3pacTaoliias unv yobiBalowas). Toraa npu niobbix x; U x,, Npu-
Hapnexawwmx obnactn onpeneneHns GyHKUMKU £ 1 Takmx, 4TO X, > X,, BbINOM-
HaeTcs nMbo HepaeeHcTBO Alx,) > fix,), ecnu ¢yHKuma BospacTawwas, nuéo
HepaBeHCcTBO fix,) < flx;), ecnn dyHkuma ybbisawowas. MoaToMy pasBeHCTBO
Ax,) = fix,), roe x; # x,, HEBO3MOXHO.

3710 nerko yBuaeTb Ha rpaduke NOOOA MOHOTOHHOW GyHKUMK ¥ = f(x).
NMiob6as ropusoHTanbHag npamas MOoXeT nepeceds rpaduk Takon QyHkumm
NNWb B OOHOW TOYKE.

Otciopa cneayer, 4To ypasHeHwe fix) = a, rae [ — MOHOTOHHas QyHKUNs
n a — MpPou3BOMLHOE 4MCI0, UMEET He bonee OfHOI0 KOPHS.

2. Ecnu pyHukumns y = f(x) sensetcs Bo3pacraiowei (ybbisaowei), 1o
QyHkumnsa y = —f(x) senaerca ybbiBaowiei (Bo3pacraiowen).

DokazarenscTBO. lycTh f — BO3pacTaowas GyHkuma u x, > x,. Tor-
na flx,) > fix;). Otciopa cnepyet, 4to —flx;) < =flxy), T. €. yHKuma y = —fx)
ybbIBaOLWAS.

AHaNoOrM4yHO MOXHO [0KasaTb, 4To ecnu GyHKumMs ¥ = fx) ybblealowas, To
dyHKUMa y = —f[x) Bo3pacraoLlias.

3. Ecnu ¢pyrkumm f(x) u g(x) sospacraior (ybbiBaloT) Ha mHoxecTse X,
10 PpyHkyms f(x) + g(x) Bospacraer (ybbisaer) Ha mHoxecTee X.

Hokazartenscteo. [lycte ¢(x) = flx) + glx) n x; U x, NnpuHagnexar
MHOXecTBy X, npu4ém x, > x,. PacCMOTPUM PasHOCTb ¢(x,) — @(x,) n npe-
obpasyem eé. MNMonyyum

o(xy) — o(x) = fixy)) + glx) — (Axy) + 8x)) =
= flx) — flx) + (8lxy) — gx)).

Ecnu f n g — BospacTaowme dyHkumn, 10 flxy) > flx,) v glx) > glxy).
3naunt, flx,) — fix)) >0 wn glx,) — glx) > 0. Orciopa cnepyet, 41O
P(x,) — o(xy) > 0, 7. e. 9(xz) > o(x;) n ¢ — BO3pacTaOWan QyHKUMSA.

Ecnm f u g — yBbiaowme GyHkummn, 10 fix,) < flxy) v glx,) < glx,). 3Ha-
auT, fx,) — fix;) < 0 mglx,) < glx,) < 0. CneposatensHo, ¢(x;) — ¢(x;) < 0
n o(x,) < ox,), T. e. ¢ — ybOuigaoUW@a GyHKUMS.

W3 ceoilcTB 1—3 cneayer, 4TO ec/y oAHa W3 QQYHKUMA [ M g SBAsSeTcs
BO3pacraroLLed, a apyras — yoeiBatoLen, To ypasHeHne fx) = g(x) nmeer He
bosee oAHOr0 KopHs. [lokaxuTe 3T0 CaMOCTOATENbHO.

WMHorpa npuxogmMTCs paccmartpusBatb (YHKLMKW, Y KOTOPbIX aprymeHT,
B8 CBOIO ouepefb, senaetca (yHkuuein. Takme QyHKUUW Ha3bIBAIOT CIOXHALIMA
ggzﬂm_.mamn (vnn KoMo3uUMEn QYHKUMIEA).

rnaaa 1. DyHKUMK, X CBOUCTBA U rpaduku



Mycts, Hanpumep, Au) = Yu, a u = g(x) = x® - 1. Toraa, nopcrasnss

B dopmyny flu) = Ju Bmecto aprymeHTa u QyHKuM g(x), nonyumm Agl(x)) =

4. NMycts @yuxkuymnsa g(x) onpenenena Ha mHoxecTee X v NpUHUMAaeT Ha
3TOM MHOXEeCTBe BCe 3Ha4yeHus u3 MHoxectBa Y, ¢pyHkymsa f(y) onpe-
Aenena na muHoxectee Y. Torpa, ecnu f(y) Ha mHOXecTBe Y u g(x) Ha
mHoXecTBe X Bo3pacrtawowme (ybeisawowme) dyHxummn, 10 ByHKUNR
o(x) = flg(x)) — Boapacrawowasa Ha mHoxecTBe X PyHKLUS.

AokazavenscTBo. lNycTb x;, U X, — NPOM3BOJIbHLIE 3HAYEHWUs ap-
rymMeHta M3 MHoxecTea X, npudém x, > x,. Ecnu g(x) — Bo3pacTawowas
Ha X dyHkuma, TO g(x,) > g(x,). Ho Tak kak fly) — BO3pacTaiollas Ha MHO-
xectee Y dyHkumn, g(x,) € Y, glx)) € Yuglx;) > glxy), Toflglx,) > felx)).
3710 o3KHavaert, 4to dyHkums ¢(x) = flg(x)) Bo3pacTaeT Ha MHOXecTee X,

AHanorv4Ho gokaseiBaetcs To, 4to ecnu fly) Ha mHoxecTBe Y u g(x) Ha
MHOxecTBe X yObiBaoT, TO ¢GyHKUMA ¢(x) = flg(x)) BO3pacTaeT Ha MHOXeCT-
Be X. [lokaxuTe 31O yTBEPXAEHWE CaMOCTOSTE/IbHO.

CeoiictBo 4 nHorga GOPMYNUPYIOT Tak: KOMAO3uLUus ABYX (hyHKUMIA oau-
HaKOBOro xapakrepa MOHOTOHHOCTH SIBNFETCS BO3pacTtaloled dyHKLME.

S. Ecnu ¢pyHkumsa y = f(x) MOHOTOHHa Ha MHoXecTee X M coxpaHseT

Ha 3TOM MHOXecCTBe 3HaK, T0 ¢pyHkyus g(x) = Ha MmHoxectee X

. I
f(x)
UMeeT NPOTUBOIMONIOXHBIA XapakTep MOHOTOHHOCTH.
AokazavenscTeo. lNycTb x; € X, X, € X x, > x,. PaccmoTpum pas-
HOCTb g{(x,) — g(x;) v npeobpasyem eé:

| | Sx) = fixy)

X3) —BX) = g s e

g(x,)) — gl(x,) T T fo fo)

3HameHaTenb Nony4yeHHoi Apobu — rMonoxuTensHoe 4ucno, Tak kak oba
MHOXUTens fx,) u f{x,) N0 ycnoBuio oAHOro 3Haka.

Hucnutens nony4eHHoin gpobu — oTpuuaTenbHoe YMcno, ecnn dyHKums [
BO3pacTawwasa, 1 NoNloXuTenbHoe 4Yucno, ecnn dyHkuus f ybbieaowaa. OT-
ciopa cnegyert, 4To g(x,) < g(x,), 7. e. g — ybuiBawowas yHkuma, ecnm f —
BO3pacTawas GyHkuusa, 1 g(x,) > g(x,), T. e. g — Bo3pacTalLas GyHKUMS,
ecnu f — ybbiBawowan QyHKUMs.

MNpuBeném npumMepbl UCNONL3OBAHWA CBOWCTB MOHOTOHHBIX (DYHKLIWA.

Mpumep 1. BbiiICHUM, B CKOMbKMX TOYKax npsmas y = 9 nepecekaer

rpaduk pyHkumn f(x)=Jx+1+ Jx+6 + Jx+13.

OyHkupmm y=4Jx+1, y=/x+6 n y=./x+13 — Bospacraowme (cBoir-

¢80 4). Cymma Bo3pacTaiowmx dyHkumii — BoapacTaowas GyHkums (CBoi-

§1. Ceonctea yHkumi I
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cteo 3). lNo ceoicTey 1 Bo3pacTawwas QyHKUMS Kaxnoe CBOE 3Ha4YeHwe npu-
HUMaEeT NUWbL NPYM OOHOM 3HavyeHuwn aprymexTta. CneposaTenbHO, ecnu nps-
Maa uMeeT oblme ToYkM C rpadmnkoM OYHKUMK f, TO TONMbKO OAHY TOYKY.
3Ha4uuT, ropu3oHTanbHas npsmas y = 9 Moxert nepecekarts rpaduk QyHkUmKU f
He Bonee Yem B OOHOWN TOYKE.

MopBopom MOxHO HaitTh, 4To flx) = 9 npn x = 3. CnepoBaTenbHO, ropu-
30HTanbHaa npamas y = 9 nepecekaet rpaduk QyHKUMKW flx) TONBKO B OQHOW
TOUKE.

Mpumep 2. BbiACHUM XapakTep MOHOTOHHOCTU (PYHKUUK

foy=—o 4

x+3 ' x-3

O6nactb onpeneneHus QyHKUUK:
D(f) = (—oo; —3) U (=3; 3) U (3; +o9).

B kaxgoMm w3 npomexytkos (—oo; -3), (-3; 3) mn (3; +o0) dyHkummn
y=x+3umy=x- 3 CcoxpaHaioT 3HaK W FBNAIOTCH BO3pacTalolwmMmMn,

CneposartefibHo, No cBOWCTBY 5 dyHkumMn y = 54 yzﬁ B 3TuUX

x+3

NpoMexyTKax sasnsioTes yobisawwmmn. Cymma ybbiBaowmx GyHkUMA (CBON-
cTBO 2) aBngetcs yObisawowen dyHkumeir. Moatomy PyHKUMS [ B KaOoM M3
npoMexyTkos (—o0; -3), (-3; 3) u (3; +oc) yBuiBaeTr. Ha pucyHke 7 nokasaH
npuMepHblil rpacduk GyHKUMN £
2
B
NMpumep 3. [okaxeMm, 410 dyHkums AX) = x—xx—l BO3PACTAET Ha KaxX-
[OM U3 NPOMexXyTKos (—oo; 0) u (0; +o0).
MDyHKUMA [ onpegeneHa Ha MHOXeCTBe OEWCTBUTENIbHbIX YUCen, Kpome
HyNns.

Puc. 7




2
MNpeobpasyem BhipaxeHue x =1,

F-3x-1_ ¥ x|
X _X

BHauuT, fix) = x - 3 - l_—

DYHKUMIO f MOXHO paccMatpueaTte Kak CyMMY ABYX dyHKumia: y = x — 3
“ y=—xl. Kaxgas 13 HUX aBnseTcs BoapacTalollein GyHKUMen Ha yKasaHHbIX
NPOMEXYTKaX.

Mo ceoiticTBY 3 cymMMa [ByX BO3pacTaloLivx dyHKumin Ha obLliei obnactu
onpegeneHns — Boapactawowas dyHkumsa. CnenoBartenbHO, Ha Kaxaom w3
npomexyTtkor (—20; 0) u (0; +o0) pyHKuMa f Bo3pacTaerT.

Mpumep 4. PewnM ypasHeHue x’—%+\/§=0.

Jlerko BupeTb, 4TO0 x = 1 — KOpEeHb ypasBHeHusi. [oKaxem, 4To Apyrux
KOpHEN 3TO ypaBHeHWe He umeeT. [encTBuTensHo, o6GnacTe onpeaeneHus
byHKLMM y=x"—%+\/; — MHOXECTBO MNONOXWUTENBHBIX Yucen. Ha atom

2

MHOXeCTBe (YHKLVSi BO3PACTAET, Tak Kak Kaxaan ua dyHkuwmii y = x°, y = ==

u y=+Jx Ha npomexyTke (0; +o0) so3pacraeT. CneposartenbHo, AaHHOe ypas-
HEeHUEe OpPYrux KOpHen, Kpome x = 1, He UMeerT.

YnpaxHeHus
17. Jokaxure, 9ro (QyHKLMA g siBAsieTcs] yOBIBalOWIei, eciu:
A _ 1. =
a) &)= o—s, THC X > 5 B) &(X)=2-x;
1 1
=—, 0; X)) = —.
B) g(x) 3 rae x> r) gx) i

18. [lokaxure, uTo hyHKIMs f sBasieTcs BO3pacTawlluei, eciu:

a) ﬂx)=;_]—x. rme x < 7; B) fix) = x|x|;

6) fix) = (x — 2)%, e x > 2; r) fix)= ﬁ

19. Jokaxure, 4yto GYHKUIMS f BO3pacTaioiias, eciu;

a) ﬂx)=f—f; B) fix) = X + Jx;

o 1 ; < _x+4
6)ﬂx)—?_x—l-—m, roe x > —2; r) J‘(x)--z_x1 e x > 2.

§1. Ceoictea QyHKUMIA 13



20. daubl dyukumu Ax) = x° u g(x) = 2x — 1. 3anaitte dopmynoil GyHKLMIO:
a) y = flg(x)); 6) ¥ = g(fix)).

21. ©®yskuua y = flg(x)) 3amana dopmynoii. Ykaxure (yHkuuu y = fAx)
Uy = g(x), ecnu:
a)y =[x = 2x - 3f; B).y =2 —|xk
6) y=x+2/x-3; Nny=@x-17>-1L

22. Jokaxute, 4yTo eciau f(x) — yObiBajomas ¢yHKuMsA, a g(x) — Bo3pacTalo-
was yHkuws, o ¥y = flg(x)) — ybwBatowmas dyukuus. Yro B aTOM cy-

Yyae MOXHO CKa3aTk 0 ¢yHKUHM O(x) = g(fix))? Chopmynnpyiite CBOHCTBO
KOMITO3MLIMKM NBYX (DYHKLMKI ¢ pasHLIM XapakKTepoM MOHOTOHHOCTH.

23, Haubl pynkuuu flx) = Jx u g(x) = 2 — x. 3apaiite dopmynoi hYHKIHIO:
a) y = fligx)); 6) y = g(fix)).

Onpenenyte XapakTep MOHOTOHHOCTH KaX/I0H M3 TONYYEHHBIX (DYHKIIMIA.
24. OnpenenuTte XapakTep MOHOTOHHOCTH (DYHKIIWMH:

a) y=+/-2x; B) y=xi2~\b—c; 1) y=ﬁ+ﬁ;

0) }’=—JE; r)y=;15+~\;?; c)Y=ﬁ+ﬁ.
25. JlokaxwuTe, UTO g — Bo3pacTaiomas (yHKIIMS, eClu:

a) g(x)=“1+—ix_6, e x > 0; 6) g(x)=f%, e x > 2.
26. Jokaxure, 4to f — yOwiBamas QyHKUHA, €Cu:

a) f(x)=-l#. rne x > 0; 6) ﬂx)=%x;—;—%x—2, rme x < 3.

27. Jlokaxwure, 9to GyHKIMsa y = x> + |x| + Jx + 2x — 3 sBusiercs Bospac-
Tarowiei ¢dyukuueir. [lonGepure 3HaYeHHE apTyMeHTa X, NPU KOTOPOM:
ay y = 2T; 6) y = 108.

28. Pewurte ypaBHeHHE:
)X +xX +x=-42 6 X+Jx-2=1s

[x — — ¥y =2
29, Pewnrte CHCTEMY ypaBHEHMH f y+6—J} 4
x‘-6p+1=0.
YnpaxHeHus Ans NOBTOpeHus
30. VKaxure NPOMEXYTKH BO3PACTAHMsl M NPOMEXYTKM yObiBaHMA (PYHKLMM:
a)y=x% 6y=x; By=Ix-55 D0Dy=|x+5]

31. JokaxuTe, 4TO 3HAYeHUe BbIpaxeHus (a + b)! — 2(a + b — 1) npu mo-
ObIX @ W b ABAAETCS HEOTPUULATEbHBLIM YHCIIOM.

8 Maea 1. QyHKUKUKM, UX CBOWUCTBa WU rpaduku
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atya —x "
32. VnpocTuTte BeIpaXeHne ————, ecim X = 2\Ja — 1, u Haiinure ero 3Ha-
X

yeHue npu: a) a = 1,5; 6) a = 3,87.

3. YéTHble 1 HeYéTHble YHKLMMU

Bam n3eecTHbl CBOWCTBA CTeneHHbIX GyHKUMA fix) = X" ¢ uenbiM nokasa-
Tenem.

Ecnn n — 4&tHoe 4ncno, 1o NbbiM NPOTUBOMNONOXHLIM 3HAYEHUSM apry-
MEHTA COOTBETCTBYET OAHO WU TO Xe 3HadeHue dyHkuuu, T. e. ana moboro
x € D(f) BepHO paBeHCTBO

Ni—x) = Ax).
Ecnu n — He4éTtHOE 4Yncno, To NobbiM NPOTUBONONOXHLIM 3HAYEHUAM ap-

rymeHTa COOTBETCTBYIOT NPOTUBONONOXHbLIE 3HA4YEeHWA dJYHKLI,I-"IP'I, T. €. AnAa nio-
6oro x € D(f) BbINONHAEGTCS PABEHCTBO

A-x) = =Ax).
CywecTtByeT Uenblii paa pasnuuHbix QyHKUMIA (HEe TONLKO CTENEeHHLIX C ue-

NbIM NokasaTtenem), KoTopele 061a0alnT TakMMKU Xe CBOMCTBaMU. ITU (yHK-
LUK Nony4nunu cneuuanbHoe HasBaHue.

Onpepnenenve. DyHkuua f HassiBaeTCcH 4ETHONW, ecnu ana moboro
Xx € D(f) npoTUBONONOXHOE 3HaYeHUe aprymeHTa —x < D(f) v Bbinon-
HAeTca paBeHcTBO fl-x) = flx).

dyHkuua f Ha3biBaeTCH HEYETHONW, ecnn gna nmwboro x < D(f) npotu-
BOMOMNOXHOE 3HAYeHUe aprymeHta —x € D(f) n BbINONHAETCA paBeH-

cTBo fl—x) = —fix).

HYucnoBoe MHOXecTBO X, KOTOPOMY BMecTe C No6GbiM Ero 3/EeMEHTOM
NPpUHaONEeXnT l'"lpOTIﬂBOﬂOHO)KHbIﬁ ANeMEHT —x, ABNAETCA CMMMETPWUYHLIM OT-
HOCUTeNbHO Hyns. Ecnn obnacTte onpepenexus GyHKUMK f SBNSETCH MHOXe-
CTBOM, CUMMETPU4YHBIM OTHOCWUTEJIbHO HYNH, TO ANH nccnegoBaHWA dJyHKLI,HIﬂ
Ha YETHOCTL-HEYETHOCTL PACCMATPUBAIOT BbIMONHUMOCTL PaBeHCTB fl-x) = flx)
wim  fl-x) = —flx). ECnM HU OOHO U3 3TUX PABEHCTB HE BLINOAHAETCH, TO
dbyHKUMSA He fBNAeTCA YETHOW M He aABnsieTcs HeYeTHOW. Ecnu obnactb onpe-
AEeneHnsa HeKoTopoil YHKLUMKM He ABNSEeTCA MHOXECTBOM, CUMMMETPWYHBIM OT-
HOCUTENbHO HYNS, TO 3Ta (PYHKUMUA HEe SIBNSIETCA HWM YETHOW, HU HEeYETHOMW.

Hanpumep, oyHkums (p{x)=}ii_2

dyHkumen, Tak kak eé obnacTte onpeneneHus ecTb MHOXECTBO (—o0; -2) U
U (=2; +00), HECUMMETPUYHOE OTHOCUTENBHO HyNs. B 9TOM chnyyae Beipaxe-

HE SBNYETCH HW YETHOW, HM HEYETHOW

HUe ¢(2) UMEeT cMbich (¢(2) = %) a BbipaxeHve ¢(—-2) He UMEEeT CMbICNa.

§ 1. CeoiicTBa byHKUWMIA ";_}_




NMpumep 1. Jdokaxute, 4yto dyHkums g(x) = |x + 3| + |x — 3| uérnas,
a dynkuua fAix) = [x + 2| — |x — 2| Heyérnas.

MNMockonbky obnacTe onpeaeneHns Kaxaon ua GyHkumi g(x) u flx) — MHo-
KECTBO BCEX LENCTBUTENbHbLIX YUCEN, T. €. MHOXECTBO CUMMETPUYHOE OTHO-
CUTENbHO HYNA, TO UMEeM:

g2 =[x+ 3| + |- = 3] = |-x = | + |=x+ | =
= |x — 3| + |x + 3| = gx),

T. 8. £ — 4YerHas yHKUWS;

A=+ =|x=2=[-@—23] ==+ 2=

=lx—2 =[x+ 2= —(x + 2| - |x - 2 = A,
T. €. [ — He4YéTHaa dyHKuwWN.
Bbl 3HaeTe, 4TO rpaduk cTeneHHOW GYHKUWK C YETHBIM Mokasarenem CUm-

METPUYEH OTHOCUTESIEHO OCU y, a rpaduk CTeneHHoW (QyHKUMU C HEYETHLIM

nokasatefnem CUMMeTpudeH oTHocuTenoHo Toudku (0; 0). Takumu xe cBomn-
ctBamu 06napaloT u rpaduku niobbix HETHBIX M HEYETHbIX QYHKUMA.

Tpagpmk 4ETHOW PYHKUMN | CUMMETPpHUYEH OTHOCUTENIBHO OCH OPLAMHAT,
a rpapmk He4YETHOoN PyHKUMN CUMMETPUYEeH OTHOCHUTEeILHO Havana Ko-
opAaMHarT.

Dokaxem ato. Ecnm (x,; ¥;) — NPOM3BONLHAA TO4Ka rpadmka 4ETHOW Unn
HeYy&THOWN dyHKuMK y = f{x), TO BEPHO PaBEHCTBO ¥, = flx,) U —x, € D(f), Tak
kak obnactb onpeaeneHuss YETHOW unr HeYETHON YHKUUKM — MHOXECTBO,
CUMMETPUYHOE OTHOCUTENLHO HyNs.

Ecnu £ — 4éTtHaa dyHkums, 10 fl-xg) = flxg) = Vo 3HAYUT, TONKa (—Xu; Vo)
npuHagnexut rpacbuky GyHkumn £, Ho Toukmn (X Vo) W (—Xgi Vp) CUMMETPUYHDI

oTHocuTensHo ocu y (puc. 8). Cneposa-
(—xy5 ¥,) Yy, (x5 ¥y) TENbHO, KaXOoW Toyke (x,; ),) COOTBET-
* » CTBYET TOYKa (=X5; Vo), CUMMETpU4Has
OTHOCUTENBLHO OCK ¥, U HaobopoT. 3Ha-
4yuT, rpadukK YETHOA DYHKLMN CUMMETPU-
YeH OTHOCUTENBHO OCW OpaMHaT.

0 Ecnu f — HedéTHas yHKUMS, TO
Puc. 8 A-Xg) = =AAxg) = =)p. 3HauuT, TOYKA
(=Xp: —Vo) NpuHaanNexut rpapuky GyHk-
umm £ Tak Kak TOukM (X V) M
v (%93 Yy) (~Xo; —Vo) CMMMETPUYHBI OTHOCKTENBHO
' e . Hayana koopauHat (puc. 9) U Kaxpoii
l TOuKe (X Vo) COOTBETCTBYET TO4Ka
; R (—Xg; —V), CMMMETPUYHAs OTHOCUTENIbHO
0 %, e Ha4Yana KkoopaumHat, u Hao6opoT, To rpa-
UK HEYETHON YHKUUMKM CUMMETPUYEH

OTHOCUTENILHO Hayana KoopawuHar.

RY

|
H-_..._-_—
=}
H+-----

(~x '_'y)‘ Ty 3ameTtum, 4To ecnu byHkuMa flx) He-
e 4éTHas W onpeneneHa B Touke O, TO eé
Puc. 9 rpadpvk NpoxXoauT 4epes Hayvano Koopau-
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HaT, T. €. f10) = 0. MNyctk f0) = a@. Hueno g He MoxeT OblTe YUCNOM, OTIUY-
HbIM OT HYNS, TaK Kak, gonyctue, 4to @ # 0, Mbl NOAYYUM, 4YTO rpapuk GyHK-
uuu f (KOTOpbLIA CUMMETPUYEH OTHOCUTENIEHO Hayana KoOpAWHAT) nepecekaet
ocb opauHat B AByx Todkax: (0; @) n (0; —a), 1. e. uto fl0) = a v fl0) = —a.
Ho, ecnu a # 0, 10 aTtoro 6bITb HE MOXET, Tak Kak, COrnmacHo onpefeneHuto
QYHKUMY, KaXKOOMY 3HAYEHUIO aprymeHTa COOTBETCTBYET €OUHCTBEHHOE 3Ha-
yeHue dhyHKUMN.

Mpumep 2. MNycTb £ — HevéTHas OYHKUMSA, 06NACTbIO ONpeneneHns Ko-
TOPO SBNSIETCH MHOXECTBO ASWACTBUTENLHbIX Yucen. 3Had, 4TO ypaBHeHue
flx) = 0 umeeT TONbBKO OAWMH MONOXWUTENbHBI KOPeHb — 4ucno 3, Hanpém
oCcTanbHble KOPHWU 3TOr0 ypaBHEHUS.

Tak kaxk dyHkuma f HewéTtHada, 1o f-3) = —f(8). Ho 3 — KopeHb ypaBHeHuA
fix) = 0. 3rnauut, AA3) = 0, noatomy 1 f-3) = 0, 1. e. =3 TaKkke sBAAETCH
KOpHEM ypaBHeHus. CornacHo ycnosuio Apyrux, Kpome 4ucna 3, nonoxuresb-
HbIX KOPHEW ypaBHEHWME HEe UMeeT. 3HA4YUT, OHO He UMEEeT W ApYrux, Kpome
yucna —3, OTPULATENbHBLIX KOPHEN. BLISICHAM Tenepb, He ABNSETCH N KOPHEeM
ypaeHeHus yucno 0. Tak kak QyHKumMs f HeYETHas 1 onpegeneHa Ha MHoXe-
CTBE BCEX OENCTBUTENbHbIX 4ucen, To €€ rpaduk NpoxXoaWMT 4H4epes Hayano
koopauHar, T. e. fl0) = 0. 3HaumT, ymucno 0 Takxke ABASETCH KOPHEM ypasHe-
HWs. Utak, ypasHeHne flx) = 0 umeet Tpu kopHa: =3, 0 n 3.

YnpaxHeHus

33. Cpean MHOxXecTB A = (—00; 0) U (0; +0), B = (—o0; —1] U [0; +00),
C = (—00; —1] U (l; +o0), D = [—2; 2] BbIOEpHUTE TE, KOTOPBLIE CUMMET-
PHMUYHBI OTHOCHTEIBLHO HYIIA.

34. Jdoxkaxwure, uyTto (GyHKUMS f 4éTHAasl, €CJIN:

a) flx) = x* — 7 B) Ax) = S|x|;

6) Ax) = D AX) = (x = Dex + 5) + 2x.
35. Joxkaxure, 4To (DYHKIMST g HeYEéTHasA, €Clu:

a) gx) = x' — x’; B) g(x) = (x — 5)* — (x + 5)}

6) g0)= =——; rgx) =|x + 7 —|x — 7|

X +x
36. lokaxure, uto GQyHKUNAST A HEe ABAACTCS YETHONH M He SBASETCS HEYETHOI:
=3 i x| 1, X +1

a) h(x)—ﬁw 6) h{x) = 3x2 —y 3 B) h(x) = ﬁ, ]") h(x) = 1"
37. Sensiercs M Y€THOM WM HeyeTHOW (yHKUMS, 3anaHHas (GOPMYIIOIi:

a) ¢o(x)= ,8 = r) o(x) = x% e —1 < x < 2;

R
0) tP(x)=%2 o) ox) = x + x, e =3 < x < 1;

B) ¢(x) = |x — 2|; e) p(x) = x*, me x € (=5; —1] U [1; 5)?
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38. UssectHo, uto fix) = x* + ax* + 1 u f2) = 305. Haitnure f{—2) u 3Ha-
4yeHue koahduLMeHTa Q.

39, 3Has, yro £g(x)= 155+5:i,, u g(3) = 16, naitoure g(—3) ¥ 3HaueHue Ko3d-
- _

¢hunuenTa b.
40. CyuecTByloT M TakuMe 3HadeHUs KoaduuueHToB K M b, TIpH KOTOPHIX
JUHeHHass yHKuMS y = kx + b apnsercs
a) 4E€THOI; 6) Hed€THOM; B) YE€THOU M HeYETHOM?
41. TTocrpoiite rpaduk GyHKUMU f, 3HAs1, 4TO f — 4Yé€rHas QyHKLUA M €€ 3Ha-
yeHUdA TNpu X 2 0 MoryT OBITE HalaeHB! Mo dopMyne:
f3) =x5 6 f=Vx; BAY=|x-3; DAY =x-2
42. lMocrpoitte rpadhuk GyHKUMH g, eclid M3BECTHO, 4TO (DyHKUMS g Heu€THas
U e€ 3HayeHus mpu x = () mMoryT ObITh HalineHbl no dopmyie:
a) g(x) = x; B) (%) = |x - 2| - %
6) g(x)=+x; r) gx) =% — 3.
43. UsBecTtHo, uTOo (yHKIMS ¢ uY€THas M 4YTO OHa obpauiaercs B HYIb NPH
x = =2 u x = 3. CywecTByloT 14 Kakue-1ubo Apyrue 3HaYCHUs] apryMeH-
Ta, MPU KOTOPBIX ¢(x) = 07
44. 3Has, yto f — HeuéTHadA (QYHKUIMSA U 9TO €€ HYIIMU SIBISAIOTCS YMciaa —5
W 2, YKaxuTe Kakude-HuOyab apyrue Hyiad 51oil dyHkimu, ecau 0 € D(f).
45. 3nas, yrto rpabuk GyHkuuu f npoxoaut ueped Todku A(2; 9) wu
B(3; 5), ykaxwure npyrue Todku rpacduka 3ToM (DYHKIMH, eclu:
a) f — uyérHas (QyHKLMS; 6) f — Heu€THasl (PYHKLHA.
46. HUsBectHo, uTOo ypaBHeHHe ¢(x) = 0, e ¢ — Hed€rHas QyHKUUA ¢ 06-

JacThio omnpeneneHus R, MMeeT ABa IMOJOXMTEAbHbIX KOpHsa 8§ u 17. Haii-
IUATE HEIMOJOXMTENIbHEIE KOPHU 3TOTO YpaBHEHMS.

YnpaxHeHua ans noBTOPeHus

47. Halinure KOOpAMHATBI TOYKM, 4YEpe3 KOTODPYI TIPOXOASIT  TIPSIMBIE
y = kx — 3k + 2 npu moboM 3HAYeHUMW MapameTpa k.

48. Boruucnure:
a) {—2,3} + [-3,4] + |—4,6[; 6) {-3,2} + [-4,3] + |64

49, B KoOpaMHATHON TMJIOCKOCTH n300pasuTe IiaBHOU KpuBOM Trpaduk (pyHK-
uuu y = flx), ecnu:
a) D(f) = [-3; 5], E(f) = [-1; 4], Ax) 7 wa [-3; 2] m fix) ™ Ha [2; 5];
6) D(f) = [-5; 3], E(f) = [-4; 1], fAx) ™ Ha [-5; 2], Ax) 7 Ha [-2; 1]
1 fix)  Ha [1; 3]

50. Haiindre, npM Kakux 3HauyeHMSIX napaMerpa b (pyHKLMA MOHOTOHHA:

X, ecrm x <0,
S = {2x+b, e x > 0.
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4. CsoincTBa 4Y4&THbIX U HEYETHbIX (OYHKLMIA

PaccMoTpuM HEKOTOpPbIE CBOWCTBA YETHBIX U HEYETHbLIX (PYHKUWIA.

1. Ecnu dyHkuma y = flx) senaerca 48THOW (He4&THOH), TO dyHKUMa
y = k - flx) Takke aBnaeTca YETHOW (HEYETHOM).

Hoxkazartenscteo. lycte ¥y = flx) — 4yéTHas dyHkumna. OTciopa cne-
ayet, 4to D(f) CUMMETPUYHO OTHOCUTENBHO HYNS U, 3Ha4uT, o6nacTe onpene-
neHmns oyHkumn ¢(x) = k - fix), coenagawowas ¢ D(f), TakKke CAMMETPUHHA
OTHOCWUTENIbHO Hynd. W3 Toro, 4to ¢yHkumsa y = flx) 4éTHana, cnegpyeTt, 4TO
¥ = flx) = fix). Ho torpa ¢(—x) = k * fi=x) = k * fix) = ¢(x). 310 03Ha-
4yaeT, 4TO OYHKUMA ¢(x) = k - flx) 4éTHas.

Cny4ain, korga ¢yHkumMa y = flx) He4éTHas, O0Ka3biBaeTCs aHasornyHo.

W3 pokasaHHoro cnepyert, 4To ecam QyHkums y = flx) 4€THas (He4yEeTHas),
T0 QpyHKUMs y = —flx) Takke 4érHas (HeyérHas).

2. Cymma aByx 4E€THBIX PYHKUUIA — 4YETHaA PYHKUMA, a cCyMMa AOBYX
HEYETHbIX PYHKUUIA — HevéTHas QYHKUMS.

Aokazatenecteo, Nyctb Ax) n g(x) — 4e€tHblie dyHkummn, Torga D) v
D(g) cnMMETPUYHLI OTHOCUTENBHO Hynd. O6nacTeio onpeaenexns GyHKUMn ¢(x) =
= flx) + g(x) aBnaeTca nepecevyeHne obnactei onpeaenexus QyHKUMiA fx) u
g(x). Ho tak kak D(f) n D(g) cuMmMeTpuiHbl OTHOCUTENLHO HyNna, To U D(p) =
= D(f) N D(g) CAMMETPUYHO OTHOCUTENLHO HyNs. Ecnu flx) u g(x) — 4&TtHble
¢dyHkuMK, TO BepHbl paBeHcTBa fl-x) = flx) n g(-x) = g(x). PaccmoTpum Bbi-
paxeHue ¢(-x) 1 CPaBHUM ero C BblpaxeHuem o¢(x). Umeem @(-x) = fl-x) +
+ g(-x) = flx) + g(x) = p(x), oTkyna cnegyet, 4TO yHKUMNA ¢(x) — YETHaq.

Cny4ain ona cymmbl OBYX HEYETHbLIX (DYHKLMIA NOKA3LIBAETCSH aHanorm4Ho.

CeoincTBO 2 MOXHO 0606WNTL: cymma AByx v Gonee YETHbIX (PYHKUMA —
yéTHas QyHKUMSA, @ CyMMa ABYX M 00nee HeYETHbIX (QYHKUWA — He4YérHas
PYHKLMS.

N3 ceoiicte 1 n 2 cnepyet, 4yto nobas amHelnHas KOMOUHALMS YETHbLIX
QyHKUMA ecTb 4ETHas QyHKUMS, a NMHEeRHas KOMOUHAUMST HEeYETHLIX QyHK-
umi — Hewé€tHas. Hanpumep, ecnm fi, fo, ..., f, — 4€THble PyHKumMW, a &,
ks, ..., k, — HEKOTOpbIe YuCna, TO BYHKUMS @(x) = Kk, fi(x) + Ay fo(x) + ... +
+ k, * f,(x), onpenenéHHan Ha nepecevyeHund obnactei onpegeneHus gyHk-
uai fy, for oo [y — 4YETHaR dyHkums. B yactHOCTW, DyHKUMS ¥ = x° — X2
TOXAECTBEHHO paBHasA HyMIO, ABNSETCH YETHON (YHKLMEN Kak pasHOCTb ABYX
YETHLIX byHKUMA. C Apyror CTOPOHLI, dyHKUMS ¥ = X° — x°, Takxe Toxae-
CTBEHHO paBHas Hynio, ABMSETCH HEYETHOW dyHKUMEen Kak pasHOCTb [ByX He-
YETHLIX GYHKUMA. Takum cBOMCTBOM — ObiTb HETHON W HEYETHON QyHKUMEn
ofHoBpemeHHo — obnapaeT Tonbko ¢yHkuma y = 0.

I 3. Ecnu dyHkumna y = flx) — yérHaa (HeuyéTHan), TO PyHKUMs y = ﬁ —_
4yeéTHana (He4yértHan).

JokazarenbCTBO CBOMCTBA MpPOBEAMTE CaMOCTOATENbLHO, 06paTMB BHUMA-
HUe Ha TOo, 4To obnacTbio onpegeneHus QyHKUMK @(x)=-— sensiotcs Bce

Six)
yucna 13 obnactn onpegeneHus GyHkUMKU y = fx), kpome Hynein dyHkummn f.
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M3 ceonctea 3 cnepnyet, B 4aCTHOCTW, 4TO (DYHKUUA y=lt ABNAETCH He-

YETHOW, Tak Kak QyHKUMS ¥ = X — He4YeTHad. A Toraa, y4mTbiBas CBOMCTBO 1,
MOXHO cAenatb BblBOA: obparHas npornopUunMoHanbHOCTL — He4ETHas QyHK-
umns.

4. lMNpouseepneHune ABYX (YHKUMA OAWHAKOBOW YETHOCTM — YETHas
GyHKuna, a peyx GYHKUWIA pasnUYHON YETHOCTU — HEeYETHaA GYHKUMSA.

Dokasarenbcreo. lycTb, Hanpumep, flx) n glx) — He4eTHble (YHK-
unn. Torga D(f) m D(g) cCUMMETPUYHBI OTHOCUTENBHO Hynsi. OBnacTbio onpe-
peneHusa dyHkumm @p(x) = fix) + g(x) aBnsertcsa nepece4veHme obnacrten onpe-
peneHua GyHkumi flx) u glx). Ho 1ak kak D(f) v D(g) CUMMETPUYHbI OTHO-
cuTensHO Hynsa, To u D(g) = D(f) N D(g) CMMMETPUYHO OTHOCUTENLHO HYNS.
Ecnu f{x) 1 g(x) — HeYETHble QYHKUWMW, TO BepHbl paBeHcTBa fl-x) = —flx) n
g(—x) = -g(x). PaccMmoTpum BbipaxeHue @(—x) 1 CPaBHUM €ro C BbipaXeHuem
o(x). Umeem o(-x) = fi-x) * gl-x) = -Ax) * (=glx)) = Ax) *glx) = ¢(x), oT-
Kyna cnegyet, 4TO yHKUMS ¢(x) YETHas.

Cnyyau ans npous3BeaeHuss AByX HETHbIX DYHKUWA W Ond npov3seneHus
OByx OYHKUMM pasHOi 4YETHOCTU A0Ka3biBalTCA aHanoruqHo. lNposeauTte Bece
BblKNagku CamMOCTOSTENbHO.

5. Komnoauuma 4éTHOW yHKUMW C YETHOW MW C HEYETHOW pyHKuUM-
en — 4étHaa pyHKumnA.

Dokasarenscteo. Ecnm flx) n g(x) — 4éTHble pyHkumK, TO fi-x) = fAx),
g(—x) = g(x). PaccmoTtpum dyHkumio ¢(x) = flg(x)). Tak KaKk BEpHO pPaBeHCTBO
o(=x) = fle(-x)) = flg(x)) = o(x), TO PyHKUMA @(x) y&THasa. Takum oOpasoMm,
KOMMO3ULIMA YETHOW QyHKUMM C 4E€THOU — u4éTHasa dyHkuusa. MNycTe Tenepb
flx) — 4éTtHaa dyHkums, a g(x) — HevwéTtHaa ¢yHkuua. Torga no onpeaene-
HUMIO YETHOM U HeuyETHOW OYHKUMA  BepHbl  paBeHcTBa fl-x) = flx) wn
g(-x) = —g(x). Paccmotrpum ¢yrkumio @(x) = flg(x)). Tak kaKk @(-x) =
= fle(—x)) = fi-g(x)) = flg(x)) = p(x), TO dyHKUMA @(X) CHOBA YETHAA. Takum
o6pa3om, KOMMO3UUMA 4YETHOM (YHKUMW C HEYETHOW yHKUmMenhn — 4YETHas
¢yHkumsa. Octaérca pokasats, 4To (@) CUMMETPUYHO OTHOCUTENLHO HYNsA.
lMpooenaiite 310 CamMOCTOATENbHO.

| 6. Komnoauuma AByX HEYETHbIX PYHKUMIA — Heuy&éTHaa pyHKUMN.

JokazaTensCTBO 3TOr0 CBOWCTBA @HANOrMYHO [0Ka3aTensCTBY cBoicTea 5.
MpoBeauTe ero camoCTOATENbHO.

7. Komnoauuua npousBonbHOW GYHKUMM C 4ETHOW dyHKuMein — 4éT-
Haa dYHKUMSA.

HDokasarvenscreo. lycTe fix) — npon3sBonbHas pyHKUMA, g(x) — 4ET-
Has ¢yHkuma, Pacemotpum dyHKuMio o(x) = Aglx)). Tak kak g(-x) = gl(x),
10 @(-x) = Ag(—x)) = Algx)) = o(x). CneposatensHo, kakosa Gbl HW Gbina
BHEWHsA hyHKUMA f, eCnu BHYTPeHHs R (QyHKUWA g Y4ETHas, TO U KOMNOo3uuus
Byner 4eTtHou dyHKUMen (Npu ycnosuu, 4to D(¢) CUMMETPUYHO OTHOCUTENL-
HO HYNs; JOKa3aTenbCTBO ITOr0 NPOBEAWTE CaMOCTOATESNbHO).

20 fnaea 1. DyHkuMM, UX cBOWCTERa U rpaduku



3Has, Kakne U3 anemMeHTapHbiX GYHKUMIA ABASIKOTCH YETHBIMWU, a Kakue —
HEYETHBbIMW, MOXHO C MOMOLLBIO CHOPMYTMPOBAHHLIX BbilLE CBOWCTB WCChe-
AoBaTb PYHKUMW HA YETHOCTb-HEYETHOCTb. HAanOMHUM, YTO K YETHBIM (yHK-
UMAM Mbl OTHOCUM GYHKUMK ¥ = b, rae b — HekoTopoe 4ucno, y = x>, roe
n — HaTypanbHoe Ynucno, u y = |x|. He4éTHbIMM aBnsiioTes GyHKUMU y = kx

(Nnpsimasi  NPOMOPUMOHANBHOCTE), y=% (obpaTtHas nNpPONOPUMOHANBHOCTS),

¥ =%~ rne p— HatypanbHoe 4nucno. K HeYETHbIM GYHKUMAM OTHOCUTCS
Takke KYCOYHO-3adaHHas ¢yHKUMs sgnx 3Hak 4ucna (nart. signum — 3Hak),

-1, econ x <0,
onpepgensemas cnegyiowmmMm obpasom: sgnx =<0, eciu x =0, OcTansHble
1, ecmn x> 0.

M3BECTHbIE HaM PYHKUMN (¥ =Vx, y = kx + b, raek # 0nb # 0,y = [x] —

uenasa vactb yucna, y = {x} — ppo6Has 4acTb YMcha) He SBNAIOTCS YETHbI-
MU WU HE SABNAIOTCHA HEYETHBIMM,

Npumep. [okaxem, 4TO dYHKUMSA ﬂ-ﬂ=%lx| He4yeéTHasa, a QyHKuma

&(x) = [\ﬂ;l:[ 4&THas.

OGnactb onpenenexus ¢yHKUMM flx) — BCe 4ucna, KpoMe Hyns, a ob-
nacte onpegeneHus GyHKunKM g(x) — Bce uyucna. 06a 9T MHOXEecTBa CUM-
METPUYHbI OTHOCUMTENBLHO HYnNS.

DyHkuma fix) ecte npousseseHve yHKUMA sgn|x| u % nocnegHssa us

KOTOpPbIX HEYETHaA. DyHkuMs sgn|x| ecTb KOMMNO3UUMS HEeYETHOIN dYHKUMK
3HaK 4ucna sgnx v 4ETHOM dyHkumm |x|. CneposatentHo, nNo cBOACTBY 7
dyHKkUMA sgn|x| sBnsieTca 4€THOW, a no CBOWCTBY 4 npousBefeHue apyx
yHKUMIA pasHOil YETHOCTU €CTb DYHKLMUS HeysTHas.

DYHKUMA g ABNAETCA KOMNO3numMein GYHKUMM Uenasi 4acTb Yucna [x] n

PyHKUMM JJ;I MocneaHss dyHkuMs BHOBb SBNSETCS KOMMO3ULMEIA aByx
dyHkumii: y=+vx u y =|x|. Torpa no ceoiicTBy 7 KOMNOZMUMS BYHKLMAM
y=+x u y8THOI dyrkumn y =|x| ectb 4étHas dyHkuus. Janee no Tomy xe

CBOMCTBY, KOMMNO3WUUMA LIENOIA YacTv Yucna u H4ETHOM QyHKUMK /x| ecTb yé&T-
Has gyHKuns.

YnpaxHeHus
51. ObObacHUTE, KaKWe W3 YKA3aHHBIX DYHKIMH SBISIOTCS Y6THBIMU:
3 %2+ 5
a f{x)=2.t4———4x; B X) == T2
) 5 -4l ) )= 222

B
6) fix) = 2x* + |x| - sgnx; r) ﬂx)zw.
X
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52. OGbAcCHHUTE, KaKWe M3 YKas’saHHBIX (DYHKUMH ABASIOTCS HEYETHBLIMM:

53.

54.

585,

56.

57.

58.

59,

60.

a) g(x)=2x"+4sgnx - 3; B) g(x)= :

6) g(x) = —3x° - |x| - sgnx; r) gx) = —m

Hccnenyiite Ha 4ETHOCTL-HEYETHOCTD cbyHKHHH:

a) ﬂx)=3x“+%—[x]; B) flx)= ss—n[l?ﬂ
it B, 3
6) fix)=4x Rl r) flx)= sgn[;x|]

MaBecTHO, uTO (hyHKUMA f{x) OmpedeleHa Ha MHOXECTBE BCEX JEHCTBH-

TeabHbIX  uMcen. Mceneayiite Ha  4ETHOCTb-HEYETHOCTH  (YHKIMIO
o(x) = x * [+ (x), ecym: a) flx) uérHas, 6) flx) Heu€THAas.

(C‘-[HTaf:M 4yto (GyHKUMA fX) OTIMYHA OT HYAEeBOW (DYHKIIMH.)

H3BectHO, uTto (hyHKuma flx) onpenesieHa Ha MHOXECTBE BCEX NEWCTBH-

TelbHBIX uMces. Mcenedayiite Ha  YETHOCTb-HEYETHOCTh  (DyHKLIMIO
o(x) = x* + f(-x), ecamn: a) flx) yérHas; 6) fx) Heuy€THas.

(CqmaeM yto (yHKUMA f{X) OWIMYHA OT HYJeBOM (DYHKIIHM.)

JlokaxwuTe, uTo ecau @(x) — npowusBonbHas (yHkums, rae D(p) — MHO-

JKECTBO, CHMMETPUUYHOE OTHOCHTEJIbHO HYJS, TO:

a) ﬂx)=w — uérHas yHKuMs;

6) ﬂx)=w — nHeuéTHas DYHKIMS.

MoxeT mi Wit 1106010 X, OTIMYHOIO OT HYJsA, BHITTONHATECA PaBEHCTBO:
a) flx) + A—x) = x;  6) fx) + A—=x) = x7?

Jlokaxwure, 4TO:

a) ecnw uYéTHas (DYHKLMS MOHOTOHHA HA TOJOXMTEIbHON YacTH 00macTu
OIIpE/IEJIEHNsi, TO OHA MMEET MPOTUBOTIONIOXHBI XapakTep MOHOTOHHOCTH
HAa OTPULATENLHOU 4acTH 00JIACTH ONpENENeHMs,

6) ecnu HeuéTHas (GYHKIIMA MOHOTOHHA HA MONOXWMTENbHOM YacTH 06racTu
OMpENeIeHHs, TO OHA MMEeT TOT Xe XapakTep MOHOTOHHOCTM Ha OTpHlia-
TeNBHON YacTH 06nacTu omnpelesieHHs .

Jokaxwure, uto (pyHkumus g(x) = yObiBaeT Ha mpoMexytke [0; +oo)

- .
x|+ 2
¥ BO3pacTaeT Ha mMpoMexyTtke (—oo; 0].

Noxaxwute, yto Gynkuus fx) =

koB (—c2; 0) u (0; +o9),
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yl’lpa)KHEHHﬂ ansa nosTopeHun

61. Ucnons3yst cBOICTBA MOHOTOHHBIX (DYHKIIMI, PELINTC ypaBHEHHE:
a) X + 2+ 32 =6; 6) X5+ 2P +1=6.

62. Bouienure ULeAyIO 4acTb U3 IPoOH

2 +6x2 —8x +3
x+2%-3

63. Buiuuciure Jlf} +6V5 - ‘jg ~-45.

64. lokaxure, 4YTO 3HAYEHHUE BHIPAKEHMUs an +n+4+yn’+9-6n npu
n e Nun >3 gapiderca HaTypalnbHBIM YUCIOM.

5. OrpaHuyeHHble M HeorpaHuyeHHble YHKLMK

Ha pucyHke 10 noctpoeH rpadpwk GyHKUMK gx)=+x-1. 3ra DYHKU M
onpegeneHa Ha MHOXECTBE HeoTpuuaTtenbHbIX Yyucen, T. e. D(g) = [0; +2),
DdyHkuMa g Bo3pacTalollas. HavmeHsluee 3HaveHne, pasHoe —1, dyHKUMs
npuHumaeT npu x = 0. HauBonbwero aHadye-
HUS aTa PYHKUUS HE MMEeeT: ecnm x — +09, L2 [
T gx) — T sty =yx—-1
Bce Touku rpaduka, kpome Toukm (0; —1), ) N _
pacrnonoxeHsl Bbille NMPAMONA y = —1. .
lFoBoOpAT, 4TO QYHKUMSA g orpaHuyYeHa CHu- 4 i} -
3y. BooOue -0/1' H2--8{4-+51%
GyHKUMA f OrpaHMyYeHa CHu3y, ecnm gna | T TTTTC HEEEE
noboro x € D(f) BoInONHAETCH HepaBeH- “m
CTBO f{x) 2 a, rae a — HEeKOTOpoe 4YUCcno. Puc. 10
®yHkums @(x) = 4 — x* (puc. 11) onpene-
neHa Ha wMHOoxectee R. Ha npomexyTtke
(—co; 0] oHa BO3pacTaer, Ha NPOMEXYTKe
[0; +o0) — yObiBaeT. Haubonbliee eg 3Have-
Hue npu x = 0 paBHo 4. HaumeHbwwero 3Ha-
YeHus1 PyHKUUS HEe UMeeT: ecnu x — +oo (KUnn
x — —0), TO @(x) — —<o,
Mpaduk pyHKUMW @, Kpome Touku (0; 4),
pacrnonoXeH Huxe npsmoin y = 4,
loBOpAT, 4TO QYHKUMA ¢ OrpaHuyYyeHa
ceepxy. Booble
$yHKuMa [ orpaHuyeHa ceepxy, ecnu ans
noboro x € D(f) BLINONHAGTCA HepaBeH-
ctBo fix) £ b, rne b — HeKOoTOpOE YUCHO. Puc. 11

§1. CeoiictBa pyHKLMIA
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yi Ha pwcyHke 12 usobpaxéHn rpa-
dUK  DYHKUUM ﬂx)=%, 3apaHHoM

Ha MHoxecTBe x = (—20; —I]. lpwn
nBOM 3Ha4YeHun aprymeHTa GyHk-
uvst f NpUHUMaeT oTpuLlaTeNbHbIE
3HavyeHusa. @yHkuua yObiBalowas.
Havwbonbwero 3HavyeHus yHKLUUS
HE MMEeT: ecnm x — -, TOo

Puc. 12 fx) — 0 (oce x — acumnToTa rpa-
duka dyHkumm). HammeHsluee 3Ha-
yeHne dyHKUMU, paBHoe -2, pocTuraetcs npu x = —1. 3Ha4uT, BCE 3HAYEHUN

dyHkumMKn f 3aknioydeHsl B npomexytke [-2; 0), 7. e. -2 < flx) < 0. lNoaTtomy
eé rpaduk pacnonoxeH BHYTPW MOMOCHI, OrPaHUHEHHON NPSMbIMKU ¥y = =2 ©

= 0. B Takux cny4asx ropopsar, HTO GyHKUMS f ABNAETCA OrpaHu4eHHon Ha
MHoxecTBe X = (-oo; -1].

Onpepenenne, (PYHKLMA Ha3bIBAETCA OrpaHW4eHHOW, ecnu cyuue-
CTBYIOT ABa 4ucna a v b, Takue, 4yTo Ans nmoGoro 3aHa4eHus aprymeH-
Ta x BbIMONHAETCA HepaBeHCTBO a < flx) < b.

Ecnu ycnoewe B onpeaeneHun orpaHudeHHoin dyHkummn (a < flx) < b), He
BbINO/HASTCH, TO ¢yamwn ABNACTCHA HEOrpaHW4EHHOMA.
. B . MpuBeOEM rMpUMEpPLl  OrpaHu-
YEHHbIX W HEeOrpaHUYeHHbIX @YHK-
LA,

dyHkuma A(x) =

L Il L | I i
T | ] (i ¥ T T T + -
4 -3 -2-19 1 2 3 4 * onpeneneHa Ha MHOxecTBe R. MMpu
moBoM 3Ha4YeHuM aprymeHTa oHa
Puc. 13 MPUHAMAET TONLKO MONOXMWUTENbHbIE
3HaYeHus.

Hanbonsbwee 3HavyeHune @yHK-
UMM, pasHoe 2, [ocTuraeTcs npwm
x = 0. HawumeHbwero 3Ha4YeHUa
byHKUMS HE MMEET: ecnim x — +00
(vnn x — -o0), T0 A(x) — 0. 3Ha-
yuT, ong nwboro x BbINOMHAETCH
HepaBeHcTBO 0 < h(x) < 2. MNoato-
My YHKUWA A orpaHu4eHHas.

dyHkuma g(x) = x° - 3x onpe-
neneHa Ha MHOXECTBE [enCcTBu-
TenbHbIX Yncen (puc. 14). OyHkuma
MOXET NPUHUMATL Kak NONOXUTENb-
Puc. 14 Hble, TaKk W OTpULATENbHbIE 3HAa4e-
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Hua. Ecnm x — +20, 10 g(x) — +00, ecnn x — -0, 10 g(x) — -o0. Cnepo-
BaTeNbHO, HU HaUMEHbLLEro, HU Hanbonblero 3Ha4YeHUn GYHKUUSA He UMeeT.
Moatomy rpaduk GyHKUMKM g HEe OrpaHuyeH HUKaKUMKU NPSMbIMU, napannenb-
HbIMW OCY X. 3HAYMT, HE CYLLECTBYET HUKaKUX Yucen a u b, s KoTopbix Obl
BhIMONHANOCH HEPABEHCTBO a < g(x) < b, T. e. PyHKUMA g 9BNAETCS Heorpa-
HUYEHHOWN,

YT100bl BLISICHUTL, ABNSETCA NU AaHHaas GYHKUMS OrpaHUYEHHON unu He-
OrpaHU4eHHOW, MCMNONb3YIT PasHble MPUEMBI.

Npumep 1. BobiscHuM, siBnsieTcs MU QYHKUMS OrpaHUHEHHON WUnu He-
OrpaHuyeHHon, ecnu:

X H6x+9 x* +15 2
X)=——8+—— X} = 3 (x)=3- x 1.
a) Aix) X+ 6x+11 6) &) 32 Bye

2 2
x)+§x+9 B BUDE {x+§)
X+ +11 (x+3)7+2
paBHa Hymo. Mpu nobom x # -3 yucnutens U 3HameHaTtens apobu — no-
NOXWTEesbHbIE 4UCna, NPUY4EM 3HameHaTenb Gonbwe 4uciutens. oaTomy

(x +3)
(x+37+2

a) MNpepcraBum apobb . Mpn x = -3 gpobsb

<1, 1.e. 0 € flx) < 1. 3Hauwur, flx) — orpaHu4eHHas GyHKUUS.

2 +15
3x?

6) Paspenum no4neHHo yucnurens Apobu Ha e€ 3HameHaTefb.

N

5 . o

Umeem *—= =+ % DyHkums Yy == (uam y = 5x7%) cTeneHHas ¢ YETHbIM
X X

OoTpuuaresnibHbiM nokazarenem. Ecnm x — +%¢ (unm x — -9), T0 ¥ — 0, a

ecnm x — 0 (cneea wan cnpasa OT Hynf), TO y — +00. Mpaduk GyHKUMM £(x)

nonyyaetca us rpadpuka byHkumm y = % COBWUIOM Ha % BAOAL ocu y. [Mo-
X
X2 +15 ”
3TOMY OyHKUMS g(x) = =) HeorpaHuyeHHas. OHa orpaHuyeHa cHuay; eé
»

HUXHEW rpaHuLen SBNAeTca YUcno l}

B) Buipaxenne VX' ! npuHumaer HaumeHblee 3Hauewue, pasHoe 1,
npu x = 0, a HanBonbLLEero 3Ha4YeHMs He UMeeT (MpU x — +50 3HaYeHue
VX' +1 — +00). BHAuMT, BEPHO HepaseHCTBO y/x’+1 3 1.

Otciopa, NoNb3ysich CBOMCTBAMU YUCNOBLIX HEPABEHCTB, NOCAEN0BATENBHO
nonyyaem —x*+1<-1, 3—Jx®+1<2.

CneposatenbHo, ¢(x) < 2 npu nwboMm x € R, T. e. yHkUMa o(x) asna-
€TCsl OrpaHMYeHHOW CBepXy: €8 BepxHeWn rpaHvuel SBASeTcs Y4Mcno 2. A Tak

Kak npu x — +00 BeipaxeHne —yx +1 — —oo, 1o @(x) — -0, 3Hauur,
dyHkUMs ©(x) SBNSETCA HEOrPaAHWUYEHHOIA.

§1. Conctea dhyHkUMA



NMpumep 2. MNokaxeMm, 410 dyHKUMa flx) = fi“ SBASIETCA OrpaHuYeH-
X

HoW dyHKUMEen.

5x?
Opobb P50

uut, dyHkUMa f{x) orpaHuyeHa cHu3dy. Boiaenum ma Apodu uenylo 4acTb:

npu Mo6BOM X NPUHUMAET HEOTPULATENbHOE 3Ha4eHue. 3Ha-

s _5xP+20-20_562+4) W _g 20

+4 KP4 24 F+a 0 XP+4

2
OTclopa $icCHO, 4TO fx 1 <5 npu mobom x, Tak kak apobb 2224 ABNSA-
X X

eTCH NOMOXKUTENBHBIM YUCIOM NPU MI0BOM 3HaveHun x. OHa NPUHUMaET Hau-
Gonbliee 3HaueHue, pasHoe 5, npu x = 0. 3HauuT, 0<?23—4g5.

CneposartenbHo, npu niobom x € R BLINONHAETCA HEPaBEHCTBO
0 < fix) <5,
T. e. dyHKkuma flx) asnaeTca orpaHU4eHHON.

OrpaHW4eHHOCTb WAN HEOrpaHUYeHHOCTb (YHKUMKW MOXHO Onpeaenvtsb,
ecnmn HailTK 06nacTb eé 3Ha4eHuii. [lefcTBUTENbHO, ECnK, HanpuMep, obnacTb
3HaYeHuin GyHkuMK fx) ecTb npomMexyTok [-8; 12], To 31O O3Ha4aeT, 4TO Bep-
HO HepaBeHcTBO —8 < flx) < 12, 7. e. dyHKumMs flx) ABNAETCA OrpaHUYEHHON.
Ecnu xe, Hanpumep, E(f) = [1; +o0), TO dyHKUMa flx) ABNSETCA HEOorpaHu-
yeHHOU byHKUMel (HO OHa OorpaHuyeHa CHU3Y).

Mpumep 3. BbiiCHUM, ABISETCS NN OrpaHUYeHHON Unn HEeorpaHu4eHHon

2
dbyHkuma: a) &) =9 —|x[; 6) fix)== ;]6 .
a) Paccyxpate Gyaem Tak. [ycTb m — MNpOM3BOJIbHOE 3Ha4eHue QyHk-
ummn g(x). Toraa paseHcTBo /9 —|x| =m okaxeTcs BEpHbIM Mpu TeX 3Ha4eHU-

aX m, NPU KOTOPbIX ypasHeHue /9 —|x| oTHocuTenbHo x MmeeT kophW. Hai-

OBM MHOXECTBO 3HAYeHWii m, Npu KOTOPbIX 3TO YPaBHEHNE UMEET KOPHU. Tem
caMbiM Mbl Haliaém ob6nacTb 3Ha4YeHUn DyHKUUK g(x).

Bosseném obe yacTu ypaeHeHus 9 —|x| =m 8 xsagpar v Bbipasum |x|
yepes m:
9 — |x| = n, |x| = 9 — M~
Tak kak |x| = 0, 709 — m® > 0. Otcioga m”> < 9, |m| < 3. Hom — 310
aHayenne ¢yHkumn g(x) =9 —|x|, kotopas moxer NpUHUMaTL UL HEOT-

puuarensHbie 3Havexusa. Moatomy 0 < m < 3 wnm 0 < g(x) < 3. Orciopa
E(g) = [0; 3]. CnepnoBatensHo, dyHKUUS OrpaHU4eHHas.

=
|
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6) MycTb m — npoussonbHoe 3HaveHue QyHKUMKM fix). Hanaeém MHOXecTso
2 +1

6
2 =M QOTHOCWUTENLHO X WMeeT

3Ha4YeHuid m, NpU KOTOPbIX ypaBHEeHue

KOpHWU. Wmeem
x>+ 16 = 2mx, x> — 2mx + 16 = 0.

Hailgém AMCKPUMUHAHT NONYHEHHOro KBaApaTHOro ypasHeHus v notpeby-
eM, 4ToObl OH Obil HEOTPULATENbHBIM:
m — 16 = 0,
m’ = 16,
|m| = 4,
m< —4 wnin m > 4,
T. €. m € (-00; -4] U [4; +00),
3HauuT, E(f) = (-00; -4] U [4; +o0) n PyHKUMA flx) SBNSETCH HEOrpaHu-
YEHHOMN.

YripaxHeHus

65. [lokaxure, uTo byHKUMS f{X) SABASETCS OTPAHUYEHHOM, W YKaXuTe eé
BEPXHIOK H HMXHIOK rpaHHLBI, €CIIH:

a) ix) = 2x — 3, e x € [5; 6]; B) fix) = x*, e x e [-2; 2);
6) fix) = X°, e x € (-=2; 3]; r) fix) = %, rme x € [1; 6).

66. Vcnonesys rpadudeckue npeicrasieHusi, o6bICHUTE, Kakast U3 (yHKImMii
ABIACTCS OTPAHHYEHHOM, KaKas — HEOrpaHMYeHHOI (OTPaHHMYEHHOH cBep-
XY, OrPaHUYEHHOI CHH3Y):

a) y = —5x + 4; 1) ¥y=yx-2, me x < 10;
6) y = x; e) y=%, me —6 < x < —1;
B) y = —x% e -3 € x < 3; X)y =x7 me -4 < x< 4
1) y=vx; 3) y=|x+ 3|

67. Haiinure Hauboblliee 1 HAMMeHbIlIee 3HAYCHUsT DYHKUMH. YKa)uTe BEpPX-
HIOI0O W HMXKHIOIO TPaHWIBl (DYHKIIMU:

a)y = 0,lx — 5, rtne x € [—10; 10]; B) y=%, rme x € [2; 8];
6) y =x, e x € [-3; 1]; r) y=+yx-3, e x e [4; 19].

68. Haiinure obnacTh 3HaYeHWH OYHKIUM U ONpPEACTHTE, SABJAETCH JH byHK-
HHS OrpaHHUYIeHHOMN:

16x . = — ¥
) y=—5 B y=\l6-x  mpy=|x-6| -1
2
6) y:xg;:l; ) y=\{x2—]6; e)y=15-— |x + 3]'

§ 1. Ceoiictea dyHKUMIA 2



69.

70.

71.

72.

73.
74.

75.

Jlokaxure, 4T0 DyHKIIMS g(Xx) orpaHMyeHHas, €C/IU:

a) g(x)=‘/—x2+4x+3; 0) g(x)= '

x2+5

Jlokaxkure, uto (hyHKINs Y = OrpaHmMYeHHas, HO He UMEET HH Hau-

1
1+
X

OoJibllIeT0, HU HAWUMEHBILIEro 3HaYeHHI.

Haiinute naubonbmiee 3Hauenue (DYHKIIMM M 3HAUeHWE apryMeHTa, IpU
KOTOpOM (hyHKLHS 3TO 3HAUYEHUE NPUHHUMAET:
8

Af)=3-|x-1; B f)=F——70-:
6) )= 5775 0 )=

Haiioute HauMmeHbliee 3HauycHHe (PYHKLIMH W 3HAYCHHWE apryMeHTa, IpH
koTopoM (QYHKIMS 3TO 3HAYEHWE MMPUHUMAET:

- L i S . =—;‘
a) gx) = |x—3] -2 B) &(x) =
- _Xx-3 . _ -3
0) gx) = — r) g(x)—x_,_ﬂ-

JlokaxwuTe, 4To O6JacTh 3HaYeHWH GQyHKuMM @(x) = |x — 3| + [x — 1],
rme | < x < 3, cCOCTOMT M3 OIHOTO YMCIA.

CyuiecTByeT M Takas JuHeitHas (QYHKUIMs, KOTOpas sSBJIAETCS OrpaHH-
YeHHO?

Cpenu dyHkumii y = |x|, ¥y = sgnx, y = [x] u y = {x} ykaxuTe orpaHu-
yeHHbIe (DYHKIIHH.

YnpaXHeHus ANA NOBTOPEHUs

76.

77-

78.

79.

Jokaxure, 4TO:

a) dynkimsi fix) = x> + 2x Ha NpoMexyTKe (—o0; —2] ybbiBaer, a Ha Mpo-
MexyTke [0; +920) Bospacraer;

6) dymkums g(x) = x* + x — 7 Bospacraer Ha MHOXecTBe R.

Jokaxure, 4To (PYHKUMS:

1 .
—— 3 + T i
a) ﬂx) x2 | s 74 ABJISAETCS] YETHOM;

6

6) glx) = X +

3 SABJSAETCS HEUETHOM.
X

Pa3noxuTe HA MHOXWTEIM KBALPATHBIN TPEXWIEH:
a) 7a* + 44a — 35; 6) 46 + 2b — 12.
Henoaw3yst cBoiicTBa MOHOTOHHOCTH (YHKLIHIA, peliuTe ypaBHEHHUE!

4
a)%’fﬁ:l{]; 6) ;:"f—s— x+3=2.

fmasa 1. DyHKUUW, UX CBOWCTBa U rpadukn



mKOHTpoanble BOMpPOCH!I M 3agamun

1. Cdopmynupyiite onpenejieHusi BozpacTaiolieit U yobiBaomei GyHKIMA Ha
MHOXecTBe X. Kakast hyHKIIMA HasbiBaeTCss MOHOTOHHOM Ha MHOXeCTBe X7
[lpusennTe npumepbl Bospacraoleii GyHKUNK; yOuIBAIOUICH hyHKLHHA,

2. Kakas dyHkums HasblBaeTcsi YETHOI; HeuéTHOI? B uéM cocTOMT OcoGeH-
HOCTh rpaduka 4€THOH dyHkimnu; HeueTHoM (yuxkunu? Tpuseaure npu-
MepPBl YETHOUH (DYHKUNHK; HeuéTHOH (hyHKUMH.

3. Kakas (yHKUMS HA3BIBAETCS OrpaHMYEHHOMN, HEOrPAHUYEHHON? IMpuBenu-
T¢ NPHMEPLI OrpaHM4eHHOM (DYHKUMH: (DYHKIINH, OTPAHMYEHHOW CBEPXY;
(DYHKIMM, OrpaHUYEHHON CHM3Y.

1

41

4. Haiimute o6nacts 3HaveHUit DYHKUNUH Y =

§2. KBAOPATUYHAS OYHKLUA
6. dyukumm y = ax®, y = ax* + n n y = a(x — m)?

OfHUM M3 BaXKHLIX KNaccoe (YHKUWIA, paccMaTpuMBaeMbiX B Maremarumke,
ABNACTCA KNacC QyHKUUA, KOTOPblE MOXHO 3afartb HOPMYnoi

JxX)=ax" + b "'+ .. + kx + I, (1)
roe a = 0, n — HaTypankHoe 4Yucno.

Takve GyHkuMM Ha3bIBAIT UebIMU_DaLMOHabHBIMU _dyHKUMaMM. YacT-
HbIM C/ly4aeM eSO paumoHanbHOM GYHKUMK ABASETCH W3BECTHAS BaM NU-
HeilHaa QyHkUuMSA ¢ gobaBneHnem, 4To @ MOXET BbiTb U paBHO Hynmw. B aToMm
cny4ae npasas 4acTe GoOpmMynsl (1), 3a8alOWEen NUHERHYI0 BYHKLMIO, SBASeT-
Csl MHOTO4YNEHOM MEePBOWM WAW HYNEBON CTENeHu.

Ceityac Mbl NO3HAKOMUMCS C APYrM BUAOM LENOA PALMOHANLHOI PYHK-
uuK, y KOTOPOK npasas 4acTb GopmMynbl (1) €cTb MHOrOYNEH BTOPOII CTene-
HW, WK, TOBOPSA MHa4e, KBAAPaTHLIA TPEXYNEH.

Onpepenenne. @yukumio, KOTOpPYIO MOXHO 3agarte ¢opmynoin Bupa
y=ax® + bx + ¢, rae a = 0, Ha3bLIBAIOT KBaApPaTUYHOI dyHKUMEN.

Mpn b = ¢ = 0 dpopmyna, 3anaoLwas KBaApaTu4Hy QyHKUMIO, NpUHKUMA-
er Bua y = ’

Hekotopsie csoiicTBa dyHKUMKM y = ax” npu a = 1 Bbl u3y4yunu B 7 knac-
ce. [pyrve cBOMCTBA QyHKUMW y = X° (BO3pacTaHve W ybBbiBaHue: 06nacTb
3Ha4yeHUM YHKUWM) Kak 4acTHbIA Chyd4ail CTeneHHoi dbyHkUMM ¥ = X% npu
n = 2 BblNn PaccMoTpeHsl B § 1.

ObnacTbio onpeneneHusi GYHKUMM ABNSIETCS MHOXECTBO ASHCTBUTENbHBIX
4Yucen, 1. e. D(y) = R,

§2. KeagpatuuHas dyHKkUMA 29



YA _ | Mepedncnum  ceBoicTBa  QyHKUUK

AREEEN NN y = x°. E& rpadwmk M300paxeH Ha pUCYH-
{ || ke 15.
6+———— | | 1. DyHkuust aBNFETCA YETHOMN.
) [ 2.y=0npux =0,y >0npux >0
91 i 5 v npu x < 0.
i = - 3. O6Gnacte 3HavyeHUin  yHKUUKU
4+ ——T E(y) = [0; + o).
' ' 4, ®OyHkumg yObiBaeT Ha MPOMEXYTKE
37 rANEE (—o0: 0] W BO3pacTaeT Ha NPOMEXYTKe

[0; + ©0). DyHKUMS WUMEEeT HaumeHbluee
| anadeHune v = 0 npu x = 0.
. | Fpaduk GyHKUMM y = X° Ha3bIBAIOT
napabonon. BepluwuHa napabonbl
y = x* — Touka (0; 0), a ocb cMmMeTpUK
napabonsl — ocb y. Betsu napabonsl Ha-
npaeneHbl BBEPX.
Bbl 3HaeTe, 4T0 rpaduk dyHKuMU
Puc. 15 y = kfix) npu k > 1 nony4aetcs u3 rpa-
duka GyHkuMM y = flx) pacTsxeHuem OT ocu x B k pas, a npw 0<k<1—
cxaTtuem K ocu X B ;,l‘— pas. CnepnoBatenbHo, rpadpuk yHKuMK y = 2x? ecTb
napabona, rnosy4eHHas ua rpadpwuka QyHkuun y = X° pacTsxeHuMem OT OCu X

B 2 pasa, a rpapuvk yHkumnu y =i2.vc2 — napabona, nony4eHHas w3 rpaduka

I i Il 1
T T T

Jgl lgl WOl Ly 1 g

B+
=Y

GyHKUMM ¥ = X° cxaTveM K ocu x B 2 pasa (puc. 16).

Ceoitictea GyHKUMN Y = ax’ npu a > 0 Takue xe, Kak N CBOWCTBA QYHK-
umm ¥ = x°. Mpacduk yHkuuM y = ax?, roe a < 0, nonysaetca u3 rpaduka
BYHKUMM C NPOTUBOMNONOXHLIM (MONOXMTENbHBIM) 3HAYEHUEM a B pe3ynbrare
CUMMETPUM OTHOCUTENLHO OCK X.

Ha pucyHke 17 n3obpaxeHsi rpaduku GyHKUMA ¥ = —x° 1 y=—]5x".

3Has, Kakon Bup, umeeT rpadguk pyHKUUK y = ax® npn a < 0, nerko ycra-
HOBUTbL CBOWCTBA 3TOW (YHKUWM.

L S [ 1 [ [ [# il

g+ | .yzzxz ! 3+ y 2

o4 24

11 1t
S S S —— —t—t >
—8f2r-t 2112 | 3% I i A i

Puc. 16

: ,w: ""‘ fnaga 1. DyHKUMKM, UX CBOKCTBA U rpaduku



Puc. 17

MaeecTHO, 4TO rpadmk GyHKUMM ¥y = Ax) + 1 MOXHO NOAY4UTL U3 rpadu-
Ka pyHKUMM ¥y = flx) C NOMOLWbIO CABUIra BAONML OCK ¥ Ha |n| eauHuu Beepx,
ecnm n > 0, unn BHU3, ecnu # < 0, a rpadmk dyHkumm y = flx — m) MOXHO
nony4nTe M3 rpacpmka GyHkumMn y = f{x) c nomMowblo casura Ha |m| eavnuny,
Bnpaso, ecnu m > 0, unu eneso, ecnu m < 0,

Moatomy rpadvkoM byHKUMKM Buaa y = ax® + n SBNSeTcs napatona
¢ BepwwuHon B Touke (0; n), a rpadukoM dyHKuMM y = a(x — m)? — napa-
Gona c sepwuHOW B To4ke (m; 0).

Ha pucyrke 18 wu3obpaxeHbl rpadukm  dyHKUMI y=—%x9+2 "

¥ = 2(x - 1)

YnpaxHeHus

80. [Moctpoiite B onHOU cHcTeMe kooOpaMHAT rpaduku GYHKUMH Y = %xi "
y= —%xl. Haiigure MpoMeXyTKM BO3pacTaHWs W IPOMEKYTKH YObIBAHHS

IJISE Kak/I0W (pyHKLHH.
81. M3obpasure cxematnaecky rpaduk dyHKIMH y = ax’, tae a < 0, u nepe-
YHUCJIMTE CBOMCTBA 3TOM (DYHKLIHH.

Ry

Puc. 18

§2. KsappatuuHas cyHKUUS 31



82.

83.
84.

85.

86.

87.

88.

89.

90.

91.

92.

D3,

94.

95.

HaiimuTe KOOpAMHATHI TOYEK IlepeceyeHHss npsiMoilt y = 1 W rpadmka
1

byskumu: a) y = 16x°; 6) y=Ex2.

3apaiite (opmysioil 3aBUCHMOCTb TUTIOIIAAM S Kpyra OT ero paauyca R.
H306pa3ute cxeMaTHUeCKU rpadMK 3TOH 3aBUCHMOCTH.

Haiizure KOOpIWHATH TOYEK mepecedeHus rpaduxoB (yHKuUMA y = ax’
uy=ax, e a # 0.

[Mocrpoiite B ONHON cHCTEME KOOPAMHAT rpaduku (yHKIIHIA:

a)y =0,5%, y=05 +2, =05 — 4;

6) y = 0,5, y=05x-37% y=05x+ 2>

Onuiure cBoiicTBa (DYHKITHN:

a)y = 3x* — 12 B) y = 2(x — 5%

6) y = —3x* + 12; ry=-2x+ 5%

ITpu kxakom 3HadeHMM A OOJNACTHIO 3HAYCHMH QYHKUMM y = 7x* + n aB-
NSieTCsl TIPOMEXYTOK: a) [—8; +00); 6) [10; +00)?

Haiinure 3HaueHue m, 3Had, yro ¢yHkums y = 0.5(x — m)*:

a) yObiBaeT Ha NPOMEXyTKe (—00; 6] W BO3pacraeT Ha NPOMEXYTKE
[6; +o0);

6) yObiBaeT Ha npoMexyTke (—°; —4| M BO3pacTaeT Ha I[POMEXKYTKE
[—4; +eo).

Mocrpoiite rpadhuk dyHKUMU y = (X — 3)? + 2. VKaXuTe KOOPAMHATHI
BepLIMHBI Napado/ibl U HAIMUIMTE YpaBHEHUE €€ OCH CUMMETPHH.
Ipaduk dyskumu y = 0,5x¢ casuHyiM Ha 4 eIMHMLBI BIpaso (Baoib
OocH X) M Ha 2 eIMHWIH BBepx (Baosib ocH y). Hanwmmre dopmyny, ko-
TOPOH 3amaércd IoJayuyeHHas (PyHKUMA.

IMpu KakoM 3HAYeHHH a rpaduk QyHKUMH y = ax’ — 5 TIpOXOIMT uYepes
Touky: a) A(3: 11); 6) B(—4; —13); B) C(6; 2,2)?

Haitaute Touku nepeceuyeHust rpadukos (GyHKLIMIA:
a)y=20+1ny=3x-2)>% 6) y=-x+4ny="7x— 1)
[TocTpoiiTe rpaduk yHKLUMH:

D) = adxl; 6 Mo=x- 5 o=l =2

[Toctpoiite rpaduk GOYHKIIWH:

x2+ 2, ecm x<-2, e %l
a) y=<{x" -4, ecim -2<x<2, 6) y=1x-1
—x +2, eclt x>2; x? -4, eciu x> 0.
Haijiaure obnacts onpeseseHnst (GyHKIHM W TocTpoitte e€ rpapuk:
x o X
_x=1 x+l1
gx) = y :
x> =1



YnpaxHeHuss ANs rnoBTOpeHus

96. Bouienure KBaapaT ABYYJeHa M3 KBAAPATHOrO TPEXWieHa:
a) x> — 6x + 14; B) 3x* — I2x — 5;
6) X* + 8 — 2; r) 0,5 + 3x + 7.

97. Pemurte ypaBHeHHWe: a) X — \/J_C=6: 6) 3x—4\/—=4.

=1 l-a
at2  F2+3a+2

98. IpencrapbTe B BUIE paUMOHAaIbHOMN 1po6u

7. Tpadvk 1 cBoicTBa KBAAPaTUYHOW DYHKLMK

JioByo kBanpaTuyHyio GyHKUMIO y = ax® + bx + ¢ MOXHO 3agaThb dopmy-
now Bupa y = a(x — m)®> + n. [lokaxem aTo.
Belaenue u3 kBaapaTtHoro Tpéxunesa ax’ + bx + ¢ KBagpart asy4neHa, no-

ny4um 2
ax’* + bx + ¢ = a(x+-"‘l) —-—2,
2a da
roe D = b? - 4ac.

0603Ha4mB —:}% OykBoi m, a -% OykBOW 1, NONYHUM

ax* + bx + ¢ = a(x — m)® + n.

CneposatensHo, rpadpuk dyHkummM y = ax? + bx + ¢ MOXHO nony4uTb 13
rpaduka GyHKUMK y = C MOMOLLbIO ABYX napanfesibHblX NepeHoCcoB —
casura BOONb OCU X U CABWra BAO/b OCU Y.

Mpaduk dyHKUMM ¥ = ax” — napabona. 3Ha4MT, U rpacdukom yHKUMK

y = ax’* + bx + ¢ sBnsercs napabona ¢ BepwWHOW B Touke (m; n), roe
m= ——;5, n=—%. Ocbio cummeTpun napabonsi sBAseTCs NpaMas x = m.
YunTbIBan 3TOT BLIBOA, MOXHO CXEMaTU4eCKn U306pasuTs rpaduk KBagpa-
TUYHOWU DyHKLMI.
Ha pucyHke 19 nokasaHo, kakoil BUA UMEIOT 3TU rpadvKi B 3aBUCUMOCTH

OT 3HaKka AWcKpWMWHaHTa D npun a > 0.

_ \y

4 .
O|x, \y x, X
]
M= i |

2 Aarebpa, 9 kn.



Mepeuvcnum ceoiictea dyHkuMK flx) = ax® + bx + ¢ npu a > 0.
1. O6nacTk onpegeneHus GyHKUUMM — MHOXECTBO AeNCTBUTENbHLIX YNCET.

2. Ecom D > 0, t0 dyHkuma obpawaetcs B Hylb Mpu x.=% "
xz=:£’;a_\‘(5, Ecnu D = 0, To oHa obpawaercs B Hylb Npu x=—%. Ecnun

D < 0, To dpyHKUMA Hyneiln He uMeerT.

3. Ecin D > 0, To pyHKUMA NPUHUMAET NOJIOXUTENbHbIE 3HAYEeHWA B KaX-
JOM U3 NMPOMEXYTKOB (—90; X;) U (x,; +09) 1 oTpuUaTenbHbie 3Ha4eHus B Npo-
MexyTke (x;; X,). Ecnm D = 0, 70 hyHKUMS NPUHUMAET MOJSIOXKUTESbHbIe 3Ha-

yeHus npu nobeix x R, kpome x=—%. Echm D < 0, To dyHKUns nono-

XuUTenbHa Ha Bcen obnactu onpepeneHus.
4. OyHkuma ybniBaeT Ha NPOMEXYTKe (—00; —%] M BO3pacTaeT Ha npo-

b
MEXYTKe [—5, +m)- Mpwn x=a§"’5 GYHKUMA NPUHAMAET HauMeHblUlee 3Ha4ve-

D
HUe, paBHOe — -

o D,
5. ObnacTtb 3Ha4yeHWin GyHKUUN MHOXECTBO [_E’ +C’°)-

Ha pucyHke 20 nokasaHo, kakoW BWA WMEIOT rpadukv KsaapaTuyHOM
dyHkumm npu a@ < 0 u B 3aBUCMMOCTU OT 3HakKa D.
MNepeuncnute ceoicTBa GyHKUMK flx) = ax®> + bx + ¢ npn a < 0.

Mpu noz;foewm rpaduka KeaopaTvyHoW MYHKLWK, 3aaaHHON dopmynoi

Ax) = + bx + ¢, HYXHO:

1) HaTn Hynn hyHKUWK;

2) HaWTX KOOPAMHATHI BEPLUMHBI U ypaBHEHVE OCH CUMMETPUK napabosnbl;

3) HaWTW KOOPAMHATHI TOHKM NepeceveHns napabonbl C OCbIO OpAvHaT
W TOYKW, CUMMETPUYHOW HAWOEHHOW, OTHOCUTENbHO OCK CUMMETPUK
napabonsl;

4) OTMETUTb B KOOPAUHATHON NNOCKOCTA HANAEHHBIE TOYKWU W, YHUTbIBAs
HanpasfieHUs1 BETBEN, NPOBECTU Yepe3d HUX HenpepbiBHYK NNHWIO.

s

Puc. 20
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B Tex cnyyasx, korga napabona He vMeeT 0OWMX TOYEK C OCblo abcumce
WK NepecekaeT OCb OPAMHAT B TOYKE, AOCTATO4HO yAanéHHOW OT Ha4Yana Ko-
opauHat, paccmartpusaioT 6onee ynobHbIe AONONHUTENBHbLIE TOYKMW.

MNpumep. Moctponm rpadmk dyHkumm fAx) = 0,5x — 2x — 1.

Haipém nynu dyHkunmn. Pewmus ypasHexue 0, B — 2v - 120, rony4uvm,
yto x, = -0,5, x, = 4,5. 3Ha4yuT, napabona nepecekaeT oCb x B To4kax, ab-
CUMCCbl KOTOPbIX npuﬁnm«euuo paBHbl —0,5 1 4,5,

BeluMcnvm koopauHatel m 1 n BeplumHbl napabonsl. ABcumccy m Hangém

no dopmyne mz—%. a opauvHaTty n Hailpém, noacTtasue B dopmyny

Aix) = 0,5x% — 2x — 1 BMecTo x 3HayeHne m. Umeem
m:—z__—;‘;s=2; n=A2)=0522-2:2—-1=-3

Monoxue x = 0, HaloéM KoopauHaThl TOUKU nepecevyeHns napabonsl G
ocbio y. Monydynm Touky (0; —1). CummeTpuyHas el To4Ka OTHOCUTENBHO OCU
cuMMeTpuu napabossl uMeeT koopauHaTel (4; —1).

MocTpouM 3TK TOYKKM U, y4uTbiBas HanpaeneHwe setseil napabosnbl, Npo-
BEOEM 4Yepe3 HUX HenpepbiBHylo nuHuio. Monydnm  rpaduk  dyHKUMA
Ax) =0, - 2x - 1 (puc. 21).

MapaGona — 370 He TOMNLKO rpa-
dUK KBaApaTUYHOW DYHKUUK, HO W
reoMeTpuHeckoe MecTo TOYeK rio-
CKOCTW, PaBHOYAANEHHbLIX OT AAaHHOMH
To4kn Fl(x,, y,) (HasbiBaemon @oky-
coM _napabosnbl) W AaHHOW NPsIMO
y = p (Ha3biBaeMoOW AUPEKTPUCOI
napabosibl).

Echn Touka M(x; y) npuHanne-
XWT napabone, To paccrosHue FM
paBHO paccTOsHWIO OT ToYku M [o
AVPEKTPUCHI, T. €. ANMHe NeprneHau-
kynapa MM,, npoBeAEHHOro U3 ToY-
ku M k npsimoin y = p (puc. 22). Tak
Kak FM? = (x — xp)® +(y — »p)% a

L) = 0, Bt — S —1.

AnvHa nepnewgvkynapa MM, pasHa Puc. 21
|lp - ¥|, TO MOXHO 3anucarb:
FM?= MM?2, y
3
(x — %) + ¥ = ¥)* = (v - p), o b F
oTKyaa nocne npeobpa3osaHuii no-
ny4aem ypasHeHue £

9

x - +35 - 7 '
20p - p) : -1

y=

MonyyeHHass dopmyna 3agaér kea-
ApaTUYHYID GYHKUMIO, rpadukom Ko-
TOpOI siIBNsieTcs napa6ona. Puc. 22

§ 2. KeagpatuniHas GyHKUmS g




YnpaxHeHus

99.

100.

101.

102.
103.

104.

105.

106.

107.

108.

109.

110.

Hajinute KOOpOIMHATEI BEpLUMHBL Napadobl ¥ YpPaBHEHME €€ OCM CHMMe-
TpuM, ecad GyHKUUS 3anaHa (HOPMYIION:

a)y=x>—6x + 8; By =22 — 5+ 6;

6) y=—x + 8 — 10; r) y=—4x + 2x — 5.
INocrpoiite rpaduk GYHKUMH M MEpeYNCIHTe CBOUCTBA 3TOH (QYHKIINH,
eCcJn:

a) y = 0,257 — 1,5x — 1,75; 6) y=<05 =2+ 2
H3o6pasure cxematudeckd rpadwk QyHKLUUH:

)y =3 — 2%+ 1 B) y = 0,Ix% — 5x — 8§;

6) y = —5x* + 6x + 7; r)y=—0,2x2+6x+l.

Haitnure KoopamHaThl BepllMHBI napabonsl y = (x — 3)(x + 5).

JlokaxuTe M NPOWLIIOCTPUPYiATe Ha rpadMKe, YTo HYIH X; U X, QYHKLIHU
¥y = ax* + bx + ¢, tne @ > 0 u D > 0, pacnonoxeHsr:

a) BHE I0JIOChI, OrPAHMYEHHOM npsiMbeiMH X = 0 u x=~5b;, ecnn ¢ < 0
©) BHYTPW TOJOCHI, OrpaHHYeHHON mpsaMbIMH X = 0 u x=——%, ecnu
c > 0.

3Had, 4To (Mm; 1) — KOOPAWHATEI BEPLIMHLI ITapaboisl y = ax + bx + ¢,

ax, M Xx, — HyIH QYHKIWN Y, TOKAXUTE, YTO BEPHHI (HOPMYILL

a) x,=m- f_ﬂ‘ x,=m+ J_ﬂ; 0) m:f_l%cl, n:._a(%)_
a a

Hcnonesys dopmynsl u3 ynpaxsuerust 104, 6, HaliiuTe KOOPAMHATLHL Bep-
LIMHBI TTapabonsr:

a)y=(x— 2)(x + 4); 6) y = (x + 6)(x — 10).

[Toctpoiite rpaduk byHKUANA:

a) y = (x — I)x — 5) )y =(x+ 2)x—4).

HajinuTe TIPOMEXKYTKH, B KOTOPBIX (DYHKIIMS TIPUHUMAET MONOXKHUTENLHEIE
3HAYeHUWA; OTPUULATE/IbHBIC 3HAUCHHS.

[1pu Kakux 3HayeHusix ¢ napabona y = x’ — 8x + ¢ pacrnojioXeHa Bbillie
npsmoii: a) y = 8; 6) y = 267

Mpy KakoMm 3HaveHun ¢ mapabona y = x> — 6x + ¢ Kacaercsi NpsIMOIi:
ay=0 6y=3 py=-3

I'pabuk byHKIMH y = x} + px + ¢ npoxoaut Yepes Touku A u B. Haii-
IUTE p U g, eClu:

a) A(=3; 7) n B(1; 5); 6) A(5; 2) n B(-2; 3).

I'padukoM KsaapaTuuHOi GYHKUMH sBisieTcss napadojia ¢ BepIIMHOM
B Touke F(—2; —25) u npoxomsiias udepe3 Touky M(4; 11). 3anaiite a1y
¢yHKUUIO (HOPMYJION. ]
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111.

112,

113.

114,

115.

116.

Teno 6pollleHO BepTUKATBHO BBEPX C HAYAIb-
HOI CKOPOCTBIO U, (B M/C) C BBICOTHI A,
(8 M). Boicora £ (B M) B 3aBHCHMOCTH OT
BpeMCHM [ (B ¢) Bblpaxaercs GopMymoi

2
h=—g'T+u.,r+};].

Ha pucynke 23 nokasaH rpadMk 3aBHCHMO-
cTu A ot t, korna h, = 20, v, = 15, g = 10.
Hatimare no rpadmumxy:

1) ckonbKO BpeMEHH Tel0 TMOAHUMAIOCh
BBEPX;

2) CKOJIBKO BPEMEHHM OHO OIYCKAJIOCh;

3) Kakoii HaubOMbllIEH BBICOTH JOCTUITIO TEJO;
4) yepe3 CKO/ILKO CEKYHI OHO YTIAJIO HA 3eMILIO.
[TepumeTp npsMoyronbHuka paseH 40 cm. Kakumu 10/xHbl GBITH CTOPO-
Hbl MPSAMOYIojJbHUKA, YTOOLI ero muiomaas Obiia HaubosbIIei?

Cymma KaTeToB INpSIMOYTONBHOIO TpPEyroibHMKa pasHa 12 cm. Haiiaure
KaTeThl TPEYTOJbHUKA, IIPU KOTOPBIX OH MMEET HauOOJBIIYIO TIOIA[b.
3anuumTe ypaBHEHME r€OMETPUUECKOTO MECTa TOYEK IJIOCKOCTH, PaBHO-
VIANEHHBIX OT mpsAMoit y = —2 u Touku F(0; 2).

3amaite pyHKUMIO, rpadUK KOTOPOi COCTABASAIOT BCE TOYKM KOOPOMHAT-
HOM IUIOCKOCTH, paBHOyran€HHBbIe OT Touku F(0; 1) u npsamoit y = 3.
3anuuinuTe ypaBHeHHe KPHBOWM, BCE TOYKH KOTOPOU PaBHOYAANEHBI OT TOY-
ku F(0; @) v npamoit y = b, ecim: a) b < a; 6) b > a.

Puc. 23

YnpaxHeHus ANs noBTOpeHus

117

118.

119.
120.

| 1 1
G-Da-2  G-D&-3) G- Ie-D G-

Vnpocrure

Hokaxure, 4T0 3HaYE€HME BHIpAXEHMs \/12 -6J3 + \/28 +10J3  apnsercs

HATYpaJbHbIM YHUCIOM.
Ay +6
Penmure ypasHeHue }—‘/3—;—— = 2\[;
BhisicHuTe Xapakrep MOHOTOHHOCTH (DYHKIIMM:
4
x'=5x-8

s 1 .. =
a) flx)= e 6) &) ==———, e x < 0.

‘Z]Kou'rponhnble BONMPOCHI U 3afaHus

1. Kakyio (GyHKIMIO HA3BLIBAIOT KBAApPaTUYHOM (yHKIHEH?
2. Cdopmynupyiite cBoiicTBa hyHKuMM y = ax’ s ciydaeB a > O u a < 0.

§2. KsaapatuuHas dyHkums Fid W* yzs



3. W3o6pasute cxeMaTnyecku rpaduk GyHKIMH y = ax® + bx + ¢ 11 cay-
yast, korma @ > 0 u D > 0, W nepeyuciuTe CBOHCTBA 3TOH (QYHKIMH.

4. B uéMm pasnuuyue W CXOACTBO B cBoicTBax (DyHKLIMH
= - 2 >
y=x—4x+1 n y=—-x+4x — 17

§3. NPEOBPA30BAHUA TPA®UKOB ®YHKLUN

8. PacTtaxeHune U cxaTve rpacukoB yHKLWI
K OCU opauHaTt

B kypce anrebpsi 8 knacca 6binM pacCMOTpeEHbl NpeobpazosaHus rpacpn-
KOB (PYHKLMIA, BLINONHAEMBIE C MOMOLLBIO PACTSXEHWS OT 0cu abcumce 1 cxa-
™a K ocu abcuucc v napannenbHbiX NMepeHocoB BAONb OCER KoopawuHar.
3peck Mbl paccMoTpUM apyrve suabl npeobpa3osaHnin rpadukos.

Bbl 3HaeTte, 4TO rpadukyn  QyHKUUA
y = filx) n y = —f[x) cuMMEeTpu4Hbl OTHOCHK-
TenLHo ocu x, T. €. rpaguk GyHKUMK
y = —flx) MOXHO nonyYnTs U3 rpaduka
dyHkumMM y = flx) € NOMOLLBID CUMMETPUU
OTHOCUTENLHO OCW X.

Ha pucyHke 24 npuBenéH npumMmep Tako-
ro npeobpasosanHua. paduk OYyHKUMK
y = —(x? - 4x) nony4eH u3 rpapuka QyHk-

~ umm y = x* - 4x C NOMOLLBIO CUMMETPUM
"x OTHOCMUTESIbHO OCU X.

BbiicCHUM Tenepbk, Kak MNOCTPOUTbL rpa-
duk  dyHkumm y = fl-x), ecnm KaBecTeH
rpaduk ¢yHkumm y = fix).

Mycte (x,; y,) — nNpPOM3BOJibHAa TO4YKa
KOOPAMHATHOW MN0CKOCTM. Torga cumme-
TpW4Has el To4Yka OTHOCWUTENIbHO Ocu
uMeeT koopauHatbl (—x,; y;). Ecnu Touka
(x;; »y) npuHaanexut rpaduky @yHKUMKn
y = flx), TO BEPHO paBeHCTBO y; = flx;).
OuyeBUAHO, 4TO, TMOACTAaBMB KOOpPAWHATHI
TOYKM (-x;; ¥,) B opmyny y = fl-x), TaKxe

nony4uM BepHOe paBeHCTBO y, = f(-(-x))).

3HaunT, Kaxaon Touke (x,; ¥,) rpadwmka dyHkumm y = fx) cooTBetcTeyer
eOUHCTBEHHas Touka (-x,; y,) rpadpuka dyHkumm y = flx).

BepHo u obpaTtHoe. Ecnmn Touka (x,; y,) NpUHaANexXuT rpapuky QyHkumm
y = fl=X), T. . ecnn BepHO PaBEHCTBO y, = fl-X,), TO To4ka (-X,; ¥,) NPU-
Hamnexut rpaduky dyHkuumu ¥ = flx). dencTsutensHo, NOACTaBUB €€ Koop-
avHatel B GopMyny ¥y = fix), nonysMm TO Xe Camoe pPaBeHCTBO y, = fl—x,).
CnepoBatenbHo, rpaduku dyHkumin y = fix) n y = f-x) CUMMETPUYHbLI OT-
HOCWTENbLHO OCK y. 3Ha4uT,

y=x*—4x

Puc. 24
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Puc. 25

I rpagpuk yHkunu y = fl—x) MoxHO nonayunats W3 rpagpuxka OyHKUNUN
¥ = flx) ¢ noMOLbIO CUMMETPUM OTHOCUTESILHO OCHU OPAMHAT.

Ha pucyHke 25 u3obpaxéH rpaduk ¢yHkuum y = x —1. BbINONHMB CUM-

METPUIO OTHOCUTENIBHO OCU Y, NONY4YMM rpaduk GYHKUMKM ¥ = J—-x —1.

3Has rpapuk QYHKUMKM ¥ = flx), MOXHO MOCTPOWUTE rpaduk GYHKLUK
y = —f-x). [lna aT0r0 Hago BLINONHWTL NMOCNEA0BATENbHO ABa Npeobpa3osa-
HWH: cHavana CMMMETPMUIO OTHOCWUTENIbHO OCU Y, 3aTeM CUMMETPUID OTHOCMK-
TENIbHO OCU X. TMoNy4yeHHbIA rpaduk OKaXETCH CUMMETPUYHLIM AaHHOMY rpa-
buky dyHkuumn y = flx) OTHOCUTENBHO Hayana KoopawHar,

JevictButensHo, ecnu A(x,; y,) — NPOU3BONbHAA TOYKA KOOPOMHATHOWM
nnockoctu (puc. 26), To, oToBpasue eé cHavana CUMMETPUYHO OTHOCUTENEHO
OCW y, a 3aTem nony4eHHyw Toyky A,(-x;; ;) CUMMETPUYHO OTHOCUTENLHO
0CHU X, NMONYYUM TOHYKY Ay(-x,; —y;), KOTOpPas cumMMeTpu4iHa Touke A(x; ¥;)
OTHOCUTENBLHO Hayana KOOPAWHAT.

Ecnn Touka (x,; y,) npuHapnexuT rpaduky oyHKUMM y = fix) (3HauuT,
BEPHO paBeHCTBO y = flx)), TO CUMMETPUYHAA el OTHOCWTENLHO Hadvana Ko-
opauHart Todka (—xy; —y,) npuHagnexut rpaduky dpyHkumm y = —fl-x) (paseH-
CTBO -y, = —fl-(-x,)) Takke BepHoe). Takum ob6pasom,

rpagpuk yHkymm y = —f{—x) MOXHO nonyyute n3 rpapuxka yHKuumn
¥y = f{x) c noMoLBI0O CHMMETPHM OTHOCHTENILHO Ha4Yana KoopaAMHAT.

Mpadpuku GyHKUMA ¥ = Jx -1 +0,5 u y= —y=x-1-0,5 cummerpuyHb
OTHOCUTENBLHO Havana koopawHat (puc. 27).

Puc. 27

§3. lMNpeobpazoraHusa rpaprkoB OyYHKUWIA 7 m



yi B 8 knacce Mbl BBIACHWUM, Kakasa Cy-
LWecTByeT CBA3b Mexay rpadukamm

-1----——*-—9 ------------ - 2
LB N dyHkumin y = fix) m y = k - fix), roe
r\@' gﬁ’i\"‘ k — 4ucno, HepaeHOE HYNK. BbIACHUM
|

]
:
B : Tenepb, kKakas CBA3b CYLECTBYET MeX-
Vot~ 217 ' oy rpadpukamun  GyHkumi = fx)
i ' uy = flkx), roe k = 0.
0 1 i E ¥ PaccMoTpum cny4yaid, korga k£ > 1.
%o | x 1 ¥ [ycts Touka (x5 ¥,) NpuHaanNexur rpa-

" ' ' buky dyHKUMK ¥ = flx), T. €. BEPHO pa-
BEHCTBO Y, = flx;) (puc. 28). Torpa

Puc. 28 Touka (% yu) npuHagnexuT rpaduky

yHkuun vy = flkx), Tak kak f(k-%)=ﬂxo)=yn. 3HayuT, KaxOoil Touvke

(xg; ¥o) TPauka dyHKUMM y = f{x) COOTBETCTBYET TOHYKA (%“- yg) rpacduka
dyHkuKn y = fkx). x

BepHo n obpaTtHoe. Ecnun Touka (?' y;) npuHapnexuT rpaduky GyHKUMK
v = flkx), 10 TOuKa (x; y,) npuHaanexut rpaduky dyHkumm y = flx). 310
cnemyetr w3 Toro, 4to f (k . %) = fix) = y,. 3Ha4uT, Kaxaown To4Ke (% yl)
rpacduka ¢yHkuum y = flkx) cooTBeTCcTBYET TOdKa (x,; y,) rpaduka GyHKUMUK
y = flx). 3ametvm, 4TO TO4KU (il; y,) n (x,; ¥,) nexar Ha npamMoi, napan-
st
k

opauHart, 4yem Touka (x,; y,). 13 aToro cnepyer, 4TO

rpagpmuk pyHkuyumn y = flkx) npu k > 1 MOXHO nonyuynts M3 rpaguka
PyHrkyun y = f{x) cxarnem 8 k pa3 k ocu opaMHar.

nensHo ocu abcuucc, NpUYEM TouKa ( ;y|) nexut B k pas Bnuxe K ocu

Ha pucyHke 29 u3obpaxéH rpadwvk dyHkumm py =./6 — x. BbINOAHUB CXa-

TME K OCW opavHaT B 2 pasa, nonydum rpadpuk dyHkumm y = /6 —2x.

I
T

—4-1-g1 3

]
3

Puc. 29

“ Masa 1. ®yHKUMW, UX CBOWCTBA U FPaPUKun





































































































































































































































































































































































































































































































































































































































































